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ABSTRACT

In the present dissertation, the derivation of the chiral magnetic effect (CME) and

chiral separation effect (CSE) from the Hamiltonian of Dirac fermions in a magnetic

field is given. It is shown that the CSE is related to the spin polarization vector

of massless fermions and becomes less important when fermions are massive. The

chiral kinetic equations for massless fermions in a magnetic field are also derived from

the Lagrangian of a massless fermion either using the semiclassical approximation or

by solving the Dirac equation. The chiral vortical effect (CVE) and chiral vortical

separation effect (CVSE) are similarly derived as for the case of the CME and CSE.

The interplay between the vector and axial vector charge densities can generate

two kinds of gapless collective modes, called the chiral magnetic wave (CMW) and

the chiral vortical wave (CVW), and both can be derived in the hydrodynamic and

kinetic approaches. Effects of the CMW and CVW in relativistic heavy ion collisions

are then studied by solving the chiral kinetic equations numerically using the test-

particle method. It is found that, the CMW generated by the magnetic field in

a quark matter with its initial conditions modeled by the Bjorken boost-invariant

model can lead to different elliptic flows for particles of positive and negative charges

if the chirality changing scattering (CCS) between massless quarks and antiquarks is

included. Neglecting the Lorentz force acting on quarks and antiquarks as in other

studies, it is found that the obtained elliptic flow splitting depends linearly on the

charge asymmetry of the quark matter, similar to that measured in experiments at

RHIC. The magnitude of the splitting is, however, less than the experimental results

even if the magnetic field is taken to have a long lifetime. The presence of a vorticity

field in the quark matter is found to only lead to an axial dipole moment in the
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transverse plane but not an elliptic flow splitting between particles of positive and

negative charges. Including effects from both the magnetic field and the vorticity field

can, on the other hand, leads to the splitting between the elliptic flows of positively

and negatively charged particles even for quark matter of zero charge asymmetry.

However, the inclusion of the Lorentz force changes the sign of the slope of the charge

asymmetry dependence of the elliptic flow splitting, leading to a result opposite to

that from the experiments and thus making it unlikely that the observed elliptic

flow splitting between charged particles is due to the CMW. Including in quark

scattering the correction to the phase-space measure due to the vorticity field, the

chiral kinetic equations are also used to study the spin polarization of light quarks in

a rotating quark matter with its initial conditions taken from a multiphase transport

(AMPT) model. Converting the spin-polarized light quarks to hadrons using the

quark coalescence model leads to the spin polarizations of Λ and Λ hyperons that

are comparable with experimental results both in magnitude and trend as a function

of collision energy.
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1. INTRODUCTION

The fundamental force that governs the dynamics of quarks and gluons, which

are the smallest building blocks of all matter known to date, is described by the

SU(3) gauge theory called quantum chromodynamics (QCD). Because of its non-

abelian nature, QCD differs from quantum electrodynamics (QED) that governs the

dynamics of particles carrying electric charge and photons, particularly in its two

unique features of asymptotic freedom [8, 9] and color confinement. The former refers

to the fact that interactions between quarks and gluons become increasingly weaker

at high energy and small distance, while the latter implies that no colored quarks and

anitquarks can exist in isolation and they form instead bound hadrons when their

energies are low and separations become large. A transition from confined hadrons to

deconfined quarks and gluons, called the quark-gluon plasma (QGP), is expected to

occur at high temperature and density, such as in the matter produced in collisions

of heavy ions at relativistic energies and the interior of neutron stars. Together with

the deconfinement transition, the hot dense matter produced in relativistic heavy

ion collisions also undergoes the chiral transition from the broken phase of massive

light quarks and antiquarks [10] to the restored phase of almost massless quarks and

antiquarks. Studying the deconfinement and chiral phase transitions in hot dense

matter is a major goal of the experiments at the BNL Relativistic Heavy Ion Collider

(RHIC) [11, 12, 13, 14] and the CERN Large Hadron Collider (LHC) [15].

In the chirally restored phase, light quarks become almost massless and thus

have definite chirality or helicity that their spins point either along or opposite to

the directions of their momenta, called right-handed or left-handed, respectively.

Many novel phenomena as a result of this transition have recently attracted a lot
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of interest. Among them is the existence of a non-trivial gauge field configuration

in QCD vacuum that can be characterized by a non-zero winding number [16, 17]

and the frequent transition between these different vacua [18, 19] by sphalerons [20,

21] in the QGP produced in relativistic heavy ion collisions. In the presence of a

magnetic field, which is produced in non-central heavy ion collisions, this can lead

to a finite vector current in the QGP, called the chiral magnetic effect (CME) [22,

23, 24]. It is shown in Ref. [22] that the magnetic field can further lead to the

separation of right-handed and left-handed particles in the transverse plane of a

heavy ion collision, a phenomenon called the chiral separation effect (CSE) [25, 26].

Furthermore, through the interplay between the axial charge density and the vector

(baryon) charge density, a gapless collective excitation called the chiral magnetic

wave (CMW) can be generated [27]. In heavy ion collisions, the CMW can lead to

the splitting between the elliptic flows of positively and negatively charged pions after

the transverse expansion of the system [27]. The vector and axial vector currents can

also be generated in a rotating QGP in non-central heavy ion collisions, when there

are non-vanishing axial and vector chemical potentials [28], and they are called,

respectively, the chiral vortical effect (CVE) and chiral vortical separation effect

(CVSE). The resulting gapless collective excitation from the interplay between the

vector and axial vector charge densities is called the chiral vortical wave (CVW)

and may be found by studying the elliptic flow splitting between baryons and anti-

baryons [29].

Spin polarization of Λ hyperons in non-central heavy ion collisions is another

phenomenon that is related to the effect of the vorticity field in the produced QGP on

the dynamics of massless quarks. An earlier study [30, 31] has attributed the global

spin polarization of Λ hyperons along the direction of the total angular momentum to

their constitute quarks, which are polarized due to their spin-orbit interactions in the
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QGP. Since the vorticity field generated in relativistic heavy ion collisions can have

local structures, similar structures are expected in the spin polarization density of Λ

hyperons. This has indeed been seen from the single-particle distribution function

after a hydrodynamic [32, 33, 34] or kinetic [35] evolution of heavy ion collisions by

assuming that they are in thermal equilibrium with the rotating matter. However,

there is a lack of connections between the final spin polarization of hadrons to that

of quarks in these approaches.

As mentioned above, an interesting property of QCD is its non-trivial gauge field

configurations [17], which are characterized by the Chern-Simons topological charge

or winding number Qw [36]. For a pure gauge field Aµ(x), the topological charge Qw

is given by

Qw =
g2

32π2

∫

d4xFµνF̃
µν , (1.1)

where Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ] is the gauge field strength tensor and F̃ µν =

1
2
ǫµνρσFρσ.

Based on either the evaluation of the triangular diagram involving the correlation

of an axial vector current with two vector currents [37] or the change in the path

integral measure of the fermion fields in gauge-invariant theories under a local chiral

transformation [38], i.e., multiplied by the phase factor eiγ5θ(x) with γ5 being the

Dirac matrix and θ(x) is an arbitrary function of space and time, it can be shown

that the axial charge current is not conserved and satisfies the following equation,

∂µJ5
µ = 2i

∑

f

mf

〈

ψfγ
5ψf

〉

− Nfg
2

16π2
FµνF̃

µν . (1.2)

In the limit of massless fermions, i.e., mi = 0, this leads to a difference between
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right-handed and left-handed fermions,

∆(NL −NR) = 2NfQw. (1.3)

It has been suggested in Ref. [22] that the signature of the non-trivial gauge field

configuration of QCD vacuum can be found by looking at the separation between

positively and negatively charged particles via the chiral magnetic effect. In non-

central heavy ion collisions, a large magnitude of magnetic field is created in the

transverse plane [39, 40]. This magnetic field can lead to a current along or oppo-

site to the direction of magnetic field when the axial charge chemical potential µ5

is non-zero due to non-zero topological charge in the produced QGP, and this effect

can be tested by studying the separation between particles of different charges. Sev-

eral experiments [41, 42, 43] from the STAR Collaboration at BNL and the ALICE

Collaboration at CERN have found the signal of charge separation, but its phys-

ical explanation is still under debate. For example, this charge separation can be

attributed to resonance decays [44] or transverse momentum conservation [45] and

charge conservation [46]. Also, the similarities between the charge separation signals

in p+Pb and Pb+Pb collisions observed by the CMS Collaboration at LHC put more

challenge on the interpretation of CME [47].

The CMW is a gapless collective mode generated from the interplay between the

vector charge density and axial charge density due to the CME and CSE, respec-

tively [48, 27]. As a result, the finite charge density created in heavy ion collisions

can fluctuate and generate an electric quadrupole moment in the transverse plane

of the QGP [27], which can be seen by the difference in the elliptic flows of pos-

itively and negatively charged particles. The elliptic flow difference between π+

and π− as a function of charge asymmetry has been measured in many experiments
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from the STAR Collaboration and the ALICE Collaboration [3, 49], and the results

seem to agree with the interpretation of CMW. However, there are still other above-

mentioned background effects that may contribute to the signal [50, 51], such as local

charge conservation and the conformal hydrodynamic evolution with non-zero shear

viscosity to entropy density ratio η/s. The similarities in the charge asymmetry de-

pendence of the elliptic flow difference in p+Pb and Pb+Pb collisions also challenge

the interpretation of CMW [52].

For the spin polarization of fermions in a vorticity field, which has recently been

extensively studied in heavy ion collisions, it can be understood using the statistical-

hydrodynamic model by considering the spin-vorticity coupling of massive fermions

at the kinetic freeze-out [32, 33, 34]. In the quantum kinetic approach [35], the spin

polarization of a massive particle is, however, obtained from the spin vector density

in the colliding system. In both approaches, the results on the spin polarization of

Λ hyperons are comparable to the experimental data from the STAR Collaboration

both in its magnitude and dependence on the collision energy [7].

In some studies of the chiral effects, schematic models are used by assuming a non-

expanding system [27, 29]. A more realistic anomalous hydrodynamics [28] has also

been used to study the effect of CMW on elliptic flows in heavy ion collisions assuming

a strong and long-lived external magnetic field [53, 54]. The study of CME has also

been carried out in Refs. [55, 56] using anomalous hydrodynamics, and the results

are comparable to the experimental data. The spin polarization of Λ hyperons has

been studied based on the information about the vorticity field after a hydrodynamic

or transport evolution [57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71].

In all above studies of CME, CMW and the Λ spin polarization, thermal equi-

librium has been assumed in the produced matter. To include the non-equilibrium

effect, chiral kinetic theory has been developed by including in the usual kinetic the-
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ory the chiral effects due to the smallness of quark masses [72, 73, 74, 75, 76, 77, 1]. In

this dissertation, the chiral kinetic theory and its extension, the chiral or anomalous

transport model, are developed and used to study the above discussed chiral effects.

This thesis is an attempt to quantitatively understand these chiral effects under var-

ious conditions and to see if they can explain the experimental data as well as to

point out new possibilities for improving the chiral kinetic equations. The remaining

chapters are organized as follows. In Chapter 2, the CME, CSE, CVE, CVSE, CMW

and CVW are discussed by studying the response of an equilibrated fermion system

to magnetic and vorticity fields and deriving the related transport phenomena. Also

shown is the dependence of the chiral effects on temperature, vector and axial charge

chemical potentials, and the masses of fermions. Various methods for deriving the

chiral kinetic equations are presented in Chapter 3. This will be followed in Chapter

4 by a study of the CMW effect on the elliptic flow splitting between positively and

negatively charged particles in heavy ion collisions. Chapter 5 is about the discus-

sion on the elliptic flow splitting of charged particles in the presence of a vorticity

field as well as both magnetic and vorticity fields. Chapter 6 includes the effect of

CVSE on the spin polarization of quarks. A coalescence model will then be used

to convert quarks to Λ hyperons to study their spin polarization [78, 79]. Finally, a

summary is given in Chapter 7. Four appendices are included to show the derivation

of CMW and CVW from hydrodynamics (Appendix A), the derivation of the Berry

curvature and chiral kinetic equations from the path integral method (Appendix B),

the derivation of CMW and CVW in chiral kinetic theory (Appendix C), and the

time evolution of the magnetic field in relativistic heavy ion collisions (Appendix D).

Some of the results in this dissertation, particularly those in Chapters 4-6, have

been published in Refs. [1, 4, 5].
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2. THEORY OF CHIRAL MAGNETIC AND VORTICAL EFFECTS

2.1 Chiral magnetic effects

In normal electromagnetism, the charge or vector current is generated by applying

an electric field to charged particles, leading to Ohm’s law

JV = σE, (2.1)

where σ is the electric conductivity. In the presence of a magnetic field B, a vector

current can also be generated if there is a nonzero axial charge chemical potential

µ5 [23], i.e., non-equal numbers of right-handed (with spin along the direction of

momentum) and left-handed (with spin opposite to the direction of momentum)

charged particles. In the case that these charged particles are massless, the vector

current is related to the magnetic field by

JV =
Q2µ5

2π2
B. (2.2)

where Q is the charge of the particle. The magnetic field can also generate an axial

charge current if the charge chemical potential µ is nonzero [26], i.e.,

JA =
Q2µ

2π2
B. (2.3)

Eqs.(2.2) and (2.3) are called the chiral magnetic effect (CME) and the chiral sepa-

ration effect (CSE), respectively.

The chiral magnetic and separation effects can be derived in various ways, e.g.,

from solving the Dirac equation in a magnetic field. A simple way to derive the CME
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based on the chiral anomaly and energy conservation is given in Ref. [23]. According

to this study, the equation for the chiral anomaly in Eq. (1.2) of Chapter 1 due to

the electromagnetic field can be expressed in terms of the field strength tensor of

the photon field and thus the electric field E and the magnetic field B. For massless

quarks, it becomes

∂µJ5
µ = − e2

16π2
FµνF̃

µν =
e2

2π2
E ·B. (2.4)

Integrating over space gives

dN5

dt
≡

∫

d3x∂µJ5
µ = − e2

16π2

∫

d3xFµνF̃
µν =

e2

2π2

∫

d3xE ·B. (2.5)

According to the above equation, increasing N5 by two by converting a particle

from negative helicity to positive helicity increases the energy by 2µ5 if the chemical

potentials for right and left chirality particles are µ + µ5 and µ − µ5, respectively.

The rate of energy flow in the electric field E is thus given by

∫

d3xJV · E = µ5
dN5

dt
=
e2µ5

2π2

∫

d3xE ·B, (2.6)

where JV is the charge current. Since the above equality holds for any electric field,

one thus obtains the CME that the magnetic field can generate a charge current in

a medium of finite axial charge chemical potential,

JV =
e2µ5

2π2
B. (2.7)
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2.1.1 Vector and axial vector currents from the Dirac equation

The expression derived above for the CME can be obtained more systematically

by solving the Dirac equation in a magnetic field. Besides showing how the CME

and CSE and the resulting spin polarization can be obtained, this method also allows

one to include the effect of finite particle mass.

In the presence of a constant magnetic field B, which is chosen to point along

the z-axis and thus can be obtained from the gauge potential A = {0, Bx, 0}, the

time-independent Dirac equation for a spin-1/2 fermion of mass m, charge Q, and

energy E is given by

γ0[γ · (p−QA) +m]Ψ = EΨ,. (2.8)

where the Dirac Gamma matrices are

γ0 =







I 0

0 −I






, γi =







0 σi

−σi 0






,

with σi being the Pauli matrices,

σ1 =







0 1

1 0






, σ2 =







0 −i

i 0






, σ3 =







1 0

0 −1






.

In terms of the two components of the wave function Ψ =







ΨL

ΨS






, the Dirac
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equation changes to the following two equations:

σ · (p−QA)ΨS +mΨL = EΨL, (2.9)

σ · (p−QA)ΨL −mΨS = EΨS. (2.10)

Inserting the relation ΨS = σ·(p−QA)
E+m

ΨL obtained from Eq. (2.10) into Eq. (2.9)

leads to

[σ · (p−QA)][σ · (p−QA)]ΨL +m2ΨL = E2ΨL. (2.11)

Using the identity (σ ·A)(σ ·B) = A ·B+ iσ ·A×B, Eq. (2.11) can be rewritten

as

[(p−QA)2 +m2 −Qσ ·B]ΨL = E2ΨL. (2.12)

Taking the wave function ΨL to be







χ+

0






or







0

χ−






for the spin pointing along or

opposite to the direction of the magnetic field, one then has

[(p−QA)2 +m2 ∓QB]χ± = E2
±χ±. (2.13)

It is straightforward to show that the eigenvalues of the above equation are given by

the Landau levels

En,± =
√

m2 + p2z + (2n+ 1)|Q|B ∓QB, (2.14)
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where n are integers, with corresponding wave functions

χn,± = eipyy+ipzzφn

(

x− py
QB

)

, φn(x) =
Hn(x/lc)

√

2nn!
√
πlc

e(−
1
2
( x
lc
)2), (2.15)

where lc = 1/
√

|Q|B.

Using

(px −QAx)χn = −i
√

|Q|B
2

[
√
nχ(n−1) −

√
n+ 1χ(n+1)]

(py −QAy)χn = −sign(QB)

√

|Q|B
2

[
√
nχ(n−1) +

√
n+ 1χ(n+1)]

(pz −QAz)χn = pzχn, (2.16)

then ΨS = σ·(p−QA)
E+m

ΨL leads to







pz
E+m

χn

− i
√

2n|QB|
E+m

χn−1






or







i
√

2(n+1)|QB|
E+m

χn+1

− pz
E+m

χn






(2.17)

for positively charged particles and







pz
E+m

χn

i
√

2(n+1)|QB|
E+m

χn+1






or







− i
√

2n|QB|
E+m

χn−1

− pz
E+m

χn






(2.18)

for negatively charged particles. For systems consisting of both particles and an-

tiparticles, one can choose positively charged (Q > 0) particles to have the wave
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function

χn,+ = eipyy+ipzz



















φn(x− lc)

0

pz
En,++m

φn(x− lc)

− i
√
2nQB

En,++m
φn−1(x− lc)



















(2.19)

if its spin is up, where, En,+ =
√

m2 + p2z + 2nQB, and

χn,− = eipyy+ipzz



















0

φn(x− lc)

i
√

2(n+1)QB

En,−+m
φn+1(x− lc)

− pz
En,−+m

φn(x− lc)



















(2.20)

if its spin is down, where En,− =
√

m2 + p2z + 2(n+ 1)QB.

For a spin up particle, the expectation value for its velocity is given by v = ΨγΨ

Ψγ0Ψ
.

Using the above wave function gives vx = 0, vy = 0 and vz =
pz
E
. One can also obtain

the expectation value for the spin of the particle, which is defined as

S =
1

2

Ψ†







σ 0

0 σ






Ψ

Ψγ0Ψ
. (2.21)

One then has Sx = 0 and Sy = 0, and Sz = 1
2
− nQB

E(E+m)
for a spin up particle and

Sz = −1
2
+ (n+1)QB

E(E+m)
for a spin down particle.

Consider a system of particles and antiparticles, which is assumed to have positive

and negative charges, respectively, for simplicity, and to be in thermal equilibrium

with the single particle energy distribution f(E). If it has a chemical potential µR for
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particles of right chirality, i.e., particles with momentum along the direction of spin

and antiparticles with momentum opposite to spin, the charge current for positively

charged particles of right chirality is then

Jz = Q
QB

2π

∞
∑

n=0

∫ ∞

0

dpz
2π

pz
En,+

f(En,+ − µR) +Q
QB

2π

∞
∑

n=0

∫ 0

−∞

dpz
2π

pz
En,−

f(En,− − µR)

=
Q2B

4π2

∞
∑

n=0

∫ ∞

0

dpz

[

pz
En,+

f(En,+ − µR)−
pz
En,−

f(En,− − µR)

]

=
Q2B

4π2

∫ ∞

0

dpz
pz

√

m2 + p2z
f(
√

m2 + p2z − µR), (2.22)

where En,+ =
√

m2 + p2z + 2nQB and En,− =
√

m2 + p2z + 2(n + 1)QB, and the

charge current for negatively charged (-Q) antiparticles of right chirality (negative

helicity) is

Jz = −QQB
2π

∞
∑

n=0

∫ ∞

0

dpz
2π

pz
En,−

f(En,− + µR)

− Q
QB

2π

∞
∑

n=0

∫ 0

−∞

dpz
2π

pz
En,+

f(En,+ + µR)

= −Q
2B

4π2

∞
∑

n=0

∫ ∞

0

dpz

[

pz
En,−

f(En,− + µR)−
pz
En,+

f(En,+ + µR)

]

= −Q
2B

4π2

∫ ∞

0

dpz
pz

√

m2 + p2z
f(
√

m2 + p2z + µR), (2.23)

where En,− =
√

m2 + p2z + 2nQB and En,+ =
√

m2 + p2z + 2(n+ 1)QB. The charge

current for right chirality particles and antiparticles is thus

JV
R =

Q2B

4π2

∫ ∞

0

dpz
pz

√

m2 + p2z
[f(

√

m2 + p2z − µR)− f(
√

m2 + p2z + µR)]. (2.24)
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For the axial charge current, which is defined as

JA = Ψγγ5Ψ = Ψ†







σ 0

0 σ






Ψ, (2.25)

it is

JA
z = Q

QB

2π

∞
∑

n=0

∫ ∞

0

dpz
2π

[

1− 2nQB

En,+(En,+ +m)

]

f(En,+ − µR)

+ Q
QB

2π

∞
∑

n=0

∫ 0

−∞

dpz
2π

[

1− 2(n+ 1)QB

En,−(En,− +m)
)f(En,− − µR

]

=
Q2B

4π2

∫ ∞

0

dpzf(
√

m2 + p2z − µR) (2.26)

for positively charged particles of right chirality and

JA
z = −Q

2B

4π2

∫ ∞

0

dpzf(
√

m2 + p2z + µR) (2.27)

for negatively charged antiparticles of right chirality. The axial charge current for

right chirality particles and antiparticles is then

JA
R =

Q2B

4π2

∫ ∞

0

dpz[f(
√

m2 + p2z − µR)− f(
√

m2 + p2z + µR)]. (2.28)

Similarly, the charge current and the axial charge current for left chirality particles

and antiparticles are

JV
L = −Q

2B

4π2

∫ ∞

0

dpz
pz

√

p2z +m2
[f(

√

m2 + p2z − µL)− f(
√

m2 + p2z + µL)], (2.29)
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and

JA
L =

Q2B

4π2

∫ ∞

0

dpz[f(
√

m2 + p2z − µL)− f(
√

m2 + p2z + µL)], (2.30)

respectively, where µL is the chemical potential for particles of left chirality, i.e.,

particles with momentum opposite to and antiparticles with momentum along the

direction of spin. Similar results can be found in Ref. [80].

2.1.2 Chiral magnetic effect and chiral separation effect

In the massless limit m→ 0 and with the Fermi-Dirac distribution for f(E), one

has from Eqs.(2.24), (2.29)-(2.30)

JV
R =

Q2B

4π2

∫ ∞

0

dpz[f(pz − µR)− f(pz + µR)]

=
Q2B

4π2

∫ ∞

0

dpz

[

1

e(pz−µR)/T + 1
− 1

e(pz+µR)/T + 1

]

=
Q2TB

4π2
[− ln(1 + e(µR−pz)/T )|∞0 + ln(1 + e(−µR−pz)/T )|∞0 ]

=
Q2µR

4π2
B, (2.31)

JA
R =

Q2µR

4π2
B, (2.32)

JV
L = −Q

2µL

4π2
B, (2.33)

JA
L =

Q2µL

4π2
B. (2.34)

Combining the above equations leads to

JV = JV
R + JV

L =
Q2µ5

2π2
B, (2.35)

JA = JA
R + JA

L =
Q2µ

2π2
B, (2.36)
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where µ = (µR + µL)/2 and µ5 = (µR − µL)/2, which are seen to be the same CME

and CSE given in the beginning of this Chapter. It is interesting to note that the

conductivity coefficients in these equations depend only on the chemical potential

and not on the temperature.
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Figure 2.1: Fermion mass dependence of CME (left window) and CSE (right window)
coefficients.

For fermions of non-zero mass, the conductivity coefficients in CME and CSE

become mass-dependent. To see this dependence, one introduces a dimensionless

CME coefficient CV
R =

JV
R

TB
, which is a function of m/T and µR/T , that is

CV
R =

Q2

4π2T

∫ ∞

0

dpz
pz

√

m2 + p2z
[f(

√

m2 + p2z − µR)− f(
√

m2 + p2z + µR)]. (2.37)

Shown in the left window of Fig. 2.1 is the fermion mass dependence of the CME

coefficient using the Fermi-Dirac distribution function and the two values of 0.01

(solid line) and 2 (dashed line) for µR/T . It shows that the CME coefficient de-

creases with increasing fermion mass, and the decrease is slower for a larger chemical

potential. Similarly, one can also define the dimensionless CSE coefficient CA
R =

JA
R

TB
.
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The results shown in the right window of Fig.2.1 indicate that it also decreases with

increasing fermion mass but at a slower rate than the CME coefficient CV
R .

2.1.3 Spin polarization in a magnetic field

The above results allows one to study the spin polarization of charged particles

in a magnetic field. According to Eq. (2.25), the axial charge current is related

to the spin density S by JA = 2|Q|S. The spin polarization vector is then defined

by P = 2S
n
, where n is the particle number density. For a system with zero axial

charge chemical potential, the spin polarization of positively and negatively charged

particles along the direction of the magnetic field, i.e., B̂ = B/B, are

P+ =

∫∞
0
dpzf(

√

m2 + p2z − µ)

I+
B̂, (2.38)

P− = −
∫∞
0
dpzf(

√

m2 + p2z + µ)

I−
B̂, (2.39)

respectively, where

I+ =
∞
∑

n=0

∫ ∞

0

dpz[f(
√

m2 + p2z + 2nQB − µ)

+ f(
√

m2 + p2z + 2(n+ 1)QB − µ)], (2.40)

I− =
∞
∑

n=0

∫ ∞

0

dpz[f(
√

m2 + p2z − 2nQB + µ)

+ f(
√

m2 + p2z − 2(n+ 1)QB + µ)]. (2.41)

For a small magnetic field, i.e.,
√
QB ≪ T , one can replace the summation

∑∞
n=0

by
∫∞
0

dp2
T

2QB
, where pT is the momentum in the transverse plane perpendicular to B̂,
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and simplify the above equations to

P+ = 2πQ

∫∞
0
dpf(

√

m2 + p2 − µ)
∫

d3pf(
√

m2 + p2 − µ)
B, (2.42)

P− = −2πQ

∫∞
0
dpf(

√

m2 + p2 + µ)
∫

d3pf(
√

m2 + p2 + µ)
B. (2.43)

In the limit of vanishing mass m → 0, P± = QB
4T 2

Li1(−e±µ/T )

Li3(−e±µ/T )
, where Lij(x) is the

Polylogarithm function, which shows a monotonically decreasing polarization with

increasing charge chemical potential and has a maximum value of QB
4T 2 when µ→ −∞.

For m→ ∞, the spin polarization is P = QB
2mT

, corresponding to its classical limit.
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Figure 2.2: Fermion mass dependence of the magnitude of spin polarization of posi-
tively and negatively charged particles divided by QB/T 2 for a small magnetic field.

Fig. 2.2 shows the magnitude of spin polarization of positively and negatively

18



charged particles, whose spin polarization directions are opposite, for a small mag-

netic field. As shown by the solid line, the magnitude of spin polarization at zero

chemical potential is the same for positively and negatively charged particles. Start-

ing with a value of 0.19QB
T 2 at zero mass, it decreases with increasing mass. At finite

chemical potential, the magnitude of the spin polarization of negatively charged par-

ticles (dotted line) increases while that of positively charged particles (dashed line)

decreases with increasing chemical potential.
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Figure 2.3: Magnetic field dependence of the magnitude of spin polarization of mass-
less positively and negatively charged particles at zero charge chemical potential
µ = 0.

If the magnetic field is large, i.e.,
√
QB ≫ T , one needs to evaluate the summation

in Eqs. (2.40) and (2.41) explicitly. As shown in Fig. 2.3 for the magnetic field

dependence of the spin polarization in the case of massless fermions, it initially
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increases linearly with the strength of the magnetic field when it is small but the

increase becomes slower when the strength of the magnetic field is large.
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Figure 2.4: Chemical potential dependence of the magnitude of spin polarization of
massless positively and negatively charged particle at QB/T 2 = 3.

As to the chemical potential dependence of the spin polarization, it is shown in

Fig. 2.4 for the case of massless limit m → 0. It is seen that the spin polarization

of positively charged particles (solid line) decreases with the increase of chemical

potential, and this is because the contribution from the lowest Landau level is smaller

when the chemical potential is larger. As to the spin polarization for negatively

charged particles (dashed line), it increases with the increase of chemical potential

as a result of increasing dominance of the lowest Landau level. The above behavior of

the spin polarization holds for both small and large strength of the magnetic field. In

the massive limit m→ ∞, the magnitude of spin polarization becomes independent
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of the chemical potential and is simply given by

|P | = 1
∑

n=0 e
−nQB

mT +
∑

n=1 e
−nQB

mT

= tanh

(

QB

2mT

)

for both positively and negatively charged particles.

2.1.4 The chiral magnetic wave

Through the interplay between the CME and the CSE, a new form of gapless

collective excitation, called the chiral magnetic wave (CMW), emerges from the cou-

pling of the density waves for the axial and electric charges [48, 27]. According

to Ref. [27], the chiral magnetic wave can induce in a heavy ion collision a charge

quadrupole moment in the transverse plane perpendicular to the beam direction and

lead to the splitting of the elliptic flows of positively and negatively charged particles

during the expansion of the produced QGP. In Chapters 4 and 5, the chiral kinetic

equations will be used to study if the CMW can indeed lead to a splitting between

the elliptic flows of negatively and positively charged particles.

The velocity of the CMW can be found using the magnetohydrodynamics [48, 27],

which is shown in Appendix A, and the resulting magnitude of the velocity of CMW

is | QB

4π2α
|. For particles and antiparticle described by the Fermi-Dirac distribution,

one has, for small chemical potential,

α = −2

∫

d3p

(2π)3
∂f

∂p
=

2

π2

∫ ∞

0

fpdp =
T 2

6
,

which gives the magnitude of the velocity of CMW as | 6QB
4π2T 2 |.

The expression given in the above for the velocity of CMW shows a linear de-

pendence on the strength of the magnetic field and is thus not valid for very large

magnetic field as the velocity then can exceed one or the velocity of light. In this
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case, fermions are frozen in the lowest Landau level [48], which is also shown in sec-

tion 2.1.1. Taking into account this effect leads to ρ = |QB|µ
4π2 , which then results in

the velocity of CMW being one.

2.2 Chiral vortical effects

Another interesting anomalous chiral effect is associated with the rotation of a

fermion system, which can be quantified by the vorticity field ω = 1
2
∇×u, where u

is the flow field. Similar to the CME and CSE due to the magnetic field, the vorticity

field can induce vector and axial vector currents in a system with nonzero charge

and axial charge chemical potentials, that is

JV =
µµ5

π2
ω and JA =

(

T 2

6
+
µ2 + µ2

5

2π2

)

ω, (2.44)

called, respectively, the chiral vortical effect (CVE) and the chiral vortical separation

effect (CVSE).

These anomalous currents due to the vorticity field were first derived in Refs. [81,

82, 83] using the method of gauge/gravity duality. Based on the hydrodynamic

approach, it was later shown that the CVE and CVSE are consistent with the second

law of thermodynamics [28]. Calculating the anomalous vortical conductivity at weak

coupling using the Kubo formula, it was found in Refs. [84, 85] that it gives rise to

anomalous vortical effects even in an uncharged fluid, which was not included in

previous studies. There is also the derivation of CVE and CVSE from the kinetic

theory based on the quantum Winger approach [75] or the Coriolis force [72]. The

latter further shows explicitly the role of the Berry curvature in chiral vortical effects.
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2.2.1 Chiral vortical effect and chiral vortical separation effect from the Dirac

equation

Similar to the derivation of the CME and CSE in the previous section for fermions

in a magnetic field, the Dirac equation can also be used to derive the CVE and CVSE

for fermions in a vorticity field. Unlike the electromagnetic field, the vorticity field

is not a gauge field and thus cannot be included in the Hamiltonian of the system

in the usual way. Comparing the derivation of vortical conductivity from the Kubo

formula [84, 85],

σω = lim
kn→0

ǫijn
−i
2kn

〈J iT 0j〉|ω=0, (2.45)

where T µν is the energy-momentum tensor, which is similar to the derivation of chiral

magnetic conductivity [86]

σB = lim
kn→0

ǫijn
−i
2kn

〈J iJ j〉|ω=0, (2.46)

indicates that there is a coupling between the momentum and the fluid field p ·udt in

the action for a single particle, similar to the action QA ·dx for a charged particle in

an electromagnetic field. Because p·udt = p0ẋ·udt = p0u·dx, the term involving the

gauge field QA in the Hamiltonian of section 2.1.1 can be replaced by p0u when there

is a vorticity field, which is similar to the result from Ref. [87] in the non-relativistic

limit.

Since the above gauge field induces an equivalent magnetic field 2p0ω, one can use

the results of section 2.1.1 and finds that En,± =
√

m2 + p2z + (2n+ 1)2En,±ω ∓ 2En,±ω,
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which gives the energy

En,± = (2n+ 1∓ 1)ω +
√

m2 + p2z + (2n+ 1∓ 1)2ω2. (2.47)

One can then show that the vector charge currents are

JV
R =

ω

2π2

∫ ∞

0

pzdpz[f(
√

m2 + p2z − µR) + f(
√

m2 + p2z + µR)], (2.48)

JV
L = − ω

2π2

∫ ∞

0

pzdpz[f(
√

m2 + p2z − µL) + f(
√

m2 + p2z + µL)], (2.49)

and the axial charge currents are

JA
R =

ω

2π2

∫ ∞

0

√

m2 + p2zdpz[f(
√

m2 + p2z − µR) + f(
√

m2 + p2z + µR)],(2.50)

JA
L =

ω

2π2

∫ ∞

0

√

m2 + p2zdpz[f(
√

m2 + p2z − µL) + f(
√

m2 + p2z + µL)].(2.51)

In the massless limit, the above equations reduce to JV
R = ω(T

2

12
+

µ2
R

4π2 ) = JA
R and

JV
L = −ω(T

2

12
+

µ2
L

4π2 ) = −JA
L , which gives JV = µµ5ω

π2 and JA = (T
2

6
+

µ2+µ2
5

2π2 )ω, same

as shown in Eq. (2.44).

Since the axial charge current is equal to twice the spin polarization density, one

can further show that the spin polarization density from the Dirac equation is exactly

the same as the result obtained from the quantum Wigner approach [35]. Using the

result

Π =
ω

4π2T

∫ ∞

0

p2dp
eβ(Ep∓µ)

(eβ(Ep∓µ) + 1)2
(2.52)

from the quantum Wigner approach and the identity eβ(Ep∓µ)

(eβ(Ep∓µ)+1)2
= −T ∂f

∂p
, where Π

is the spin-polarization density, one can show that Π = ω

2π2

∫∞
0
pfdp, which is the
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same as the result from solving the Dirac equation.

In the non-relativistic limit, the spin polarization probability is found to be

P = 4πmω

∫∞
0
dpf

∫∞
0
fd3p

= mω/mT = ω/T.

This result is twice the result from the quantum Wigner approach [35] and the

statistical-hydrodynamic approach [32, 33, 34], and the reason for this difference is

not yet clear and needs to be further studied.

2.2.2 The chiral vortical wave

For a fermion system in thermal equilibrium, one can use the results for the

CVE and CVSE to derive the wave equations for the charge density of right and left

chirality particles and antiparticles as well as their velocities. The derivation of the

CVW is then similar to that of the CMW [29] and is also shown in Appendix A.

Using the Fermi-Dirac distribution for massless quarks leads to 3ωµ
π2T 2 for the velocity

of the chiral vortical wave (CVW), which is zero for zero chemical potential. In

Chapter 5, the effect of the CVW on the elliptic flow splitting between negatively

and positively charged particles in a heavy ion collision will also be studied.

It is worthy to note that in the literature, there are also studies of CMW and

CVW based on different considerations as well as of other wave modes [88, 89].
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3. CHIRAL KINETIC EQUATIONS ∗

The chiral magnetic and vortical effects discussed in the previous chapter are

for fermion systems in thermal equilibrium, which are useful for studying these ef-

fects in heavy ion collisions based on the hydrodynamic model. To include pos-

sible non-equilibrium effects, microscopic chiral kinetic equations have been devel-

oped [72, 73, 74, 75, 76, 77]. In Ref. [72], the chiral kinetic equations are derived

from considering the Berry phase associated with the action of a quantum system

in an external magnetic field. The resulting chiral kinetic equations reproduce the

chiral anomaly as well as the CME and CSE in equilibrated systems. However,

these equations are not manifestly Lorentz covariant and require the introduction

of a modified Lorentz transformation [90]. The same chiral kinetic equations can

be derived from the Landau Fermi liquid theory by taking into account the Berry

curvature flux through the Fermi surface [73, 74] or from the semiclassical Foldy-

Wouthuysen diagonalization of the quantum Dirac Hamiltonian for massless fermions

and antifermions [77]. On the other hand, the manifestly Lorentz covariant chiral

kinetic equations have been derived in Refs. [75, 76] based on the consideration of

the covariant Wigner function for massless spin-1/2 fermions, which reproduce the

non-covariant chiral kinetic equation after integrating over the zeroth component of

the four-momentum.

∗Part of this chapter is reprinted with permissions from “Anomalous transport model study of

chiral magnetic effects in heavy ion collisions”by Yifeng Sun, Che Ming Ko and Feng Li, 2016, Phys.

Rev. C 94, 045204, Copyright 2016 by APS, and “Λ hyperon polarization in relativistic heavy ion

collisions from a chiral kinetic approach”by Yifeng Sun and Che Ming Ko, 2017, Phys. Rev. C 96,

024906, Copyright 2017 by APS.
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3.1 Chiral kinetic equations from the semiclassical method

The classical equations of motion for a massless spin-1/2 particle in an external

electromagnetic field can be simply derived from the semiclassical method that con-

siders the conservation of the total angular momentum [1]. For a massless spin-1/2

fermion, its total angular momentum J is given by the sum of its orbital L and spin

S angular momenta, i.e., J = L + S = r× p+ λp̂/2, where λ = ± is the helicity of

the particle with the plus and minus signs for particles with spin parallel (positive

helicity) and antiparallel (negative helicity) to the momentum, respectively. The

convention ~ = c = 1 has been used in the above. Under the influence of an external

force F, the rate of change in the total momentum is then

dJ

dt
=

d
(

r× p+ λ p̂

2

)

dt

=
dr

dt
× p+ r× dp

dt
+ λ

[

ṗ

2p
− p

(

p

2p3
· ṗ

)]

=

(

ṙ− λṗ× p

2p3

)

× p+ r× F, (3.1)

where the relation dp/dt = F and the identity (A×B)×C ≡ (A ·C)B− (B ·C)A

have been used. Using the fact that dJ/dt = r×F, one then has ṙ−λṗ× p

2p3
= f(p)p̂,

where f(p) is a function of the magnitude p of the momentum and p̂ is a unit vector

along the direction of the momentum. In the absence of external force, F = 0, one has

ṙ = p̂, which then requires f(p) = 1. This thus leads to ṙ = p̂+λṗ× p

2p3
= p̂+λṗ×b,

where b = p

2p3
.

Including the Lorentz force in the presence of an external electromagnetic field,

F = Q(E + ṙ ×B) = ṗ, the equations of motion for massless spin-1/2 fermions are
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thus

ṙ =
p̂+ λQE× b+ λQ(p̂ · b)B

1 + λQ(B · b) , (3.2)

ṗ =
Q(E+ p̂×B) + λQ2b(E ·B)

1 + λQ(B · b) . (3.3)

These equations include the effect of CME, CSE and the anomalous Hall effect, and

are the same as those given in Refs. [72, 75, 76, 77].

3.2 Chiral kinetic equations from the path integral method

The quantity b = p

2p3
in the previous section has a topological origin and is

related to the Berry curvature of a massless spin 1/2 fermion in a magnetic field

as shown in Ref. [72] from the path-integral formulation of quantum mechanics.

Following Ref. [72], the Hamiltonian of a massless fermion of helicity λ = 1 is given

by H = σ · p. The transition amplitude for the particle from the initial spin state

|i〉 at ti to the final spin state |f〉 at time tf is given by

〈f |e−iH(tf−ti)|i〉 =
∫

DxDpPei
∫ tf
ti

(p·ẋ−σ·p)dt, (3.4)

where the integration of the path-ordered matrix (p · ẋ−σ ·p)∆t is over the classical

path (x(t),p(t)) in the phase space.

Since the massless fermion has only one helicity state λ = 1 (the opposite one

corresponds to its antiparticle), the above matrix must be diagonalized in the helicity

basis. For each point of phase space on the trajectory, there is always a unitary matrix

Vp to diagonalize this matrix, i.e., V †
pσ · pVp = pσ3. For two neighboring points t1

and t2 with momenta p1 and p2, one can then transform the second part of the
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transition amplitude as

e−iσ·p∆t = Vp2
V †
p2
e−iσ·p2∆tVp2

V †
p2
Vp1

V †
p1

= Vp2
e−ip2σ3∆tV †

p2
Vp1

V †
p1

= Vp2
e−ip2σ3∆teiâp2

·ṗ2∆tV †
p1
, (3.5)

with âp2
= iV †

p∇pVp|p=p2
. From its definition, âp is a pure real number and is thus

given by âp2
= −Im(V †

p∇pVp). In this adiabatic approximation, the Lagrangian for a

single particle of positive energy is then L = p·ẋ−p−ap·ṗ with ap = Im(V †
p∇pVp)11.

In the presence of a gauge field, the Lagrangian becomes L = (p+QA) · ẋ−p−Qφ−

ap · ṗ. The equations of motion of the massless spin 1/2 fermion can be obtained by

the method of variation, and they are ṙ = p̂+ λṗ× b and ṗ = Q(E + ẋ×B) with

b = ∇p × ap = p

2p3
. Substituting the second equation to the first one leads to the

chiral kinetic equations in the previous section. Details on the above derivation is

given in appendix B.

3.3 Chiral kinetic equations from the Dirac equation

In the above two approaches, the spin of a massless fermion is assumed to be

either along or opposite to its momentum. Since this may not always be the case,

a more general method without this assumption is used in this section to derive the

equations of motion of massless fermions in a magnetic field. This method further

allows one to see that the chiral kinetic equations derived in the previous section

are the first-order quantum correction O(~) to the classical equations of motion.

Since one is dealing with massless fermions, one can use the two-component Weyl

representation of spinors to describe particles of right chirality and left chirality

with the Hamiltonian H = ±σ · p. Without losing generality, only right chirality
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particles as in the previous section are considered. In the presence of a gauge field

A = (A, φ), the Hamiltonian changes to H = σ · (π − QA) + Qφ, where π is

the canonical momentum. Since the evolution of the average value of any physical

observable can be described by Ȧ = 1
i~
[A,H ], one has

dxi

dt
=

1

i~
[xi, H ] =

∂H

∂πi
= σi, (3.6)

dπi

dt
=

1

i~
[πi, H ] = −∂H

∂xi
= Qσj ∂A

j

∂xi
−Q

∂φ

∂xi
, (3.7)

dσi

dt
=

1

i~
[σi, H ] =

1

i~
[σi, σj(πj −QAj)]

=
1

i~
2iǫijk(π

j −QAj)σk =
2

~
ǫijk(π

j −QAj)σk. (3.8)

Using the relation p = π − QA between the kinetic momentum and canonical

momentum, one obtains the equation of motion for the kinetic momentum,

dpi

dt
=

dπi

dt
−Q

dAi

dt
,

= Qσj ∂A
j

∂xi
−Q

∂φ

∂xi
−Q

∂Ai

∂t
−Q

∂Ai

∂xj
ẋj ,

= Qσj ∂A
j

∂xi
−Q

∂Ai

∂xj
σj +QEi

= Qǫijkσ
jBk +QEi, (3.9)

where the relations Ei = − ∂φ
∂xi − ∂Ai

∂t
and Bi = −1

2
ǫijk(

∂Aj

∂xk − ∂Ak

∂xj ) are used. The three

equations in the previous paragraph can be rewritten as

ṙ = σ, (3.10)

ṗ = Q(E+ σ ×B), (3.11)

σ̇ =
2

~
p× σ. (3.12)
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It is seen from Eq. (3.11) that for a massless fermion of right chirality or positive

helicity with the direction of its momentum different from that of the magnetic field,

its spin acquires a component that is perpendicular to its momentum according to

Eq. (3.12). As a result, the particle no longer has a definite helicity. The reason

that helicity is not a good quantum number in the presence of magnetic field is

because components of the kinetic momentum in the perpendicular direction do not

commute.
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Figure 3.1: Time evolution of the z-component of the spin of a massless fermion
(left window) and its displacement (right window) in a magnetic field along the z
direction. The initial spin and momentum of the particle are along the same direction
in the x− y plane.

To illustrate the above results, one considers a massless fermion with initial kinetic

momentum of magnitude 1 GeV/c in the x − y plane and in a magnetic field of

magnitude 7m2
π in the z direction, and the initial spin direction is taken to be along

the kinetic momentum. Results obtained from solving the above equations are shown

in Fig. 3.1. It is seen from the solid line in the left window that the spin of the particle

in the z-direction oscillates in time with an average value of QB
2p2

given by the dashed
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line. According to Eq. (3.10), the velocity of the particle is given by its spin, and

this leads to the time dependence of its displacement in the z-direction shown by the

solid line in the right window, with its average value shown by the dashed line.

The above equations can be reduced to the chiral kinetic equations of previous

sections by using

~

2
σ̇ × p = (p× σ)× p = p2

σ − (p · σ)p, (3.13)

which can be rewritten as

σ =
~

2p2
σ̇ × p+ (p̂ · σ)p̂. (3.14)

The first-order quantum correction to the above equation can be obtained by itera-

tion, and the result is given by

σ = p̂+
~

2p2
˙̂p× p+ (p̂ · p̂)p̂− p̂+O(~2)

= p̂+ ~ṗ× p

2p3
+O(~2). (3.15)

Using this equation in Eqs.(3.10) and (3.11) and the convention of ~ = 1, one then

obtains the chiral kinetic equations in previous sections.

Results obtained from solving the chiral kinetic equations for the example dis-

cussed in the above are shown by the dashed lines in Fig. 3.1, which thus correspond

to the average values of the exact results obtained from solving Eqs.(3.10)-(3.12).

3.4 Phase-space modification due to chiral kinetic motions

The Berry curvature not only changes the equations of motion of massless fermions

but also modifies the volume of their phase space from d3xd3p to
√
Gd3xd3p, where
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√
G = 1 + λQ(B · b) [91, 92, 93]. This can be understood either by considering the

change in the volume of the phase space of a particle during a short time interval [91]

or that in the Poisson brackets for different combinations of x and p [93]. In this

section, some details of the derivation, which are missing in Ref. [91], are given.

Following Ref. [91], the change in the volume of the phase space is

d(x+∆x)d(p+∆p) = d(x+ ẋdt)d(p+ ṗdt)

≈ dxdp[1 + dt(∇x · ẋ+∇p · ṗ)]. (3.16)

In terms of ∆V = dxdp, the above equation becomes d∆V = ∆V dt(∇x · ẋ+∇p · ṗ).

Using the identity

∇x · ẋ+∇p · ṗ =
∇x · (

√
Gẋ) +∇p · (

√
Gṗ)√

G
− ẋ ·∇x

√
G+ ṗ ·∇p

√
G√

G
,

(3.17)
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and Eqs.(3.2) and (3.3), one finds

∇x · ẋ+∇p · ṗ

=
Qλ(∇x ×E) · b+Qλ∇x·B

2p2
+Q(∇p × p̂) ·B+Q2λ2πδ(3)(p)(E ·B)

√
G

− ẋ∇x

√
G+ ṗ∇p

√
G√

G

=
−Qλ∂B

∂t
· b+Q2λ2πδ(3)(p)(E ·B)√

G
− ẋ∇x

√
G+ ṗ∇p

√
G√

G

=
−Qλd(B·b)

dt
+Qλ∂(B·b)

∂x
· ẋ+Qλ∂(B·b)

∂p
· ṗ+Q2λ2πδ(3)(p)(B · E)

√
G

− ẋ∇x

√
G+ ṗ∇p

√
G√

G

=
−Qλd(B·b)

dt
+Q2λ2πδ(3)(p)(B · E)√

G
, (3.18)

after using the Maxwell equations ∇·B = 0 and ∇×E = −∂B
∂t

as well as the relation

∇ · b = 2πδ(3)(p). Therefore, one has

d∆V

∆V
= −d

√
G√
G

+
Q2λ2πδ3(p)(E ·B)√

G
dt.

For particles of non-zero momentum, the second term is zero, and one has ∆V =

∆V0√
G
, which shows that the phase-space volume is no longer conserved during the

time evolution of the particle. Since the phase-space volume is a local function of

state variables and should not have a memory of the past, one can thus introduce a

modified phase-space volume
√
Gd3xd3p such that it remains the same as it moves

in a magnetic field.

One can also obtain the above result from the Boltzmann equation ∂f
∂t

+ ẋ · ∂f
∂x

+
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ṗ · ∂f
∂p

= 0 in the collisionless limit. Using the equation

∂
√
G

∂t
+
∂
√
Gẋ

∂x
+
∂
√
Gṗ

∂p
= 2Q2λπE ·Bδ3(p),

which can be derived by using the Maxwell equations and the definition of
√
G, one

has

∂
√
Gf

∂t
+
∂
√
Gf ẋ

∂x
+
∂
√
Gf ṗ

∂p
= 2Q2λπfE ·Bδ3(p).

The charge current for right chirality particles and antiparticles is then

JV
R = Q

∫

d3p

(2π)3
f(p− µR)

√
Gẋ−Q

∫

d3p

(2π)3
f(p+ µR)

√
Gẋ

=
Q2B

4π2

∫ ∞

0

dp[f(p− µR)− f(p+ µR)], (3.19)

which is the same as that from solving the Dirac equation. The same holds for the

charge current of left chirality particles and antiparticles obtained from these two

approaches.

One can also obtain the chiral anomaly from the chiral kinetic equations. For

right chirality particles and antiparticles, one finds

dnR

dt
=

∫

d3p

(2π)3
2Q2πf(p− µR)E ·Bδ3(p) = Q2E ·B

4π2
f(−µR), (3.20)

dnR̄

dt
= −

∫

d3p

(2π)3
2Q2πf(p+ µR)E ·Bδ3(p) = −Q

2E ·B
4π2

f(µR), (3.21)

which gives

d(nR − nR̄)

dt
=

Q2E ·B
4π2

[f(−µR) + f(µR)] =
Q2E ·B
4π2

. (3.22)
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The above equation shows that the chiral anomaly does not depend on the tempera-

ture and chemical potential of the system and thus is valid for any systems of massless

Dirac fermions. A similar equation can be obtained for left chirality particles and an-

tiparticles. Combining the two equations then leads to the chiral anomaly equation

dn5

dt
= Q2E·B

2π2 . It is noted that although the chiral anomaly can be derived from the

geometric phase as described above, it is generically a topological effect [94, 95] and

can be verified from a more general consideration such as the Fujikawa method [38].

3.5 Chiral magnetic wave in chiral kinetic theory

The CMW can also be described in chiral kinetic theory [96], which is valid

for a weak magnetic field, and the derivation in Ref. [96] is given in Appendix C

for completeness. It is shown in section 2.1.4 that the velocity of the CMW is

6QB
4π2T 2 when the massless fermions are described by the Fermi-Dirac distribution. In

contrast, using the classical Boltzmann distribution gives ω = k · QB

4T 2 , which leads to

a larger velocity for the CMW than that from the Fermi-Dirac distribution. This is

because more particles have higher momentum in the latter case as a result of the

Pauli principle, which then leads to a smaller velocity according to v = eB
2p2

.

3.6 Chiral vortical effects in chiral kinetic theory

Chiral vortical effects can also be studied in chiral kinetic theory. Although the

chiral kinetic equations for fermions in a vorticity field can be derived from the

quantum Wigner functions [75, 76], the effect of the vorticity field on the motions

of massless fermions can also be included in the chiral kinetic equation through the

Coriolis force [72] as shown in Ref. [5] and to be followed in this section. In the

absence of mean-field potentials, such as those in Refs. [79, 97, 98, 99] based on the

Nambu-Jona-Lasinio model, the momentum p of a particle in the center-of-mass or

fireball frame of a heavy ion collision is a constant between scatterings, that is ṗ = 0.

36



Its momentum p′ in the frame that rotates with an angular velocity given by the

vorticity field ω is, however, affected by the Coriolis force,

ṗ′ = −2p′ω × ṙ′, (3.23)

where p′ is the magnitude of p′ and ṙ′ is the velocity of the particle in the rotating

frame.

From the adiabatic approximation to the motion of a massless spin-1
2
particle that

the direction of its spin follows instantaneously the direction of its momentum [72] or

from considering the conservation of the total angular momentum of the particle [1]

in this rotating frame, its velocity ṙ′ is given by,

ṙ′ = p̂′ + λṗ′ × b′, (3.24)

where λ = ±1 is the helicity of the particle, p̂′ is a unit vector along p′, and b′ =

p̂′

2p′2
is the Berry curvature resulting from the adiabatic approximation [72] or the

conservation of the total angular momentum [1]. Substituting Eq. (3.23) to Eq.

(3.24) leads to

ṙ′ =
p̂′ + 2λp′(p̂′ · b′)ω

1 + 2λp′(ω · b′)
. (3.25)

In the absence of collective flow, the origin of the rotational frame is stationary

in the fireball frame. In this case, ṙ = ṙ′ and p = p′, and the chiral kinetic equations

of motion for massless spin-1
2
particles are thus

ṙ =
p̂+ 2λp(p̂ · b)ω
1 + 2λp(ω · b) , ṗ = 0. (3.26)
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The two equations in Eq. (3.26) are similar to those derived in Ref. [76] from

consideration of the covariant Wigner distribution function of massless spin 1/2 par-

ticles in a vorticity field, except that the numerical factor 2 in the denominator is 4

instead. Although applying the usual Lorentz transformation to Eq. (3.25) does not

lead to Eq. (3.26), it is known that the chiral kinetic equations satisfy a nontriv-

ial Lorentz transformation [100]. Therefore Eq. (3.26) is also assumed to be valid

for the case with collective flow. As to the numerical factor in the denominator,

later considerations based on the covariant Wigner distribution function of massless

spin 1/2 particles have indicated that its value is not uniquely determined [101]. One

therefore has in general the equations of motion for massless particles in the presence

of a vortical field are

ṙ =
p̂+ 2λp(p̂ · b)ω√

G
,

ṗ = 0

with
√
G = 1 + aλp(ω · b) and b = p̂

2p3
.

Since the phase-space measure is also changed by the vorticity field, the vector

charge currents of right and left chirality particles and antiparticles are given by

JR,L =

∫

d3p

(2π)3

√
Gẋf(p− µR,L)−

∫

d3p

(2π)3

√
Gẋf(p+ µR,L)

= ω

(

T 2

12
+
µ2
R,L

4π2

)

, (3.27)

the same as those obtained from solving the Dirac equation.

The CVW can also be derived in chiral kinetic theory in a similar way as that

for the CMW [29], which is also shown in Appendix C. It is of interest to note that

there are also studies of the chiral vortical effects by taking into consideration of the
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scattering between spin-polarized particles and antiparticles [90, 102].
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4. ANOMALOUS TRANSPORT MODEL STUDY OF CHIRAL MAGNETIC

EFFECTS IN HEAVY ION COLLISIONS ∗

In the present chapter, the chiral kinetic equations for massless quarks and an-

tiquarks are solved using the test particle method [103] and also the scatterings of

these particles is included by assuming that they are not affected by the magnetic

field. With initial conditions taken from a Bjorken boost-invariant model without

initial transverse flow, this anomalous transport model is then used to study the

elliptic flow in heavy ion collisions at the highest energy from RHIC and the results

are compared with those obtained from anomalous hydrodynamics [54] and with the

experimental data [3].

4.1 The anomalous transport model

As discussed in previous chapters, the dynamics of massless spin-1/2 fermions

in a magnetic field can be described by the anomalous transport equation for the

phase-space distribution functions fR and fL of right chirality and left chirality ones,

that is

∂tfR/L + ẋ · ∇xfR/L + ṗ · ∇pfR/L = IC , (4.1)

where

dr

dt
=

p̂+ λQ(p̂ · b)B
1 + λQB · b , (4.2)

dp

dt
=

Qp̂×B

1 + λQB · b , (4.3)

∗Reprinted with permission from “Anomalous transport model study of chiral magnetic effects

in heavy ion collisions”by Yifeng Sun, Che Ming Ko and Feng Li, 2016, Phys. Rev. C 94, 045204,

Copyright 2016 by APS.
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with λ = 1 for particles and antiparticles of positive helicity and λ = −1 for particles

and antiparticles of negative helicity, and the Berry curvature b = p

2p3
.

The term IC on the right-hand side of the transport equation is the collision

term that takes into account the effect due to scattering of massless quarks and

antiquarks. In most studies, this effect is addressed in the relaxation time ap-

proach either for quark-quark scattering [104] or for quark-gluon scattering [105].

Since the interaction Lagrangian of massless quarks and antiquarks with gluons

in QCD is L = igq̄RA/qR + igq̄LA/qL, where g is the strong coupling constant,

qR and qL are the field operators for quarks of right and left chiralities, respec-

tively, and A/ = γµAµ with Aµ being the gluon filed, there are no changes in

the chiralities of quarks in quark-quark scattering and of antiquarks in antiquark-

antiquark scattering. For the scattering between quark and antiquark, their chirali-

ties can, however, change through the s-channel annihilation process. The processes

qRq̄R → qLq̄L and qLq̄L → qRq̄R conserve axial charge density, which is given by

n5 =
〈

Ψ̄γ0γ5Ψ
〉

=
〈

Ψ̄Rγ
0ΨR

〉

−
〈

Ψ̄Lγ
0ΨL

〉

= (nR − nR̄) − (nL − nL̄), and are thus

allowed in QCD, which is chirally invariant in the massless quark limit. This process

ensures both local charge and axial charge conservations in an equilibrated quark

matter and is essential for generating a splitting of the elliptic flows of positively and

negatively charged particles in the kinetic approach. The reason for this is as follows.

Although the chiral kinetic motion can lead to a separation of particles of right chi-

ralities from those of left chiralities in space, the effect is the same for positively and

negatively charged particles. However, including quark-antiquark scatterings that

change their chiralities can result in a charge quadrupole moment in the transverse

plane of a heavy ion collision. For simplicity, only massless quarks and antiquarks

are allowed to undergo chirality changing scattering in quark-antiquark scattering.

The combined effects due to the chiral kinetic motion (CKM) and the chirality
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Figure 4.1: Effects of chiral kinetic motion (CKM) and chirality changing scattering
between quark and antiquark (CCS) on the distribution of massless quarks and
antiquarks in the transverse plane of a heavy ion collision with initial positive charge
chemical potential µ > 0 and vanishing axial charge chemical potential µ5 = 0.
Reprinted from Ref. [1]

changing scattering (CCS) between quark and antiquark in heavy ion collisions in

the presence of a magnetic field are illustrated in Fig. 4.1. The upper left picture

shows the initial distribution of quarks and antiquarks in the transverse plane for the

case of positive charge chemical potential µ > 0 and vanishing axial charge chemical

potential µ5 = 0, corresponding to more quarks than antiquarks but with equal

number of right and left chiralities. In the above, one has µ = (µR+µL)/2 and µ5 =

(µR−µL)/2, where µR/T = (NR−NR̄)/(NR+NR̄) and µL/T = (NL−NL̄)/(NL+NL̄)

with NR and NL denoting the numbers of particles with right and left chiralities,
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respectively, while NR̄ andNL̄ denoting corresponding numbers for antiparticles. The

temperature of the quark matter is denoted by T . Equation (4.2) then indicates that

quarks and antiquarks of right chiralities would move upward along the direction of

the magnetic field, while those of left chiralities would move in the opposite direction,

leading to a positive axial charge dipole moment in the transverse plane, as shown

in the upper right picture of Fig. 4.1. The lower right picture shows the effect of

the chirality changing quark-antiquark scattering qRq̄R → qLq̄L and qLq̄L → qRq̄R.

Further upward and downward motions of quarks and antiquarks of right and left

chiralities, respectively, according to Eq. (4.2) result in the lower left picture, which

clearly shows a positive axial charge dipole moment and a positive charge quadrupole

moment in the transverse plane. The latter can then lead to a splitting of the elliptic

flows of positively charged quarks and negatively charged antiquarks as shown in

Refs. [27, 106].

In the above discussion, the effect of gluons in the system is not considered. Since

gluons have spin one, they will not change the chiralities of the quarks or antiquarks

that they scatter with [105]. Including these scatterings will thus not affect the

picture discussed in the above. Also, the magnetic field affects the scattering of

quarks and antiquarks through the change of the phase-space integral in the collision

term of the chiral transport model [104, 105], i.e., replacing the usual d3xd3p/(2π)3

by (1 + λQB · b)d3xd3p/(2π)3, which is needed to ensure the correct equilibrium

distribution in the presence of the magnetic field. Since it was not known how this

effect could be included in the chiral transport model when the study in Ref. [1] was

carried out, it had been neglected in that study.

To implement particle scatterings in the chiral or anomalous transport model, the

geometric method of Ref. [107] is generalized by using the scattering cross section σ

in the fireball frame to check whether the impact parameter between two colliding
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particles is smaller than
√

σ/π and if the two colliding particles pass through each

other at the next time step during the evolution of the system. For the three-

momenta of the two particles after their scattering, they are taken to be isotropic in

their center-of-mass frame. The Pauli blocking effect on the final states is, however,

neglected because of the high temperature of the partonic matter produced in heavy

ion collisions.

4.2 Heavy ion collisions in the presence of magnetic field

To apply the anomalous transport model to heavy ion collisions, a Bjorken boost-

invariant model is used for the initial conditions. Specifically, the cubic power of

temperature distribution, which is proportional to the particle number density dis-

tribution, in the transverse plane of the collision is taken to have a Woods-Saxon

form

T (x, y) =
T0

(1 + e
√

x2+y2/c2−R
a )

1
3

, (4.4)

where c describes the spatial anisotropy of produced partonic matter in the transverse

plane of non-central heavy ion collisions, R is the radius, and a is surface thickness.

The transverse momentum distributions of quarks and antiquarks are then given

by the corresponding Boltzmann distributions with a charge chemical potential µ.

For simplicity, quarks and antiquarks are taken to have same electric charge of e/2

and −e/22, respectively, and assume that the ratio µ/T is uniform in space. For

distributions in the z direction, it is assumed to be boost invariant, i.e., z = τ0 sinh y

and pz = mT sinh y, where τ0, mT =
√

m2
q + p2x + p2y =

√

p2x + p2y = pT , and y are

the thermalization time, transverse mass, and rapidity, respectively. For the initial

2Although this would underestimate the effect on u and ū quarks and overestimate that on d

and d̄ quarks, the net effect would be minimal for flavor-symmetric quark matter.
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axial charge chemical potential µ5/T , it is taken to be zero everywhere.

To study the chiral magnetic effect in heavy ion collisions, the magnetic field B

generated in these collisions is assumed to be uniform along the y axis, which is

perpendicular to the reaction plane, as in Ref. [108] and to have the following time

dependence:

eB =
eB0

1 + (t/τ)2
(4.5)

with B0 and τ being its maximum strength and lifetime, respectively. According

to Ref. [40], the magnitude of the magnetic field in a heavy ion collision can be as

large as several 1014 T in noncentral Au+Au collisions at
√
s = 200 GeV, although

it lasts for only about 0.1 fm/c. However, including the electric conductivity effect

could increase the lifetime of the magnetic field in a heavy ion collision to several

fm/c [109]. More discussions about the time evolution of magnetic field can be found

in Refs. [110, 111, 40, 109] as well as in Appendix B.

With above initial conditions and magnetic field, the anomalous transport equa-

tions are solved using the parameters T0 = 300 MeV, R = 3.5 fm, a = 0.5 fm,

c = 1.5, and τ0 = 0.4 fm/c that are appropriate for Au+Au collisions at center-of-

mass energy
√
s = 200 GeV and impact parameter b = 9 fm, which approximately

corresponds to collisions at the 30–40% centrality. The total number of quarks and

antiquarks is then approximately 1500 if one considers only rapidities |y| ≤ 2. As in

the AMPT model [112] and the Nambu-Jona-Lasinio model [113], it is assumed that

only quarks and antiquarks are present in the partonic phase of a heavy ion collision.

For the magnetic field, the values eB0 = 7m2
π and τ = 6 fm/c are used. For the value

of µ/T , which is the same as the charge asymmetry A± = N+−N−

N++N−
of the partonic

matter, where N+ and N− are the numbers of positively and negatively charged
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quarks, respectively, a number of values between 0 and 0.16 are considered. For

the parton scattering cross section, it is taken to have the temperature dependence

σ = σ0(T0/T )
3 in order to be consistent with that calculated in the NJL model [114]

and the shear viscosity to entropy density ratio extracted from the measured elliptic

flow using the viscous hydrodynamics [115]. For the value of σ0, it is chosen to repro-

duce the measured elliptic flow of pions and is taken to be isotropic and independent

of the momenta and energy of the colliding particles. As to the temperature of the

local medium where two partons scatter, it is determined from taking the local en-

ergy density to be the same as that of an equilibrated noninteracting massless quarks

and antiquarks. Because of the smaller number of partons in a local cell, the energy

density is evaluated by using partons from a large ensemble of events, although only

partons in the same event are allowed to scatter with each other [107].

Since partons in a local cell are expected to convert to hadrons when their tem-

perature drops below the chirality restoration temperature Tχ, which is taken to be

150 MeV, the duality ansatz is used by simply relabelling quarks as pions and letting

them follow the normal equations of motion with the velocity given by p/E and to

scatter with known hadronic cross sections given in Ref. [116]. One could import

these quarks and antiquarks to the AMPT model to convert them to hadrons and

let the latter undergo further hadronic scattering as in Ref. [97]. Since most quarks

and antiquarks are converted to resonances such as the ρ meson, which subsequently

decay to pions, using the quark-hadron duality by converting a quark to a pion is

thus a reasonable approximation. In the present study, particles after Tχ are evolved

until they freeze-out kinetically, which is defined locally when the temperature of

a cell drops to Tf = 120 MeV. Note that the effect from switching from the chiral

kinetic equation to the normal equation of motion at Tχ is similar to the freeze-out

hole effect discussed in Ref. [54].
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4.3 Results

In the present section, the time evolution of the partonic matter is studied by fol-

lowing the motions of quarks and antiquarks according to the chiral kinetic equations

[Eqs. (4.2) and (4.3)] with and without the Lorentz force as well as with and with-

out including the chirality changing scattering between quark and antiquark. These

different studies allow us to investigate the relative importance among the effects

due to the chiral kinetic motion (CKM), the Lorentz force (LF), and the chirality

changing scattering (CCS).

4.3.1 Pion elliptic flow
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Figure 4.2: Elliptic flow of all kinetically freeze-out pions as a function of their trans-
verse momentum for the three cases of chiral kinetic motion with Lorentz force and
chirality changing scattering (CKM+LF+CCS), without chirality changing scatter-
ing (CKM+LF), and without Lorentz force (CKM+CCS). Experimental data (solid
circles) are from Ref. [2]. Reprinted from Ref. [1]
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The dashed line in Fig. 4.2 shows the elliptic flow v2 of all kinetically freeze-out

pions as a function of their transverse momentum in midrapidity (|y| ≤ 1) from

solving the chiral kinetic equation with Lorentz force and including the chirality

changing scattering (CKM+LF+CCS). It is obtained with a coefficient σ0 = 13.7

mb in the parton scattering cross section and is seen to agree with the experimental

data (solid circles) from the STAR Collaboration [2]. The result obtained without

the chirality changing scattering (CKM+LF), using σ0 = 13.1 mb and shown by

the dotted line as well as that obtained without the Lorenz force (CKM+CCS),

using σ0 = 15.5 mb and shown by the dashed line, also agree reasonably with the

experimental data, particularly for momentum below 0.5 GeV. The integrated v2 of

these pions with transverse momenta in the range 0.15 ≤ pT ≤ 0.5 GeV/c is 0.036

in all three cases, which reproduces surprisingly well the experimental value.

4.3.2 Time evolution of eccentricity difference

Figure 4.3 shows the time evolution of the difference ∆ǫ2 = ǫ2−−ǫ2+ between the

eccentricities (ǫ2 = 〈(x2−y2)/(x2+y2)〉) of negatively and positively charged particles

for the total charge asymmetry A± = 0.16 of these particles. It is noted that this

value of A± is much larger than the value −0.03 < Aex
± < 0.03 in the experimental

measurements [3], and it is used in order to amplify the effect of the chiral magnetic

wave. The momentum range included in the calculation is again 0.15 ≤ pT ≤ 0.5

GeV/c. The solid line shows the results obtained by following the motions of quarks

and antiquarks via the chiral kinetic equation including both the Lorentz force and

the chirality changing scattering, i.e., CKM+LF+CCS. The eccentricity difference

between negatively and positively charged particles in this case is seen to increase

with time, but decreases after reaching a maximum value. This increase is due to both

the chiral kinetic effect, which leads to the fluctuation of axial charge, and the effect
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Figure 4.3: Eccentricity difference between negatively and positively charged parti-
cles as a function of time for different scenarios of parton dynamics as in Fig. 4.2
when the total charge asymmetry of the quark matter is A± = 0.16. Reprinted from
Ref. [1]

of chirality change in parton scattering, which converts the axial charge fluctuation

to the charge fluctuation. How the eccentricity difference between negatively and

positively charged particles changes in time in the case neglecting the Lorentz force

but including the chirality changing scattering (CKM+CCS), which includes the

same physics as in Refs. [53, 54], is shown by the dashed line. The eccentricity

difference between positively and negatively charged particles in this case is seen to

increase with time until it reachs a plateau. As shown by the dotted line, including

the Lorentz force but without the chirality changing scattering (CKM+LF) leads to

an eccentricity difference that has a similar time dependence as the CKM+LF+CCS

case except a smaller maximum value.
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4.3.3 Time evolution of elliptic flow difference

Figure 4.4: Same as Fig. 4.3 for the elliptic flow difference ∆v2 between negatively
and positively charged particles. Reprinted from Ref. [1]

Because of their different spatial eccentricities, the elliptic flows of positively

and negatively charged particles become different in heavy ion collisions. Fig. 4.4

shows the results for the difference ∆v2 = v2− − v2+ between the elliptic flows of

negatively and positively charged particles with their transverse momenta between

0.15 and 0.5 GeV as a function of time for charge asymmetries A± = 0.16. For the

case from solving the chiral kinetic equation with Lorentz force and including the

chirality changing scattering (CKM+LF+CCS), the elliptic flow difference is seen to

decrease with time, which is in contrast with the expectation from the evolution of

the eccentricity difference shown in Fig. 4.3. As shown below, this unexpected result
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is due to the competition between the effects of the CMW and the Lorentz force.

Figure 4.5: Charge chemical potential µ/T (left window) and axial charge chemical
potential µ5/T (right window) distributions in the transverse plane z = 0 at time t =
5 fm/c for events with charge asymmetry A± = 0.16 for the case of including chiral
kinetic motion and chirality changing scattering but no Lorentz force. Reprinted
from Ref. [1]

For the case neglecting the Lorentz force (CKM+CCS), the elliptic flow difference

shown by the dashed line is seen to increase with time as a result of the larger

eccentricity of negatively charged particles compared to positively charged particles.

To better understand the reason for the elliptic flow difference between positively and

negatively charged partons, we show in Fig. 4.5 the charge chemical potential µ/T

(left window) and axial charge chemical potential µ5/T (right window) distributions

of particles in the transverse plane (z = 0) at time t = 5 fm/c. It is seen that

the charge chemical potential is small in the equator and large in the pole of the

transverse plane of the collision, similar to that found in Ref. [27] based on the CMW

consideration. It also confirms the schematic pictures illustrated in Fig. 4.1. The
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charge quadrupole moment resulting from such a distribution would then lead to an

elliptic flow that is larger for negatively charged particles than for positively charged

particles as demonstrated in Ref. [106] using the AMPT model by giving a finite

electric quadrupole moment in the initial parton distribution. The distribution of

µ5/T in the transverse plane of the collision shows, on the other hand, a finite dipole

moment. These results thus clearly demonstrate that the chiral kinetic equation

leads to the separation of partons with different chiralities in the transverse plane

of a heavy ion collision, which leads at the same time to a separation of partons

of different charges by the chirality changing scattering between massless positively

and negatively charged partons, reminiscent of the effect due to the CMW. If the

change of the chiralities of these partons during their scattering is not allowed in the

anomalous transport model, both µ/T and µ5/T would be uniform in space with

the values µ/T = 0.16 and µ5/T = 0. This agrees with the results based only on

the chiral kinetic equation, which is same for both positively and negatively charged

partons but different for partons of different chiralities.

Shown in Fig. 4.4 by the dotted line are the results obtained with the inclusion

of the Lorentz force but not allowing the chiralities to change in the quark-antiquark

scattering (CKM+LF). It shows that this further reduces the elliptic flow difference

between negatively and positively charged particles. This is because the Lorentz force

has an opposite effect from that due to the chiral kinetic motion and the chirality

changing quark-antiquark scattering. This can be understood as follows. Because of

the cylindrical initial distribution, particles have a larger flow in the z direction than

in the x direction. With the magnetic field along the y direction, the Lorentz force

then deflects positively and negatively charged particles moving in the positive z-

direction to the negative and positive x-axis, respectively. In the case that the charge

asymmetry A± is larger than zero, this would lead to more particles in the second and
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Figure 4.6: Lorentz force effect on charge chemical potential µ/T (left window) and
elliptic flow of all particles in the first and second quadrants of x − z plane (right
window) at time t = 5 fm/c for events with charge asymmetry A± = 0.16.

fourth quadrants than in the first and third quadrants of the x-z plane as shown in

the left window of Fig. 4.6. Due to their more frequent collisions, positively charged

particles then acquire a larger elliptic flow than the negatively charged particles as

shown in the right window of Fig. 4.6. More specifically, denoting the charge chemical

potential and elliptic flow in the first quadrant by µr and v2r, respectively, and in the

second quadrant by µl and v2l, respectively, then one has µl > µr and v2l > v2r as

a result of the Lorentz force. The elliptic flows of negatively and positively charged

particles are then, respectively,

v2le
−µl/T + v2re

−µr/T

e−µl/T + e−µr/T
=

v2l

1 + e
µl−µr

T

+
v2r

1 + e−
µl−µr

T

(4.6)

v2le
µl/T + v2re

µr/T

eµl/T + eµr/T
=

v2l

1 + e−
µl−µr

T

+
v2r

1 + e
µl−µr

T

. (4.7)
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Their difference is thus

(v2l − v2r)

(

1

1 + e
µl−µr

T

− 1

1 + e−
µl−µr

T

)

< 0 (4.8)

and is negative. This conclusion is not affected by the inclusion of the third and

fourth quadrants.

The above effect due to the Lorentz force will not be present if there is no asym-

metry in the initial distribution of particles in the x − z plane. For example, if

the initial particle distribution is isotropic in the x-z plane, the charge distribution

would remain isotropic in the presence of the Lorentz force, and there would be no

elliptic flow difference between the positively and negatively charged particles even

for A± 6= 0.

It is noted that the axial charge and charge chemical potential distributions in

the transverse plane for the case of CKM+LF+CCS also show finite dipole and

quadrupole moments, similar to those shown in Figs. 4.5 and 4.6 for the case of

CKM+CCS. Without the chirality changing scattering, i.e., for the case of CKM+LF,

both the axial charge and charge chemical potential distributions become uniform in

the transverse plane, i.e., vanishing dipole and quadrupole moments.

4.3.4 Charge asymmetry dependence of the elliptic flow difference

Shown in Fig. 4.7 by the solid line is the elliptic flow difference ∆v2 between

negatively and positively charged particles at freeze-out as a function of the charge

asymmetry A± for the case of CKM+LF+CCS. Again, the transverse momenta

of these particles are taken to be 0.15 ≤ pT ≤ 0.5 GeV/c. It is seen that the

final elliptic flow difference ∆v2 is almost linearly dependent on the total charge

asymmetry but with a slope opposite to that found in experiments [3] and in the

theoretical study based on the CMW [27]. For the case neglecting the Lorentz force
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Figure 4.7: Elliptic flow difference ∆v2 as a function of charge asymmetry A± for
different scenarios of parton dynamics as in Fig. 4.2. Experimental data (solid stars)
are from Ref. [3]. Reprinted from Ref. [1]

but including chirality changing scattering (CKM+CCS), shown by dashed line, the

slope of the A± dependence of ∆v2 in the present study is r = 0.0112, which gives

a value r/v2 = 0.31 that is about a factor of three smaller than the experimental

value of 0.85 but is comparable to the value r/v2 = 0.27 from a study based on

the anomalous hydrodynamics [54]. For the charge asymmetry dependence of the

elliptic flow difference between negatively and positively charged particles in the case

including the Lorentz force but neglecting the chirality changing quark-antiquark

scattering (CKM+LF), the slope of the elliptic flow differences between negatively

and positively charged particles is seen to be more negative than in the other two

cases.
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Figure 4.8: Lifetime τ of magnetic field dependence of the slope parameter r of
the charge asymmetry dependence of the elliptic flow difference between negatively
and positively charges particles for the cases of including chiral kinetic motion and
chirality changing scattering with and without the Lorentz force.

4.3.5 The lifetime of magnetic field dependence of the elliptic flow difference

In the above discussions, a long-lived magnetic field, treated as an external field,

of a lifetime τ = 6 fm/c, has been used to study the elliptic flow splitting between

negatively and positively charged particles for different values of charge asymmetry.

In this section, how the elliptic splitting is affected by the lifetime of the magnetic

field is studied. The solid line in Fig. 4.8 shows the parameter r, which is the slope of

the charge asymmetry dependence of the elliptic flow difference between negatively

and positively charges particles, as a function of the lifetime τ of the magnetic field for

the case of CKM+LF+CCS. The slope parameter is seen to be very small at τ = 1

fm/c and decreases with increasing lifetime of the magnetic field, and it becomes
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negative after τ = 3 fm/c. Neglecting the Lorentz force (CKM+CCS), on the other

hand, leads to a slope parameter that is essentially zero at τ = 1 fm/c and increases

with the lifetime of the magnetic field. Compared to the measured slope parameter

of 3.06%, the theoretical result is a factor of three smaller even for a magnetic field

of lifetime τ = 6 fm/c.

In Appendix D, the time evolution of the magnetic field in heavy ion collisions

is studied in a transport model using initial conditions from the AMPT model and

including the dynamics of the electromagnetic field and partons as well as their

interactions. It is found that the lifetime of the magnetic field never exceeds 0.1

fm/c no matter how the conductivity of the quark matter is increased by decreasing

the parton scattering cross section. Using this realistic magnetic field, it is found that

the effects from both the CMW and the Lorentz force on the elliptic flow splitting

between negatively and positively charged particles become negligible.

4.4 Summary

Based on the anomalous transport model, which includes the propagation of mass-

less quarks and antiquarks according to the chiral kinetic equation and allows the

change of chiralities during the scattering between positively and negatively charged

partons, the elliptic flow of charged particles in non-central relativistic heavy ion

collisions has been studied. Using initial conditions from the Bjorken boost invari-

ant model and assuming the presence of a strong and long-lived magnetic field, an

appreciable charge quadrupole moment in the transverse plane of the collision has

been obtained. Although the latter leads to different elliptic flows for particles of

negative and positive charges as the system expands, the resulting elliptic flow dif-

ference shows a linear dependence on the total charge asymmetry of the partonic

matter with a slope that is negative and has a small magnitude, which is in contrast
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to the experimental results. Neglecting the Lorentz force as in the anomalous hydro-

dynamics of Ref. [54], the resulting elliptic flow splitting behaves similarly as that

found from studies based on anomalous hydrodynamics using similar initial condi-

tions and assuming similar strength and lifetime for the magnetic field. Compared

to the experimental data on the elliptic flow difference between negatively and pos-

itively charged particles, results in this case are still much smaller. Decreasing the

lifetime of the magnetic field further reduces the magnitude of the slope parameter.

Because of the opposite effect of the Lorentz force to that of the CMW, it is thus

unlikely that the elliptic flow splitting observed in experiments is due to the CMW.

A larger elliptic flow difference could be obtained if one allows in the initial state

a positive µ5/T in y > 0 and negative µ5/T in y < 0 besides a positive charge asym-

metry, and vice versa, instead of generating such a distribution dynamically as in

the present study. Also, the different elliptic flows between charged particles could

be partly due to the different mean-field potentials between particles and antipar-

ticles in the partonic [117] and the hadronic [118] matter of finite baryon chemical

potential [97].

The justification for the existence of a long-lived magnetic field in relativistic

heavy ion collisions remains missing, although its strength is known to be sufficiently

strong [119, 120, 39]. Calculations based on the transport model show that the

lifetime of the magnetic field in heavy ion collisions at
√
sNN = 200 GeV cannot

exceed 0.1 fm/c even when one uses a very large conductivity for the quark matter.

As a result, effects due to the CMW or the Lorentz force are too small to be seen

experimentally.
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5. CHIRAL VORTICAL AND MAGNETIC EFFECTS IN THE ANOMALOUS

TRANSPORT MODEL ∗

In the present chapter, the study in the previous chapter is extended to include

also the vorticity field in the partonic matter and investigate how the results, par-

ticularly the splitting between the elliptic flows of negatively and positively charged

particles, are affected.

5.1 Anomalous transport model with both magnetic and vorticity fields

The anomalous transport model for massless fermions in a magnetic field de-

scribed in the previous section can be generalized to include also a vorticity field

by using the chiral kinetic equation that includes both the magnetic and vorticity

fields, which are taken from Ref. [76] using the covariant Wigner function approach

for massless spin-1/2 fermions in four dimensions. After integrating over the energy

in the Lorentz covariant chiral kinetic equation, a chiral kinetic equation in three

dimensions is obtained. The resulting chiral equations of motion for massless quarks

and antiquarks are given by

√
Gṙ = p̂+ λQ(p̂ · b)B+ λ

ω

p
, (5.1)

√
Gṗ = Qp̂×B, (5.2)

√
G = 1 + λQb ·B+ 4λp(b ·ω). (5.3)

In the above, b = p

2p3
is the Berry curvature due to a vector potential in the momen-

tum space, λ is the helicity of the particle, and ω = 1
2
∇× u is the vorticity with u

∗Reprinted with permission from “Chiral vortical and magnetic effects in the anomalous trans-

port model”by Yifeng Sun and Che Ming Ko, 2017, Phys. Rev. C 95, 034909, Copyright 2017 by

APS.

59



being the velocity field.

As shown in the study of CMW in the previous chapter based on the anoma-

lous transport model [1], the chirality-changing scattering (CCS) between quark and

antiquark is essential for generating the elliptic flow difference between negatively

and positively charged particles. One thus also allows in the present study massless

quarks and antiquarks of the same chiralities to undergo the CCS scattering. The

effect from the change of phase space measure due to the magnetic field and/or the

vorticity field is again neglected.

5.2 Initial conditions of non-central heavy ion collisions

For the initial conditions of a heavy ion collision, the same ones in the previ-

ous chapter, i.e., a fireball with geometry corresponding to collisions of Au+Au at

√
sNN = 200 GeV at centralities of 30-40%, are used. Similar to the magnetic field

introduced in previous chapter, the vorticity field is taken to have a direction along

the y-axis perpendicular to the reaction plane and a uniform strength in space with

the time dependence,

ω =
ω0

1 + (t/τω)2
. (5.4)

Results shown later are based on ω0 = 0.1 fm−1 and τω = 2.7 fm/c for the vorticity

field, similar to those of Ref. [58] based on a multipase tranport (AMPT) model [112]

for Au+Au collisions at 200 GeV and centrality 30-40%, except that the vorticity

field in heavy ion collisions is taken as a spatially uniform external field for simplicity.

5.3 Results

In the present section, the time evolution of the partonic matter is studied by

following the trajectories of massless quarks and antiquarks according to the chiral
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equations of motion [Eqs. (5.1) and (5.2)]. As in the previous chapter, three cases are

considered, and they are: including only the vorticity field (CVE), both magnetic and

vorticity fields without the Lorentz force (CVE+CME), and both magnetic field and

vorticity fields with the Lorentz force (CVE+CME+LF). In all cases, the chirality-

changing scattering (CCS) between quark and antiquark of the same chirality is

included, although it has no effect in the case of CVE only.

5.3.1 Pion elliptic flow
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Au+Au 200 GeV: 30-40%
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Figure 5.1: Elliptic flow of kinetically freeze-out pions in midrapidity (|y| ≤ 1) as a
function of transverse momentum for the three cases of including both chiral vortical
and magnetic effects and the effect due to the Lorentz force (CVE+CME+LF),
without the Lorentz force (CVE+CME), and with only the vortical effect (CVE).
Experimental data (solid circles) are from Ref. [2]. Reprinted from Ref. [4]

Fig. 5.1 shows the elliptic flow of kinetically freeze-out pions in midrapidity
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(|y| ≤ 1) as a function of transverse momentum. The solid line is obtained with

the coefficient σ0 = 13.6 mb in the parton scattering cross section for the case of

including the chiral effects due to both the vorticity and magnetic fields as well as

the Lorentz force (CVE+CME+LF). The result obtained without the Lorentz force

(CVE+CME) and using σ0 = 15.5 mb is shown by the dashed line, while the result

including only the chiral vortical effect (CVE) and using σ0 = 13.3 mb is shown

by the dotted line. The transverse momentum dependence of the pion elliptic flow

is seen to agree with the experimental data from the STAR Collaboration [2] for

all three cases. The integrated v2 of pions with transverse momenta in the range

of 0.15 ≤ pT ≤ 0.5 GeV/c is 0.036 in all three cases, which also agrees with the

experimental value.

5.3.2 Effect of the vorticity field

In Ref. [29], it is argued that the chiral vortical wave (CVW) generated in a

rotating fluid system can lead to a splitting between the elliptic flows of baryons and

anti-baryons if the baryon chemical potential of the system is non-zero. Similarly,

for non-zero charge chemical potential, one expects the CVW to lead to a splitting

between the elliptic flows of negatively and positively charged particles. In this

section, the anomalous transport model is used to study the effect of the vorticity

field on the elliptic flow splitting of π+ and π− for different values of charge chemical

potential by taking the magnetic field to be zero, i.e., B0 = 0.

Figure 5.2 shows the time evolution of the differences ∆ǫ2 = ǫ2− − ǫ2+ between

the eccentricities [ǫ2 = 〈(x2−y2)/(x2+y2)〉] and ∆v2 = v2−−v2+ between the elliptic

flows [v2 = 〈(p2x−p2y)/(p2x+p2y)〉] of negatively and positively charged particles for the

total charge asymmetry A± = 0.16 of these particles. The transverse momenta are

again in the range of 0.15 ≤ pT ≤ 0.5 GeV/c. These differences are consistent with
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Figure 5.2: Eccentricity and elliptic flow difference between negatively and positively
charged particles as functions of time for total charge asymmetry of quark matter
A± = 0.16. Reprinted from Ref. [4]

zero, indicating that the CVW alone does not lead to any eccentricity and elliptic

flow differences between charged particles.

The above result can be understood as follows. According to the chiral equation

of motion [Eq. (5.1)] for the case without a magnetic field, the vorticity field modifies

the velocities of particles of opposite helicities by the same amount but with opposite

sign. As a result, nonzero positive and negative axial charge chemical potentials µ5

appear in the positive and negative y regions of the transverse plane, respectively.

However, the average change in the velocity of positively charged particles is the same

as that of negatively charged particles with both given by ∆v = v eµR/T−eµL/T

eµR/T+eµL/T , where v

is the magnitude of the average modified velocity of particles of right or left helicity,

and µR and µL are chemical potentials of right and left chiralities, respectively.
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Negatively and positively charged particles thus have same spatial distributions if

their initial spatial distributions are the same. Therefore, no eccentricity difference

between negatively and positively charged particle appears even though an additional

charge quadrupole moment is generated in the transverse plane by the CVW. The

effect of CVW is thus different from that of CMW, which causes the average change

in the velocities of negatively and positively charged particles to have the opposite

sign given by ∆v and −∆v, respectively, and can thus result in a larger eccentricity

for negatively charged particles than for positively charged particles.

The above result obtained with only the vorticity field differs from that of Ref. [29]

based on schematic considerations. Using the argument for the effect of the chiral

magnetic wave introduced in Ref. [27] based on consideration of the net charge dis-

tribution, it is argued in Ref. [29] that the additional charge quadrupole moment

generated by the vorticity field would lead to an elliptic flow splitting between nega-

tively and positively charged particles. As discussed in the previous paragraph, since

the spatial distributions of negatively and positively charged particles remain the

same, the additional charge quadrupole moment does not lead to different eccentric-

ities between negatively and positively charged particles and thus cannot generate

a splitting between their elliptic flows. This is different from the case with only the

magnetic field, where the additional quadrupole momentum generated by the chi-

ral magnetic wave can indeed lead to different eccentricities and thus elliptic flows

between negatively and positively charged particles as shown in the previous chap-

ter [1].

Although the CVW does not lead to the eccentricity and elliptic flow splittings

between negatively and positively charged particles, it does result in a large axial

charge dipole moment in the transverse plane even for quark matter of vanishing

charge asymmetry A± = 0. As shown in Fig. 5.3, the value is even larger than that
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Figure 5.3: Axial charge chemical potential µ5/T distribution in the transverse plane
z = 0 at time t = 5 fm/c for partonic matter of zero charge asymmetry. Reprinted
from Ref. [4]

shown in the previous chapter due to the CMW based on a magnetic field of strength

eB = 7m2
π. This can be understood from the axial charge current induced by the

magnetic and vorticity fields [28]

j5 ∝
(

1

6
T 2 +

1

2π2
(µ2 + µ2

5)

)

ω +
Q

2π2
µB. (5.5)

With T = 0.3 GeV, µ = µ5 = 0, ω = 0.02 GeV in the present study, the axial

charge current is 0.0375/fm3, which is larger than the value 0.02/fm3 obtained with

µ/T = 0.16 and QB = 3.5m2
π used in the previous chapter at same temperature.
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5.3.3 Effect of vorticity field plus magnetic field with the Lorentz force

Figure 5.4: Eccentricity and elliptic flow differences between negatively and positively
charged particles as a function of time for different scenarios of parton dynamics when
the total charge asymmetry of the quark matter is A± = 0.16. Reprinted from Ref. [4]

Including also the magnetic field, the time evolution of the eccentricity and el-

liptic flow differences between negatively and positively charged particles is shown

in Fig. 5.4 for a partonic matter of charge asymmetry A± = 0.16. It is seen that

the eccentricity difference between negatively and positively charged particles with

transverse momenta in the range 0.15 ≤ pT ≤ 0.5 GeV/c initially increases with time

but decreases after reaching a maximum value. For the time evolution of the elliptic

flow difference between negatively and positively charged particles, Fig. 5.4 shows

that the combined effects of the vorticity and magnetic fields with the inclusion of

the Lorentz force lead to an initial increase of the elliptic flow difference, which then
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quickly decreases and becomes negative.

5.3.4 Effect of vorticity field plus magnetic field without the Lorentz force

Figure 5.5: Eccentricity (left window) and elliptic flow (right window) difference
between negatively and positively charged particles as a function of time for partonic
matter of charge asymmetries A± = 0 and A± = 0.16. Reprinted from Ref. [4]

Including also the magnetic field but neglecting the Lorentz force in the chiral

equations of motion, the time evolution of the difference between the eccentricities

of negatively and positively charged particles is studied for partonic matter of charge

asymmetries A± = 0 and A± = 0.16. Results for particles of momenta in the range

0.15 ≤ pT ≤ 0.5 GeV/c are shown in the left window of Fig. 5.5. It is seen that

the eccentricity difference increases with time in both cases and is nonzero even for

zero charge asymmetry, indicating that effects of the vorticity field and the magnetic

field are not additive because the eccentricity difference is zero in both cases for zero

charge asymmetry. The latter is due to the finite axial charge current induced by

the vorticity field, which leads to an axial charge dipole moment in the transverse

plane, characterized by positive and negative axial charge chemical potentials in the

positive and negative y regions of the transverse plane, respectively. Because of the
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chiral magnetic effect, there is a vector charge current along the magnetic field in the

positive y region and opposite to the magnetic field in the negative y region. This

then leads to a vector charge quadrupole moment in the transverse plane even when

the charge asymmetry is zero.

Further shown in the right window of Fig. 5.5 is the time evolution of the elliptic

flow difference between negatively and positively charged particles due to both the

vorticity and the magnetic field but with the neglect of the Lorentz force for quark

matter of charge asymmetries A± = 0 and A± = 0.16. A finite positive elliptic

flow difference is seen for zero charge asymmetry as a result of the finite eccentricity

difference shown in the left window of Fig. 5.5. Compared to the case of having only

the magnetic field in the previous chapter, the elliptic flow difference in the present

case of having also the vorticity field appears earlier in time, and this is because

the vorticity field helps to generate different average velocities for negatively and

positively charged particles more quickly, which is in contrast to the case with only

the magnetic field, where this difference is proportional to the axial charge chemical

potential and thus takes time to develop.

Compared with the results in the previous section with the Lorentz force, it is

seen that the Lorentz force cancels the chiral effects due to the vorticity and magnetic

fields shown in the right window of Fig. 5.5 and even leads to an opposite effect on

the elliptic flow difference between negatively and positively charged particles.

5.3.5 Charge asymmetry dependence of the elliptic flow difference

Fig. 5.6 shows the charge asymmetry dependence of the elliptic flow difference

between negatively and positively charged particles for different scenarios of parton

dynamics. The dotted line shows that the elliptic flow difference is consistent with

zero for the case when only the vorticity field is present (CVE), and this is because
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Figure 5.6: Elliptic flow difference as a function of charge asymmetry A± for different
scenarios of parton dynamics. Experimental data (solid stars) are from Ref. [3].
Reprinted from Ref. [4]

the vorticity field has same effects on negatively and positively charged particles.

When both the vorticity and the magnetic field are present but without including

the Lorentz force (CVE+CME), the elliptic flow difference increases linearly with the

charge asymmetry of the partonic matter with a slope of 0.0108, which is comparable

to the results obtained in Refs. [54, 1] based on the CMW. However, the inclusion of

the vorticity field leads to a finite intercept of 4.9×10−3 at zero charge asymmetry,

and this is due to the fact that the axial charge dipole moment in the transverse

plane generated by the vorticity field can subsequently induce by the magnetic field

a vector charge quadrupole moment of different eccentricities for negatively and

positively charged particles. With the inclusion of the Lorentz force, which is shown

by the solid line, chiral effects due to the vorticity and magnetic fields disappear,
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and the slope parameter in the charge asymmetry dependence of the elliptic flow

difference becomes negative with a magnitude of 0.0139.

Using the realistic magnetic field obtained in Appendix D, the elliptic flow differ-

ence between negatively and positively charged particles is essentially zero in both

cases of with and without the Lorentz force.

5.4 Summary

Based on the anomalous transport model, which includes the propagation of

massless quarks and antiquarks according to the chiral equations of motion and the

chirality-changing scattering, the elliptic flows of charged particles in non-central

heavy ion collisions at relativistic energies have been studied. Using initial condi-

tions from the Bjorken boost-invariant model and assuming the presence of only the

vorticity field, which is modeled according to that from the AMPT model [112], it

is found that the CVW does not lead to an elliptic flow splitting of negatively and

positively charged particles when the charge asymmetry of the partonic matter is

nonzero. On the other hand, including also a strong and long-lived magnetic field

but neglecting the Lorentz force can lead to a splitting between the elliptic flows

of negatively and positively charged particles. However, the slope parameter in the

charge asymmetry dependence of the elliptic flow splitting is smaller than the experi-

mental data, while the positive intercept at zero charge asymmetry is larger than the

experimental value [3]. Unfortunately, as in the case of including only the magnetic

field studied in the previous chapter, the inclusion of the Lorentz force cancels the

chiral effects due to the magnetic and vorticity fields and leads instead to a negative

slope parameter in the charge symmetry dependence of the elliptic flow splitting of

negatively and positively charged particles, contrary to that observed in experiments.

If one uses a magnetic field of realistic lifetime, then the signals from the chiral ef-
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fects would be hardly seen. Understanding these experimental results in terms of

the chiral effects thus remains a challenge.
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6. LAMBDA HYPERON POLARIZATION IN THE ANOMALOUS

TRANSPORT MODEL ∗

Because of the large orbital angular momentum in non-central collisions of two

heavy nuclei at relativistic energies, the vorticity field in the produced quark-gluon

plasma (QGP) can reach a very large value of 1021 s−1 [57, 58]. It has been ar-

gued that due to their spin-orbit interactions, quarks and antiquarks can be po-

larized along the direction of the orbital angular momentum by the vorticity field,

and after hadronization, they then lead to the production of polarized Lambda (Λ)

hyperons, which can be measured in experiments [30, 31]. Taking into considera-

tion the non-uniformity of the vorticity field due to that in the spatial distribution

of particles in the statistical-hydrodynamic approach [32, 33, 34] or the quantum

kinetic approach [35], local structures in the polarization density can also be stud-

ied. Such effects have been included in many studies based on the hydrodynamical

model [57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70], and some of these studies

can indeed quantitatively reproduce the polarization of Λ hyperons measured by the

STAR Collaboration [7]. A similar study using the transport model [71] also gives a

result that agrees with the experimental observation.

Although the time evolution of the vorticity field is included in both the hydro-

dynamic and transport studies, the spin polarization of hyperons is calculated from

their equilibrium distribution in the final state and is therefore only determined by

the final vorticity field in the produced matter. Moreover, these studies have not

addressed the non-equilibrium effect on the polarization of Λ hyperons. To include

∗Reprinted with permission from “Λ hyperon polarization in relativistic heavy ion collisions

from a chiral kinetic approach”by Yifeng Sun and Che Ming Ko, 2017, Phys. Rev. C 96, 024906,

Copyright 2017 by APS.
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the non-equilibrium effect on the spin polarizations of quarks and antiquarks in the

partonic phase of heavy ion collisions, the chiral kinetic approach, which takes into

account both the time evolution of the spins of quarks and antiquarks via their equa-

tions of motion and scatterings in the chiral limit [72, 75, 76, 121, 122, 123, 90, 102],

is used in the present study. By converting quarks and antiquarks to hadrons using

the coalescence model after the partonic phase [78, 79], the polarizations of Λ and Λ̄

hyperons are also studied.

6.1 Anomalous transport model for chiral fermions in vorticity field

As discussed earlier, the chiral kinetic equations of motion for massless spin-1
2

particles in a vorticity field are given by

ṙ =
p̂+ 2λp(p̂ · b)ω
1 + aλp(ω · b) , ṗ = 0. (6.1)

The numerical factor a can be determined by considering the spin-polarization den-

sity as discussed below.

Besides modifying the equations of motion for massless fermions, the vorticity

field also affects their distributions in phase-space by introducing the measure
√
G =

1+aλ|p|(ω ·b) [72, 75, 76, 121], which appears in the denominator of Eq. (6.1) if a =

2. Taking into account the modified phase-space measure changes the particle density

in a fluid with non-zero vorticity field from
∫

d3p
(2π)3

f(p0) to
∫

d3p
(2π)3

√
Gf(p0) [124],

where p0 = γ(|p| − v · p) with γ = 1√
1−v2 and v being the fluid velocity. In the

local rest frame of the fluid and assuming an equilibrium Boltzmann distribution at

temperature T , the average spin of massless spin-1
2
fermions is then

S =

∫

d3p
(2π)3

λ
2
p̂
√
Gf(p)

∫

d3p
(2π)3

√
Gf(p)

=
a

6

(

λ2ω

4T

)

, (6.2)
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which differs from the usual value by the factor a/6 as a result of the modified phase-

space measure from the Berry curvature. This result shows that the vorticity field

can lead to the spin polarization of a massless fermion along its direction, and the

result agrees with that from the quantum kinetic approach [35] if the value of a is

taken to be a = 6. In the present study, Eq. (6.1) is used with the numerical factor

2 in the denominator replaced by the numerical factor 6 to describe the motions of

massless fermions in a vorticity field.

The above equations of motion and modified phase-space measure are for mass-

less fermions. Since treating helicity as a good quantum number remains a good

approximation for quarks of finite but small masses, their equations of motion can

still be given by Eq. (6.1) after replacing p̂, p, and b = p̂

2p2
by p

Ep
, Ep and b = p̂

2E2
p
,

respectively [122].

To ensure that massless fermions reach the equilibrium distribution
√
Gf((p0 −

µ)/T ), where µ is the baryon chemical potential, from their collisions, the momenta

p3 and p4 of two colliding fermions after a collision are determined by momentum

conservation but with the probability
√

G(p3)G(p4). This effect can be included in

the calculation by randomly selecting their momenta after a collision in their center

of mass frame according to momentum conservation and then Lorentz transforming

to the fireball frame. The probability
√

G(p3)G(p4) is then calculated and compared

with a random number. This process is continued until the random number is less

than
√

G(p3)G(p4). Since the values of
√

G(p3) and
√

G(p4) can be negative,

which is unphysical as a result of the approximation used in deriving the chiral

vortical equation of motion, their values are set to one and these particles are then

treated without including the effect due to the vorticity field. Also, the value of
√

G(p3)G(p4) can be greater than one. In this case, the random number mentioned

above is taken between 0 and 25. Because of the upper cutoff, particles of small
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momentum are not affected by the modified phase-space measure. Since the number

of such particles is small, increasing the value of the upper cutoff does not affect the

results. As to the conditions for the collision, they can be determined by using the

geometric method based on the scattering cross section as described in Ref. [107].

For the collision between a fermion and its antiparticle that have opposite helicities,

their helicities can be flipped after the collision. This chirality changing scattering

is included in the present study as in previous chapters.

6.2 Coalescence model for production of polarized Λ (Λ̄) hyperon

To study the spin polarization of Λ (Λ) hyperon, the coalescence model for

hadron production [78] is used to convert polarized quarks and antiquarks to po-

larized baryons and antibaryons. In this model, the probability for u, d and s quarks

(antiquarks) at phase-space points (r1, p1), (r2, p2), and (r3, p3), respectively, to

form a Λ (Λ) is given by the quark Wigner function of the Λ (Λ) [79]:

fΛ(ρ, τ ,kρ,kτ ) = 82gCgSe
− ρ

2

σ2
ρ
− τ

2

σ2
τ
−kρ

2σ2
ρ−kτ

2σ2
τ
, (6.3)

if the wave functions of the quarks (antiquarks) are taken to be those of a harmonic

oscillator potential. In the above, gC = 1/27 is the coalescence factor for colored u,

d, and s quarks to form a colorless Λ, gS is the coalescence factor for these polarized

quarks to form a polarized Λ and will be discussed later. The relative coordinates
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and momenta are defined as

ρ =
1√
2
(r′1 − r′2), kρ =

√
2
m2p

′
1 −m1p

′
2

m1 +m2
,

τ =

√

2

3

(

m1r
′
1 +m2r

′
2

m1 +m2
− r′3

)

,

kτ =

√

3

2

m3(p
′
1 + p′

2)− (m1 +m2)p
′
3

m1 +m2 +m3

, (6.4)

where mi is the mass of i-th quark, and r′i and p′
i are its position and momentum in

the center-of-mass frame of the three quarks after they are propagated to the time

when the last quark freezes out. The width parameters σρ and στ in Eq. (6.3) are

related to the oscillator frequency ω by σρ = 1/
√
m12ω and στ = 1/

√
m123ω, respec-

tively, where the reduced masses are m12 =
2

1/m1+1/m2
and m123 =

3/2
1/(m1+m2)+1/m3

.

It can be shown that the oscillator frequency ω is related to the radius 〈r2〉Λ of

Λ [79],

〈r2〉Λ =
1

2ω

∑

(i,j)=(1,2),(2,3),(3,1)mimj(mi +mj)

m1m2m3(m1 +m2 +m3)
. (6.5)

Taking the root-mean-squared radius of Λ to have a value of 0.877 fm, similar to

that of a proton as in Ref. [79], leads to σρ = 0.89 fm and σλ = 0.51 fm if the

masses of u, d and s quarks and antiquarks are taken approximately to be 3, 6, and

100 MeV, respectively [125]. It is noted that the spin polarization in a vorticity

field does not depend on the mass of the particles in the statistical-hydrodynamic

approach [32, 33, 34] and the quantum kinetic approach [35]. On the other hand,

the mass correction to the CKE in the chiral kinetic approach leads to a decrease

of the spin polarization with increasing mass. Since the latter is valid in the small
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mass limit, including the mass correction for any values of mass needs to be further

studied. On the other hand, since the spin polarization of a particle should not

depend on its mass, one thus can still use the chiral kinetic approach to study the

spin polarization of quarks even at T = Tχ.

The spin coalescence factor gS in Eq. (6.3) can be evaluated by noting the spin

state of Λ is determined by the spin state of its constituent s quark, so its value is

given by the probability for u and d quarks to form a spin-singlet state. Denoting

the spin vectors of u and d quarks in the fireball frame by λ1p̂1/2 and λ2p̂2/2,

respectively, where their respective momenta are p1 and p2 and their respective

helicities are λ1 and λ2, the probability for u and d quarks to form a spin-singlet

state is then

gS = |(1/
√
2)(〈↑↓ | − 〈↓↑ |)[cos(θ1/2) cos(θ2/2)| ↑↑〉

+cos(θ1/2) sin(θ2/2)e
iφ2| ↑↓〉

+ sin(θ1/2) cos(θ2/2)e
iφ1| ↓↑〉

+ sin(θ1/2) sin(θ2/2)e
i(φ1+φ2)]| ↓↓〉|2

=
1

4
(1− cos θ1 cos θ2 − sin θ1 sin θ2 cos(φ1 − φ2))

=
1

4
(1− λ1λ2p̂1 · p̂2), (6.6)

where θ1 (θ2) and φ1 (φ2) are the azimuthal angles of the spin vector λ1p̂1/2 (λ2p̂2/2)

of u (d) quark.

6.3 Initial conditions and the vorticity field

To study the effect of the vorticity field in relativistic heavy ion collisions based

on the chiral kinetic approach, the string-melting version of AMPT model [126], with

its parameters taken from Ref. [127], is used to generate the initial phase-space distri-
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butions of quarks and antiquarks. Specifically, the values a = 0.5 and b = 0.9 GeV−2

are used in the Lund string fragmentation function. For the impact parameter, the

value b = 8.87 fm is used to correspond to the centrality bin of 20− 50% in Au+Au

collisions, which is obtained from the geometrical relation between the centrality bin

and the impact parameter c = πb2/σin with σin = 705 fm2 from Ref. [128]. The

reason that the fireball model was used to study the elliptic flow splitting in the

pervious section is because quark matter with large charge asymmetry in heavy ion

collisions at
√
sNN = 200 GeV is rare and is thus difficult to be generated from the

AMPT model. Since the spin polarization does not depend on the charge asymme-

try of the quark matter, the more relativistic AMPT model is used to generate the

initial conditions for the present study. For the helicities of initial partons, they are

taken to have random positive or negative values, corresponding to an initial state of

vanishing axial charge density and spin polarization. The phase-space distributions

of these quarks and antiquarks are then evolved in time according to the chiral equa-

tions of motion [Eq. (6.1)] and by scatterings with an isotropic and constant cross

section of 10 mb before including the modification by the chiral effects described

above until they freeze out or stop scattering.

The vorticity field ω in Eq. (6.1) is related to the velocity field v(r, t) of partons

by ω = 1
2
∇ × u with u = γv and γ = 1√

1−v2 . For the velocity field, it can be

calculated from the average velocity of partons in a local cell, i.e., v(r, t) =
∑

i pi/Ei∑
i 1

with i running over all particles in this cell, similar to the velocity of the particle

flow in Ref. [57]. In the present calculations, the whole volume of the collision

system is divided into 61 × 61 × 61 cells with spacing ∆x = ∆y = ∆z = 0.5 fm.

Although partons are produced with different formation times, they are all included

in calculating the local fluid velocity.
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6.4 Results

In this section, the chiral kinetic equations are solved for quarks and antiquarks

from the AMPT model to obtain their average spin, S =
∑

i
λip̂i
2∑

i 1
, and polarization

along the y direction, Py = 2Sy. An extended coalescence model is then used to

convert these partons to Λ and Λ̄ hyperons and study their polarizations. Quark

coalescence is assumed to occur when quarks and antiquarks stop scattering when

their mean-free path becomes comparable to the size of the quark matter. Since this

corresponds approximately the critical energy for the chiral phase transition, Λ and

Λ̄ hyperons are thus formed at about T = Tχ.

6.4.1 Polarization of light quarks and antiquarks

0 1 2 3 4 5 6
0

1

2

3
 

 

P y (%
)

t (fm/c)

 u, d, u, d  (CKE+revised Collision)
 s, s           (CKE+revised Collision)
 u, d, u, d  (CKE+normal Collision)
 s, s           (CKE+normal Collision)

Au+Au@7.7 GeV, 20-50%

Figure 6.1: Time evolution of the spin polarization of light and strange quarks and
antiquarks in midrapidity |y| ≤ 1 along the total orbital angular momentum with
(solid lines) and without (dashed lines) using a parton scattering cross section that
includes the effect of the local vorticity field. Reprinted from Ref. [5]
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As an illustration, Au+Au collisions at
√
sNN = 7.7 GeV, which is the lowest

energy in the beam energy scan (BES) program of the STAR Collaboration at RHIC,

are first considered. Shown in Fig. 6.1 is the time evolution of the spin polarization

along y direction Py of light and strange quarks and antiquarks in midrapidity |y| ≤ 1.

Solid and dash-dotted lines are the respective results for light and strange quarks and

antiquarks from using the chiral kinetic equations and the scattering cross section

that includes the effect due to the modified phase-space measure. It is seen that

the spin polarization of strange quarks and antiquarks is smaller than that of light

quarks and antiquarks, and this is due to the larger strange quark mass compared to

light quark mass and their different temporal and spatial distributions. As to their

time dependence, the spin polarizations of both strange and non-strange quarks and

antiquarks increase rapidly from zero during the first 1 fm/c and then gradually

reach their respective constant values during 1− 3.5 fm/c. The initial rapid increase

in the spin polarization is due to the fast approach of partons to their equilibrium

distributions as a result of scatterings, while the slow increase in later times is because

it takes a longer time to generate an axial charge dipole moment in the transverse

plane from chiral kinetic motions, which is responsible for the generation of spin

polarization [4]. This can be seen from the long- and short-dashed lines that the

spin polarization increases much slower from zero to the maximum value if one uses

an isotropic cross section instead of the non-isotropic one because of the modified

phase-space measure due to the vorticity field.

6.4.2 Polarization of Λ and Λ hyperons

Shown in Fig. 6.2 is the transverse momentum dependence of the spin polarization

of Λ and Λ̄ hyperons at midrapidity (|y| ≤ 1) in different directions at the collision

energy
√
sNN = 7.7 GeV. It is seen that its three components all show little depen-
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Figure 6.2: Transverse momentum dependence of the spin polarization of midrapidity
(|y| ≤ 1) Λ and Λ̄ hyperons along different directions in Au+Au collisions at

√
sNN =

7.7 GeV. Reprinted from Ref. [5]

dence on transverse momentum. Although the values of the x- and z-components

are consistent with zero, the total spin polarization in the y-direction, i.e., along the

direction of total orbital angular momentum, has a value of 2.44%, which is slightly

less than the spin polarization of strange quarks and antiquarks shown in Fig. 6.1.

The rapidity dependence of the spin polarization for Λ and Λ hyperons is shown

in Fig. 6.3 at the same collision energy. Although the spin polarizations along the

x-direction and the z-direction are consistent with zero for all rapidities, that along

the direction of total orbital angular momentum peaks at zero rapidity and decreases

with increasing magnitude of rapidity. The latter is due to the smaller number of

scatterings for quarks and antiquarks at large rapidity.

Fig. 6.4 shows the collision energy dependence of the spin polarization of Λ and

Λ̄ hyperons along the direction of total orbital angular momentum at centrality 20-
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Figure 6.3: Rapidity dependence of the spin polarization of midrapidity (|y| ≤ 1) Λ
and Λ̄ hyperons along different directions in Au+Au collisions at

√
sNN = 7.7 GeV.

Reprinted from Ref. [5]

50%. These results indicate that it decreases with increasing collision energy, and

this is due to the decrease of the vorticity field in the partonic matter at freeze-out as

a result of both the decrease of the initial vorticity field and the longer lifetime of the

partonic phase, which leads to a decrease of the final vorticity field, with increasing

collision energy [57, 58, 60]. These results are similar in both trend and value to the

experimental data [7] and results from other studies based on the statistical model

after a hydrodynamic or transport evolution of the produced matter [60, 71]. There

are also feed-down corrections from resonance decays, which are not included in the

present study. According to Refs. [60, 129, 130], including Λ and Λ̄ from resonance

decays reduces the polarization of Λ and Λ hyperons by 15% to 20%. One can see

from Fig. 6.4 that including this effect is expected to bring our results into better

agreement with the data.
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Figure 6.4: Energy dependence of the spin polarization of midrapidity (|y| ≤ 1) Λ
and Λ hyperons in Au+Au collisions at energies from 7.7 GeV to 200 GeV. Data
with error bars are from the STAR Collaboration [6, 7]. Reprinted from Ref. [5]

6.5 Summary

The chiral kinetic equations have been used to study the spin polarizations of

light and strange quarks and antiquarks based on the initial conditions from the

AMPT model. They are found to have non-vanishing spin polarizations as a result

of the chiral vortical effects on their equations of motion. Their polarizations are

further increased by the modified collisions due to the modification of their phase-

space distributions. Using the coalescence model to convert light and strange quarks

and antiquarks to Λ and Λ̄ hyperons after the partonic phase, it is further found

that their spin polarizations, which are determined by those of strange quarks and

antiquarks, are comparable to the experimental data. However, the effect of hadronic

evolution on the Λ and Λ̄ polarizations has not been included in the present study.
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To study this effect requires a hadronic transport model that includes explicitly their

spin degrees of freedom, such as in Refs. [131, 132, 133], and is beyond the present

study. Also, Λ and Λ̄ have the same polarization in present study because they are

described by the same chiral kinetic equations of motion and modified collisions. The

present study thus cannot explain the seemingly larger Λ̄ than Λ polarization seen in

the experimental data. Furthermore, only the global spin polarizations of Λ and Λ̄

hyperons have been considered. Since the transport model includes non-equilibrium

effects and the local structure of the vorticity field, it provides the possibility to study

the local structure of the spin polarization [66] and other interesting features of this

phenomenon.
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7. SUMMARY

In this thesis, the chiral kinetic theory and resulting transport model have been

used to study chiral effects on the quark-gluon plasma due to the large magnetic

field and vorticity field present in non-central relativistic heavy ion collisions. These

effects include the chiral magnetic effect (CME), chiral separation effect (CSE), chiral

vortical effect (CVE), and the chiral vortical separation effect (CVSE) as well as the

chiral magnetic wave (CMW) due to the interplay of CME and CSE, and the chiral

vortical wave (CVW) due to the interplay of CVE and CVSE. The thesis starts with

a review of these effects in an equilibrium system by considering its response to the

magnetic and vorticity fields to obtain their dependence on the temperature, the

vector and axial charge chemical potentials, and the masses of fermions.

The effect of CMW on the elliptic flow splitting between positively and negatively

charged particles in heavy ion collisions is then studied. Using initial conditions from

the Bjorken boost-invariant model and assuming the presence of a strong and long-

lived magnetic field, an appreciable charge quadrupole moment in the transverse

plane of the collision has been obtained as expected from the CMW, which then

leads to different elliptic flows for particles of negative and positive charges as the

system expands. The elliptic flow difference shows a linear dependence on the total

charge asymmetry of the partonic matter with a slope that is negative and has a

small magnitude when all effects are included (CKM+LF+CCS), in contrast to that

measured in experiments with a positive and large magnitude of slope. Changing

the lifetime of the magnetic field does not lead to a positive slope parameter.

Further studied is the effect of the CVW on the elliptic flow splitting of different

charged particles in the presence of a vorticity field. Using the same initial conditions

85



from the Bjorken boost-invariant model and the vorticity field modeled according to

that from the AMPT model, it is found that the CVW does not lead to an elliptic flow

splitting of negatively and positively charged particles when the charge asymmetry

of the partonic matter is nonzero. Including also a strong and long-lived magnetic

field as in the case with only the magnetic field [1], the inclusion of the Lorentz force

cancels the chiral effects due to the magnetic and vorticity fields and leads instead to

a negative slope parameter in the charge symmetry dependence of the elliptic flow

splitting of negatively and positively charged particles, contrary to that observed in

experiments.

Using the chiral transport model, the effect of CVSE on the spin polarization of

quarks is also studied. They are found to have non-vanishing spin polarizations as a

result of the chiral vortical effect on their equations of motion. Their polarizations

are further increased by the modified collisions due to the modification of their phase-

space distributions. Using the coalescence model to convert light and strange quarks

and antiquarks to Λ and Λ̄ hyperons after the partonic phase, it is further found

that their spin polarizations, which are determined by those of strange quarks and

antiquarks, are comparable to the experimental data.

Results obtained in the present thesis thus indicate that it is a challenge to explain

the splitting between the elliptic flows of negatively and positively charged particles

seen in experiments if only chiral effects are included. Besides, the justification for

the existence of a long-lived magnetic field in relativistic heavy ion collisions remains

missing, although its strength is known to be sufficiently strong [119, 40, 109]. A

calculation based on the AMPT model has shown that the lifetime of the magnetic

field in heavy ion collisions at
√
sNN = 200 GeV cannot exceed 0.1 fm/c no matter

how one increases the conductivity by decreasing the partonic cross section. Using

this magnetic field in heavy ion collisions, it is found that the signal of the chiral
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effects is too small to be seen experimentally.

There are still other background effects that may contribute to the signal of the

chiral effects [50, 51], such as local charge conservation and the viscous effects in

hydrodynamics. Also, the similarities between the charge asymmetry dependence of

the elliptic flow difference in p+Pb and Pb+Pb collisions at LHC seems to favor an

explanation of the experimental data due to these background effects [52].

On the other hand, our results on the spin polarization of Λ and Λ̄ based on the

chiral transport model are comparable to the experimental data. It also provides

the possibility to study the local structure of the spin polarization [66] and other

interesting features of this phenomenon. However, the effect of hadronic evolution

on the Λ and Λ̄ polarizations has not been included in the present study. To study

this effect requires a hadronic transport model that includes explicitly their spin

degrees of freedom, such as in Refs. [131, 132, 133]. Further study is thus needed.
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[85] K. Landsteiner, E. Meǵıas, F. Pena-Benitez, Phys. Rev. Lett. 107, 021601

(2011).

[86] D. E. Kharzeev, H. J. Warringa, Phys. Rev. D 80, 034028 (2009).

[87] X.-G. Huang, Sci. Rep. 6, 20601 (2016).

[88] M. N. Chernodub, Journal of High Energy Physics 2016, 100 (2016).

[89] N. Yamamoto, Phys. Rev. Lett. 115, 141601 (2015).

[90] J.-Y. Chen, D. T. Son, M. A. Stephanov, H.-U. Yee, Y. Yin, Phys. Rev. Lett.

113, 182302 (2014).

[91] D. Xiao, J. Shi, Q. Niu, Phys. Rev. Lett. 95, 137204 (2005).

[92] D. Xiao, M.-C. Chang, Q. Niu, Rev. Mod. Phys. 82, 1959 (2010).

92



[93] C. Duval, Z. Horváth, P. A. Horváthy, L. Martina, P. C. Stichel, Phys. Rev.

Lett. 96, 099701 (2006).

[94] J. Wess, B. Zumino, Physics Letters B 37, 95 (1971).

[95] E. Witten, Nuclear Physics B 223, 422 (1983).

[96] M. Stephanov, H.-U. Yee, Y. Yin, Phys. Rev. D 91, 125014 (2015).

[97] J. Xu, T. Song, C. M. Ko, F. Li, Phys. Rev. Lett. 112, 012301 (2014).

[98] J. Xu, C. M. Ko, F. Li, T. Song, Nucl. Phys. Rev. 32, 146 (2014).

[99] J. Xu, C. M. Ko, Phys. Rev. C 94, 054909 (2016).

[100] J.-Y. Chen, D. T. Son, M. A. Stephanov, H.-U. Yee, Y. Yin, Phys. Rev. Lett.

113, 182302 (2014).

[101] J.-h. Gao, S. Pu, Q. Wang, Phys. Rev. D 96, 016002 (2017).

[102] J.-Y. Chen, D. T. Son, M. A. Stephanov, Phys. Rev. Lett. 115, 021601 (2015).

[103] C.-Y. Wong, Phys. Rev. C 25, 1460 (1982).

[104] D. Satow, H.-U. Yee, Phys. Rev. D 90, 014027 (2014).

[105] C. Manuel, J. M. Torres-Rincon, Phys. Rev. D 92, 074018 (2015).

[106] G.-L. Ma, Phys. Lett. B 735, 383 (2014).

[107] G. F. Bertsch, S. Das Gupta, Phys. Rept. 160, 189 (1988).
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APPENDIX A

CMW AND CVW FROM HYDRODYNAMICS

A.1 CMW from magnetohydrodynamics

For a system in thermal equilibrium, the velocity of the CMW induced by a

magnetic field can be found using the magnetohydrodynamics [48, 27] as reproduced

below. Defining JR = (JV +JA)/2, JL = (JV −JA)/2, µR = µ+µ5, and µR = µ−µ5,

then Eqs.(2.2) and (2.3) for the CME and CSE lead to

JR,L = ±Q
2µR,L

4π2
B, (A.1)

where the ”+” is for particles and antiparticles of right chirality, and the ”−” is for

particles and antiparticles of left chirality. In the case that the electric field and the

magnetic field are perpendicular, the vector charge of right chirality and left chirality

are conserved separately, which leads to

∂ρR,L

∂t
+∇ ·

(

±Q
2BµR,L

4π2

)

= 0.

For a small fluctuation of chemical potential, one has

∂δρR,L

∂t
+∇ ·

(

±Q
2BδµR,L

4π2

)

= 0.

Using the relation δρ = Q∂n
∂µ
δµ = Qαδµ, where α = ∂n/∂µ with n being the density

difference between particles and antiparticles or the net particle density, one can
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show

∂δµR,L

∂t
± QB

4π2α
·∇δµR,L = 0.

A.2 CVW from hydrodynamics

From charge conservation and the CVE and CVSE, the time evolution of charge

density fluctuation is given by

∂δρR,L

∂t
+∇ ·

(

±ωµR,LδµR,L

2π2

)

= 0. (A.2)

For small density fluctuation, this leads to

∂δµR,L

∂t
± ωµR,L

2π2α
·∇δµR,L = 0, (A.3)

where δρ = αδµ has been used.
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APPENDIX B

CHIRAL KINETIC EQUATIONS AND BERRY CURVATURE

The Lagrangian of a massless particle of positive helicity is given by L = (p +

QA) · ẋ− p−Qφ − ap · ṗ, where ap = Im(φ†
+∇pφ+) and σ · pφ+ = pφ+. From the

method of variation,

d

dt

(

∂L
∂ṗi

)

− ∂L
∂pi

= 0,
d

dt

(

∂L
∂ẋi

)

− ∂L
∂xi

= 0, (B.1)

one has

−ȧip − ẋi +
pi

p
+ ṗj

∂ajp
∂pi

= 0, ṗi +QȦi −Qẋj
∂Aj

∂xi
+
∂φ

∂xi
= 0, (B.2)

i.e.,

ẋi = −
∂ȧip
∂pj

ṗj +
pi

p
+ ṗj

∂ajp
∂pi

= ǫijkṗ
j(ǫklm∂la

m
p ) +

pi

p
,

ṗi = −Q∂A
i

∂t
−Qẋj

∂Ai

∂xj
+Qẋj

∂Aj

∂xi
−Q

∂φ

∂xi
= Q(Ei + ǫijkẋ

jBk), (B.3)

or the chiral kinetic equations of motion,

ẋ = p̂+ ṗ× b, ṗ = Q(E+ ẋ×B), (B.4)

where b = ∇× ap.
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Following Ref. [134], one has

b = Im∇× (φ†
+∇φ+) = Im∇φ†

+ ×∇φ+ = Im
∑

λ

∇φ†
+φλ × φ†

λ∇φ+, (B.5)

where the identity I =
∑

λ |λ〉〈λ| has been used. Since φ†
+∇φ+ is purely imaginary,

then b = Im∇φ†
+φ− × φ†

−∇φ+. Further using

E+φ
†
−∇φ+ = φ†

−∇(Hφ+) = φ†
−(∇H)φ+ + φ†

−H∇φ+

= φ†
−(∇H)φ+ + E−φ

†
−∇φ+, (B.6)

one gets

φ†
−∇φ+ =

φ†
−(∇H)φ+

E+ −E−
,

and thus

b = Im
φ†
+(∇H)φ− × φ†

−(∇H)φ+

(E+ −E−)2
. (B.7)

Using the explicit form of

φ+ =







cos( θ
2
)

sin( θ
2
)eiφ






, φ− =







− sin( θ
2
)e−iφ

cos( θ
2
)







where θ and φ are the azimuthal angles of p as well as H = σ · p, one has

φ†
+(∇H)φ− = φ†

+σφ−

=

(

cos2
θ

2
− sin2 θ

2
e−2iφ,−i

(

cos2
θ

2
+ sin2 θ

2
e−2iφ

)

,− sin θe−iφ

)

. (B.8)
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Since

(φ†
+(∇H)φ− × φ†

−(∇H)φ+)x

= i(cos2
θ

2
+ sin2 θ

2
e−2iφ) sin θe−iφ + i(cos2

θ

2
+ sin2 θ

2
e2iφ) sin θe−iφ

= i(sin θeiφ + sin θe−iφ)

= 2i sin θ cos φ, (B.9)

(φ†
+(∇H)φ− × φ†

−(∇H)φ+)y

= −(cos2
θ

2
− sin2 θ

2
e2iφ) sin θe−iφ + (cos2

θ

2
− sin2 θ

2
e−2iφ) sin θeiφ

= (sin θeiφ − sin θe−iφ)

= 2i sin θ sin φ, (B.10)

(φ†
+(∇H)φ− × φ†

−(∇H)φ+)z

= i(cos2
θ

2
− sin2 θ

2
e−2iφ)(cos2

θ

2
+ sin2 θ

2
e2iφ)

+i(cos2
θ

2
+ sin2 θ

2
e−2iφ)(cos2

θ

2
− sin2 θ

2
e2iφ)

= 2i(cos4
θ

2
− sin4 θ

2
),

= 2i cos θ. (B.11)

the Berry curvature is thus given by b = 2p̂
4p2

= p̂

2p2
.

For particles (antiparticles) with negative helicity, calculations similar to the

above gives ẋ = p̂− ṗ×b. The chiral kinetic equations derived from the Lagrangian

therefore include the first-order quantum correction.
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APPENDIX C

CMW AND CVW IN CHIRAL KINETIC THEORY

C.1 CMW in chiral kinetic theory

Because charge is separately conserved for particles and antiparticles of right

chirality and left chirality, one can consider right chirality particles and antiparticles

as an illustration. The Boltzmann equation for these particles is

∂f±
∂t

+ ẋ · ∂f±
∂x

+ ṗ · ∂f±
∂p

= C±[f+, f−], (C.1)

where the plus and minus are for positive helicity particles and negative helicity

antiparticles, respectively, and the right hand side is the collision term. In the

presence of a magnetic field, the equations of motion are
√
Gẋ = p̂ + Q B

2p2
and

√
Gṗ = ±Qp̂ × B with

√
G = 1 + QB·p

2p3
, as given in Chapter 3. From Section 3.4,

one then has

∂
√
Gf±
∂t

+
∂
√
Gẋf±
∂x

+
∂
√
Gṗf±
∂p

=
√
GC±[f+, f−], (C.2)

and thus

∂
√
G(f+ − f−)

∂t
+
∂
√
Gẋ(f+ − f−)

∂x
+
∂
√
Gṗ(f+ − f−)

∂p

=
√
G(C+[f+, f−]− C−[f+, f−]). (C.3)

Integrating both sides over the momentum, i.e.,
∫

d3p
(2π)3

, the right hand side is zero

because the conservation of right chirality charge guarantees that the number differ-
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ence between positive helicity particles and negative helicity antiparticles is always

conserved no matter what the distribution function is. Also, the third term on the

left hand side is zero because the distribution is zero at large magnitude of momenta.

For an equilibrium system with chemical potential µ and temperature T , changing

its chemical potential modifies its distribution function. For a small change of µ to

µ + δµ, one can use the relation f+ = f(p − (µ + δµ)) = f(p − µ) − ∂f+
∂p
δµ and

f− = f(p+ (µ+ δµ)) = f(p+ µ) + ∂f−
∂p
δµ to obtain

∂

∂t

∫

d3p

(2π)3

√
G(f+ − f−)

=
∂

∂t

∫

d3p

(2π)3
[
√
Gf(p− µ)−

√
Gf(p+ µ)−

√
Gδµ(

∂f+
∂p

+
∂f−
∂p

)]

=
∂

∂t
[ρ0 + δµ

∂ρ

∂µ
], (C.4)

∂

∂x

∫

d3p

(2π)3

√
Gẋ(f+ − f−) =

∂

∂x

∫

d3p

(2π)3
(p̂+Q

B

2p2
)(f+ − f−)

=
∂

∂x
[
QB(µ+ δµ(f+(0)) + f−(0))

4π2
]. (C.5)

One then has

∂δµ

∂t
+

QB

4π2 ∂ρ
∂µ

· ∂δµ
∂x

= 0, (C.6)

which is the same as that obtained in Section 2.1.4. The above equation can be solved

by introducing the Fourier transformation δµ(x, t) =
∫

dωd3kh(k, ω)ei(ωt−k·x), and

one obtains from the resulting equation the dispersion relation ω = k · QB

4π2α
for the

CMW.
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C.2 CVW in chiral kinetic theory

As in the previous section for the case of magnetic field, one has a similar equation

for the case of the vortical field,

∂
√
G(f+ − f−)

∂t
+
∂
√
Gẋ(f+ − f−)

∂x
+
∂
√
Gṗ(f+ − f−)

∂p

=
√
G(C+[f+, f−]− C−[f+, f−]).

Following similar discussions as in Section 3.5, one obtains the dispersion relations

ω1 = k1 · 3µω
π2T 2 and ω1 = k1 · µω

2T 2 for the CVW for the cases of using the Fermi-Dirac

and Boltzmann distributions, respectively.

103



APPENDIX D

TIME EVOLUTION OF THE MAGNETIC FIELD IN RELATIVISTIC HEAVY

ION COLLISIONS

In studying the CMW effect in Chapters 5 and 6, it is assumed that the magnetic

field produced in Au+Au collisions at
√
sNN = 200 GeV at RHIC has a long lifetime

of 6 fm/c. In the literature, there is a large uncertainty on the lifetime of the

magnetic field. For example, it has been shown in Ref. [109] that for a static QGP

with a constant conductivity, the lifetime of a decaying magnetic field, such as that

produced in relativistic heavy ion collisions, is about 0.1 fm/c if the conductivity

is chosen to be that from the lattice QCD calculations. The lifetime can increase

to several fm/c only if the conductivity is increased by a unrealistic large factor of

1000. According to Ref. [40], an even larger (infinite) conductivity is required to

make the magnetic field to decrease with time as 1/t when one takes into account

the longitudinal expansion of the QGP.

Shown in this appendix are results on the time evolution of the magnetic field

obtained from the string melting version of the AMPT model for Au+Au collisions

at
√
sNN = 200 GeV and impact parameter b = 10 fm. In this model, the system

before collisions, i.e., t < 0 fm/c, consists of only nucleons with their momenta along

the z direction. After collisions, while the spectator nucleons continue to travel with

their initial momenta, the participant nucleons are slowed down and lead to the

production of a dense partonic matter consisting of partons produced at different

times and positions with various momenta. For hadrons before and after collisions,

since they travel with constant velocity, one can use the standard Lienard-Wiechert

potentials to calculate the resulting time and spatial dependent electric and magnetic
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fields. In particular, the space is divided into cells and the electromagnetic field from

these hadrons is stored in each cell at various times to be treated as an external field.

For produced partons, they are first propagated back in time to t = 0 as free particles

and then allow them to collide and move under the influence of the electromagnetic

field from both the spectator nucleons and the partons themselves. Although these

partons undergo collective expansion, the flow velocity is small compared to the speed

of light. So one can neglect the retardation effect on the electromagnetic field and use

simply Coulomb’s law and the Biot-Savart law to calculate the electromagnetic field

produced by these partons, which move under the influence of the electromagnetic

field due to the Lorentz force and change their directions due to scatterings. By

varying the magnitude of the parton scattering cross section, one can simulate the

effect of the QGP electric conductivity on the lifetime of the magnetic field produced

in non-central heavy ion collisions.

Shown in Fig. D.1 is the time evolution of the magnetic field at the center of pro-

duced partonic matter at different times. The black line represents the background

contribution from the spectator nucleons only. it is found that the magnetic field

initially has a very large magnitude of about 7m2
π but decreases quickly with time.

Including the contribution from partons by using an isotropic and constant scatter-

ing cross section of 3 mb only increases the magnitude of the magnetic field after 0.2

fm/c with its magnitude remaining very small compared to the initial magnetic field

shown by the red line.

Also shown is the result from using a zero cross section for parton scattering,

which corresponds to an infinite conductivity since it behaves as 1
Tσ

according to the

relaxation time calculation of Ref. [135] for massless particles. It is seen that the

results in this case, shown by the green line in Fig. D.1, are essentially the same as

in the case for a cross section of 3 mb. These results thus show that increasing the

105



Figure D.1: Time evolution of the magnetic field for different choices of cross sections.

conductivity of the quark matter does not increase the lifetime of the magnetic field,

indicating that the medium response to the electromagnetic field changes very little

with the scattering cross section. The time dependence of the magnetic field from

the transport model study thus deviated significantly from the magnetic field lifetime

of 6 fm/c used in Chapters 4 and 5, which is shown by the blue line in Fig. D.1.

To understand our result, a box simulation to study the medium response to an

electric field has been carried out. The medium consists of only massless u, d, and s

quarks at a temperature of 0.3 GeV in a box of 6×6×6 fm3. A static uniform electric

field with strength eE = 0.02 GeV2 is applied to study how the charge current is

generated. Because the charges of u, d, and s quarks are 2e
3
,− e

3
, and − e

3
separately,

the electric conductivity of the partonic matter is expected to be 4πα
9Tσ

according to

the relaxation time calculation. It is found that the result from our simulation is

106



Figure D.2: Time evolution of the normalized charge current in response to a static
uniform electric field in z direction.

close to this value when the cross section σ is larger than 1 mb, which corresponds

to a conductivity of 13.2 MeV. The conductivity deviates from the above value if

the cross section is further decreased. The reason for this is because the maximum

velocity a particle can achieve is the speed of light, so the charge current density has

a maximum value Jmax = 4ne
9
, where n is the number density of all quarks.

Shown in Fig. D.2 is the time evolution of the normalized charge current density

given by its ratio to the saturation vale J sat, which is generally smaller than Jmax.

The current density is seen to approache the saturation value during a timescale

of about the relaxation time, which is 3
2nσ

[135]. Since the electromagnetic field

is strong only during the time interval of about 0.1 fm/c from Fig. D.1, thus all

charged particles propagate under the influence of the Lorentz force with essentially

no scattering during this time interval. Further decreasing the parton scattering
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cross section thus does not affect the current density in the medium.

The above results are in contradiction with those obtained from solving the

Maxwell equations and assuming Ohm’s law J = σE [109, 40]. They thus cast

doubt on the validity of Ohm’s law when the lifetime of the electromagnetic field

is comparable to the relaxation time of the medium. In this case, one needs to

take into consideration the spatial and temporal dependence of the electromagnetic

field and study the frequency and wave vector dependence of the medium’s electric

conductivity.
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