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Abstract

The asymptotic behavior of the optical potential, describing elastic scatter-
ing of a charged particle « off a bound state of two charged, or one charged
and one neutral, particles at small momentum transfer A, or equivalently
at large intercluster distance p,, is investigated within the framework of
the exact three-body theory. For the three-charged-particle Green func-
tion that occurs in the exact expression for the optical potential, a recently
derived expression, which is appropriate for the asymptotic region under
consideration, is used. We find that for arbitrary values of the energy pa-
rameter the non-static part of the optical potential behaves for A, — 0 as
C1A, + 0(A,). From this we derive for the Fourier transform of its on-
shell restriction for p, — oo the behavior —a/2p% + 0 (1/p2), i.e., dipole or
quadrupole terms do not occur in the coordinate-space asymptotics. This
result corroborates the standard one, which is obtained by perturbative
methods. The general, energy-dependent expression for the dynamic po-
larisability C is derived; on the energy shell it reduces to the conventional
polarisability a which is independent of the energy. We emphasize that the
present derivation is non-perturbative, i.e., it does not make use of adiabatic

or similar approximations, and is valid for energies below as well as above
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I. INTRODUCTION

The incorporation of the long-ranged Coulomb interaction in the theoretical descrip-
tion of reactions between charged composite particles constitutes a problem of long-
standing interest, due to its great importance in atomic and nuclear physics. As a proto-
type we consider the elastic scattering of a charged particle off a cluster composed of two
charged (or one charged and one neutral) particles.

Formally, such a reaction can be described in terms of a single-channel Lippmann-
Schwinger-type integral equation for the elastic scattering amplitude, in which the so-
called optical potential occurs (see, e.g., [I2]). Although the latter is structurally too
complicated for practical purposes (besides being non-local, energy-dependent, and com-
plex above the threshold for the opening of the lowest inelastic channel, it contains the
three-body Green function which is actually the object whose calculation is attempted),
its very existence is of considerable significance for many purposes.

An alternative formulation is based on the exact three-particle equations [, suit-
ably generalized to accommodate the long-ranged Coulomb potentials either in coor-
dinate ], or in momentum space [f-{]. The latter approach leads to coupled multi-
channel Lippmann-Schwinger-type equations whose solution yield simultaneously all two-
fragment, i.e. the (in-)elastic and rearrangement, amplitudes (and with an additional
quadrature also the dissociation amplitudes). For three charged particles, the effective
potentials occurring therein are again too complicated to be used presently for practical
calculations (except with drastic approximations). But, if only two of the three parti-
cles are charged, some version [[] of these equations becomes manageable, and has in
fact already been applied successfully to the calculation of elastic scattering and breakup
observables in the proton-deuteron system [[0[L].

Due to the differences in the physical pictures on which these two formulations are
based, the expressions for the optical potential and for the effective potential as used in
conventional applications of the three-body theory, differ appreciably (indeed, in ref. [1J]
it has been shown that the former can be derived within the framework of the three-

body theory only under very special and unusual assumptions). It is therefore of general



interest to gain insight into such properties of effective potentials, which do not depend on
the specific details of the formulation, and are therefore common to both of them. One
important example is the behavior for large separation of the colliding particles which
should be similar in both cases, in contrast to the short-range behavior which in general
will be rather different.

In the present investigation we concentrate on the optical potential. It is known to
simplify considerably when the distance between the colliding particles goes to infinity,
or equivalently when the momentum transfer goes to zero. In fact, its large-distance
behavior has been extracted long time ago by various perturbative methods below [[3,4],
and recently also above [L] (cf. also [[[d,[7]) the dissociation threshold. The result is well-
known: besides the static potential which comprises the multipole contributions arising
from the charge distribution of the composite particle, the first non-vanishing term of
longest range is the (local) polarisation potential (proportional to the inverse fourth power
of the distance between the two colliding bodies). But in none of these investigations the
reliability of the approximate, or the convergence of the perturbative, treatment has been
studied.

However, precise knowledge of the asymptotic behavior of the optical potential is of
great interest, for many reasons: not only does it constrain the construction of (the long-
range part of) model optical potentials for practical applications; but it also provides
answers to crucial questions like, e.g., what kind of effective-range expansion be adequate
or what rate of convergence of partial-wave sums is to be expected.

For these reasons, there have recently appeared several attempts to provide non-
perturbative derivations based on three-body theory, both in coordinate [[§ and in mo-
mentum [[9-R3] space. Indeed, it was found that the above mentioned, approximately
derived long-range behavior could be recovered. However, not only are these investiga-
tions lacking the rigour, and often also the generality, desirable in view of the significance
of the result. What is much more restrictive is that these proofs could be established only
for energies below the three-body dissociation threshold.

In the present paper we give, based on the three-body integral equations approach in

momentum space, a non-perturbative derivation of the behavior of the optical potential
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as the momentum transfer goes to zero, which is valid both below and above the three-
body dissociation threshold, and which does not suffer from the shortcomings of the
previous attempts. Of course, this momentum-transfer behavior determines the large-
distance behavior in coordinate space. At the same time we deduce the general (energy-
dependent) form of the induced dipole polarisability. For this purpose, use is made of the
recently developed asymptotic form of the wave function for three charged particles in
the continuum or equivalently of the asymptotic expression for the three-charged-particle
Green function [P4], that applies to just that region of the three-body configuration space
which is relevant in the present context.

The paper is organized as follows. In Sec. [[] we briefly recapitulate the formulation
of the optical potential for elastic scattering from the m-th bound state (either ground
or excited state) of the composite particle within the framework of the three-body the-
ory. When writing down explicitly its leading term in the limit of vanishing momentum
transfer, the above mentioned asymptotic expression for the three-charged-particle Green
function is introduced. The behavior of the optical potential as the momentum transfer
goes to zero is derived in Sec. [[I. There we also present the general expression of the
induced dipole polarisability. These results are then specialized to on-shell scattering,
both in momentum and in coordinate space. The Summary contains a discussion of our
achievements. Several auxiliary results are collected in the Appendices.

We mention that throughout we use natural units, i.e., h = ¢ = 1. Furthermore, unit

vectors will be denoted by a hat, i. e., a = a/a.



II. THE OPTICAL POTENTIAL
A. Definition of the optical potential

Consider three distinguishable particles with masses m,, and chargese,, v = 1,2,3. We
use Jacobi coordinates: p, (r,) is the relative momentum (coordinate) between particles
B and v, and pi, = mgm,/(mg + m,) their reduced mass; q, (p,) denotes the relative
momentum (coordinate) between particle v and the center of mass of the pair (37), the
corresponding reduced mass being defined as M, = mq(mg + m,)/(mq + mg + m.).

The Hamiltonian of the three-body system is

3
H=Hy+V =Hy+ >V, (1)

v=1

with Hy being the free three-body Hamiltonian, and
Va = vas + vac (2)

the full interaction between particles 3 and 7, consisting of a short-range (V) and a

Coulombic part,
ege
Vo (ra) = = (3)
Ta
The three-body transition operator Uy, (z) which describes elastic and inelastic scat-

tering in channel «, satisfies the equation
Usa(2) = Vo + VoG (2)Una(2). (4)
Herein,
Vo= 0,V =V2+ V=360,V +> 6V (5)
is the channel interaction and
Galz) = (= = Ha) ' = (= = Hy— V)™ (6)

the channel Green function. The conventional notation d,, = 1 — d,, for the anti-

Kronecker symbol has been used.



Let |¢am) be the (normalized) bound state wave function (belonging to the binding
energy Eam, which we assume to be non-degenerate) of the pair (57),,, where the index
m denotes the complete set of quantum numbers. The notation is to indicate that we
allow the pair to be either in the ground or in some excited state. The free motion of
particle a relative to the center of mass of (57),, is described by the plane wave |qa).

Then the quantity
Tam.am (A, dai E) = (o] Tam,am (£ +i0)|qa), (7)
with
Tom,am(2) = (Yam|Uaa(2)[¢am), (8)

is on the energy shell, i.e., for
E=FE\n= q(i/QMoc + Eam> q(/l = Ga = Ga, (9)

the physical amplitude amplitude for elastic scattering of particle « off the bound state
(67) m-

Equation (f]) by itself does not yet lead to the desired Lippmann-Schwinger (LS)-type
equation for the effective-two-body elastic scattering operator Tom am(2) since the spectral
decomposition of G,(z) contains contributions not only from the m-th but also from all
the other bound states, and in particular also from the continuum states, in subsystem .
This goal is achieved, e.g., by means of the Feshbach projection operator technique [29].

Introduce the projector onto the target state and its orthogonal complement,

Pan = Vo) (ol Qun = 1= P (10)
Then
Go(2) = PamGo(2) + QamGa(2)
— GP(z) + GO), (1)
with
(oGP (2) k) = [ty — o ) (12

Z = C]i/QMa - Eam
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represents a splitting of the channel Green function into a term ([J) which is separable
(with respect to the variables internal to subsystem «), and a remainder. Introducing the
decomposition ([]) in (f]) yields, e.g. through application of the AGS reduction procedure
2]

1
2 —Q2/2My, + Eop,

Tomam(z) = V& L (2) + V& (2)

am,am am,am

Tam,am (2)- (13)

For convenience we have introduced the relative momentum operator Q, whose eigenvalue
is qo. Equation ([[3) is the desired one-channel operator LS equation for the elastic

scattering amplitude. The plane wave matrix elements of potential operator

_ _ 1 _
opt / . _ ! _
Vam,am(qon Qs Z) <qa|<¢am|va + VaQamZ — Ha — QamVaQam QamVa|¢am>|qa>

= <qg|<wam|‘7a + VaGQ(z>Va‘wam>‘qa> (14)

are seen to coincide with the standard definition of the optical potential. Here, the identity

Qam[z - Ha - QamVaQam]_lQam = QamG(z)Qam = GQ(Z)a (15)

G(z) = (z— H) ™! being the resolvent of the full Hamiltonian H, has been used. Of course,
this expression for the optical potential can also be derived directly from the Schrodinger
equation. Its relation to the effective potentials introduced in the three-body theory has
been described in [[[3].

The question of the solvability of an equation like ([3)) depends crucially on the singular
behavior of the effective potential V&'  (d.,,da; E) in the limit that the momentum

transfer
A, =4, —qq (16)

goes to zero. In leading order the latter is defined entirely by the Coulombic part V.¢
of the channel interaction, i.e., it does depend neither on the short-ranged part V¥ nor
on the internal interaction V,. Of course, a given behavior of the optical potential for

A, — 0 reflects itself in a corresponding asymptotic behavior in coordinate space.



B. Explicit expression

In this section we establish the explicit expression of the optical potential which will
be used in the following investigation of its analytical behavior in the limit A, — 0.

Let us rewrite ([4) as

VL (s Qo B) = VL) (d, qa) + VIR (d, da; E), (17)

with
V) (A da) = (A (Yam | ValPam) [da), (18)
VI (o, da; B) = (| (Wam|VaGOUE +0) Valtam) | da)- (19)

The first term ([[§) on the r.h.s. of ([7), which is called the static potential, has for

A, — 0 only the trivial Coulomb-type singular behavior

o Aq—0 —
Vo (A da) "R (| (Wam | VE [ Pam) o)

Aa0 dme,(eg + €y) (20)

AZ
(the dots are to indicate terms ~ AZ! and ~ In A, which may arise, e.g., if the target
state is not spherically symmetric). It can be taken care of in the LS equation ([J) in the
usual manner (see, e.g., []).

Consequently the decisive question concerns the behavior of Vg%,g%z (d),,da; E) in the
limit of zero momentum transfer. In lowest order perturbation theory, which in the present
language is equivalent to approximating in ([J) the full three-body Green function G(z) by
its lowest order approximation G,(z), and by taking into account that only the Coulombic

part V¢ of the channel potential contributes to the leading singular behavior, one has on

the energy shell the well-known result

VO (o Qs Bam) 5

am,am

(Al (Carm| ViE G2 (B + 10) V. [bam)|da) “5" Ay (21)

or in coordinate space

Pa—>00 a

Vg%,%%z(ﬂa) ~ _ﬂu (22>



for all energies. The factor a represents the polarizability of the composite particle.
However, it is of outstanding importance to know whether this fundamental result holds
also for the exact optical potential ([J), i.e., even after all terms of the perturbation
expansion of G(z) are summed up. In fact, for energies below the three-body dissociation
threshold, i.e. for £ < 0, it has been suggested in [[§P3 that (2]]) remains true also
for the exact expression ([[J). It is the purpose of the present investigation to derive its
behavior for arbitrary E, that is in particular also for £ > 0.

Let us write down the matrix element ([[J) explicitly in the coordinate-space represen-

tation,

ngé,@n(q;, Qo E) = Z Sya Z gua / dp:l dr’a dpa dr,, 6—iqg-p’a
v I
XU (T) Vi (€aply = MuTh) G(Ply i Py T E +i0)

XV, (€avPy — MTa)Vam(Ta)e 9 Pa, (23)

For convenience, we have introduced the antisymmetric symbol €g, = —€,3, with e, = +1
for (c, B) being a cyclic ordering of (1,2, 3), and the mass ratios A\, = m,/(mg+m,), for
v=_0,1.

To further evaluate expression (23), the spectral decomposition of the kernel of GO (E+
i0) must be inserted and then the integrations over r,, p,,r, and p!, must be carried
out. This requires in principle the knowledge of all the solutions of the full three-body
Schrodinger equation

3
{E ~ T —Tp. — > Vl,} T (r,, p,) =0, (24)
v=1

whether they describe states with asymptotically two or three unbound particles. Only
the states corresponding to the discrete spectrum of H, i.e. three-body bound states, are
not needed since they do not contribute to a singular behavior of Vg{ifb,(jzn in this limit (the
reason being simply that they yield only terms which are separable in the incoming and
outgoing momenta and thus do not depend on the momentum transfer at all). Here, T}
is the kinetic energy operator for the relative motion of particles 8 and v, and Tp_ the
one for the motion of particle a relative to the center of mass of the pair (57),,. They

are defined as
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Ara _ Apa

- = o (25)

Tra - T 5 Tpa -

The solutions of (P4) are not known, but also not really needed. For, we are interested

only in the behavior of V() for A, — 0. Below it will be shown that in this limit the

am,am

leading, A,-dependent term is defined by the singularities resulting from the divergence
of the integrals in (3) over p, for p, — oo, and over p, for p,, — oco. (Compare the
discussion for an analogous two-body problem in ref. [P§]). The integrals over r, and r/,

do not induce a singular behavior. For, the wave functions ¥, (ry) and % (r!) of the

incoming and outgoing bound pair (7),,, respectively, practically confine the region of
integration over the magnitudes of the subsystem-internal variables r, and r/, to values

To,7h < koL where Kopm = \/2,ua|Eam|. For this reason, when investigating the behavior

am?

of the leading term of V¢ in the limit A, — 0 it suffices to know the Green function

am,am

G9(p.,, 1. ; p,,Ta; E +10) in the asymptotic region

QN (26)

with
Qo : 1a/pa—0, po— 00, (27)
QO 1o/ — 0, ply = o0 (28)

In ©, the Hamiltonian H takes the form

H 2% HS =T, +Tp, + Valra) +vS(p,), (29)
where
. e legt+e
Clp) = lim {Vileaspa — Asta) + Vilcarpa — Ara)} = LT 30
Pa—+00, T/ pa—0 Pa

is the Coulomb potential between the charge e, of particle o and the total charge (eg+e)
of the particles 5 and = concentrated in their center of mass. Because of this property
v9(p,) is termed ‘center-of-mass Coulomb potential for channel a’. Note that in the
region , we could neglect in (B{]) the short-range interactions between particles o and

7, and « and 3, completely, and terms ~ r,/p? in the corresponding Coulombian parts.
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The well-known class of solutions of the asymptotic Schrodinger equation
{E— Hy} U (pa,1a) = 0, (31)
belonging to the three-body energy F = qu/QMa + Eop, is given by

U (P o) = Yam(ra)tly) (pa). (32)

They consist of a product of the bound state wave function of the pair (/57),, introduced
above, which satisfies the two-body Schrédinger equation (we use the same symbols for

operators acting in the two- and in the three-particle space)

~

{Bam = Tro = Va(ra) | Yam(ra) =0, (33)

and the ‘center-of-mass Coulomb scattering wave function’, satisfying

02
{ e = 1p, 00| o 0) = (34

The solution of (B4) is explicitly known,

V) (po) = €9 P NOF (=i, 13i(g0pa — a2 - ), (35)
with
. eales + e,) M, _ 0 o
= P NG = TR i) (36)

Here, I'(x) denotes the Gamma function, and F'(a,b;z) the confluent hypergeometric
function [27]. Note that eventual bound state solutions of (B4) for an attractive center-
of-mass Coulomb potential are of no interest in the present context since they would
correspond to a situation with all three particles being confined (see below).

We also need the solution of the asymptotic Schrodinger equation (BI]) with all three
particles asymptotically in the continuum, i.e., the one which belongs to the three-body
energy E = ¢°/2M, + k°%/2u,. Tt will be called asymptotic continuum solution of the

Schrodinger equation in €,. This solution has been found in [P4], and has the form

\Il(—l—)as

q0 k0 (pa, I‘a) ¢k0 (p ( ) eiqg P. Znﬁln(k pa—Eaﬁk%'pa)eingln(kgpa—Ea’ykg'pa)‘ (37)
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The Coulomb parameters are given as

0 _ CabyHp 0 __ CaCsHy
Mg = T%’ Ny = 0 (38)
v

and the momenta kj and k? are defined as the usual linear combinations of k, and q,
K = e taq’ /M, — A\ K2, with v=4,7. (39)

The wave function ¢S)( p )(ra) is the continuum solution of the two-body-like Schrodinger

equation
k2% (p.)
{latbed g v fuiglp, ) =0, (10)
with
K2 (p,) = K, + 2elPa) (41)
Pa
A~ 1.0
Zamn,, _CavPa =Ky (42)
1 — €avPq kroz

describing the relative motion of particles § and v with local energy E.(p,) =
0%(p.)/24a. Thus it is, in fact, a three-body wave function, the influence of the presence
of the third particle o however being confined to a shift of the two-body relative momen-
tum of particles 5 and 7 from its asymptotic (for p, — oo, i.e. particle « is infinitely far
apart) value k% to the local value k% (p,). The latter depends explicitly on the distance
of particle o from the center of mass of the pair (87v),, as a result of long-ranged three-
body correlations. Nevertheless, it is to be noted that, since p, enters the Schrodinger
equation ([I(]) only parametrically via the local energy, its solutions @Dko P. )(ra) and the
genuine two-body bound state wave functions tam,(r,), which are solutions of (BJ), are
eigenfunctions of the same Hamiltonian {7}, + V,(r,)} to different eigenvalues, and are
therefore orthogonal.

Let us add two comments.

1) Tt has to be pointed out that (B7) is valid in all of €, except for the so-called
singular directions which are defined by the conditions eagl;% -p, =1 and eMlA{f)Y -p, = L.

As was shown in [29], in this whole region \I/(oko (p,,ra) (1) satisfies the asymptotic
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Schrodinger equation (BI]), or equivalently the three-body Schrodinger equation (P4) in
Q,, up to terms of the order O(1/p?2), viz.,

(B - 12} W ) =0 ). (43
and (ii) represents the leading term in the asymptotic expansion in 2, of the full wave
function \I/flg)kg (p,sTa), which belongs to three asymptotically free particles in the con-

tinuum with Jacobi momenta k% and q°, viz.,

1
Vi o) = VG pm) 10 (). (41
The next-to-leading term in the expansion ([f4) satisfies (BJ) in the next orders. We
remark that the second term in ({4), which is of the order O(1/p,), includes rescattering
of the particles 8 and ~ from particle o [[]. Its existence can easily be deduced within
the solvable model considered in [P4] (which corresponds to V,, = 0, m, = 00).

2) The asymptotic Schrédinger equation (BI) admits also another (exact) solution,

belonging to the same energy E = ¢°°/2M, + k2% /24, as (B7), viz.

TS (PorTa) = Ui (ra)UH (P), (45)

where @Dl(:é) (rq) is again continuum solution of the two-particle Schrodinger equation (f0),
but to the energy ka /2114. However, as shown in [R4] this eigenfunction of the asymptotic
Hamiltonian H?* is not the leading term in the asymptotic expansion in €2, of the solution
of the original Schrodinger equation (B4), that is, it does not satisfy a relation like ([4).
Hence it is not to be used in the present context (as was done mistakenly in [[Ig]).
Consequently, the asymptotic form of the spectral representation of the three-body
Green function G%(z), which is valid in Q, N €2, and is therefore appropriate for the

investigation of the singularity structure of V) has the form

am,am?

QaﬂQ GQas(pcw a?poerHE_'_ZO)

d Yon () U (PR VS (P )W (T0)
[ s e L

T [E+10—¢0%/2M, — Eon)

Gl i P Tai B +i0) <

/ dk0 U (ol ) U (p Ta) )
(27m)* [E +i0 — ¢3° /2M — k37 /2410
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One last point concerns the fact that in the second term on the r.h.s. of (f6) the
integrations over q2 and k? extend also over the singular directions, i.e., directions such
that €,kY - p, = 1 and emkg - p, = 1 holds. But there, as mentioned above, the
asymptotic expansion ([[4]) is not valid. Thus, in principle in the vicinity of these directions

)

the exact expression of the three-body wave function \If%ko (P, To) must be used, which

(e3

is however unknown. Since the latter is normalized to §(q% — q2)d(k% — k%), it has

to be integrable everywhere, including the singular directions. The consequence is that
the contribution from the infinitely small regions containing the singular directions is
infinitely small [2§]. Thus, when looking for the asymptotic behavior of V2 ?) (qL,, qa; E)
for A, — 0, in the main order we can approximate the exact wave function ‘I’f;é)kg (PosTa)
by \If%fg(pa,ra) in the whole integration region, including the singular directions. Of
course, some care must be taken before using expression (B7) in the singular directions
since, as follows from its definition (), a.(p,) diverges there. One possible remedy
has been proposed in the Appendix of ref. [P4]. It consists in writing a,(p,)/pa ~
P> y—pr €M Vp I F(—iny, 1;i(kypa — €aky - p,)). The right-hand side has the virtue
of remaining regular when the singular directions are approached, while away from them
it coincides for p, — oo in leading order with the right-hand side of ([).

Summarizing, higher order terms in the expansion (f4) will not contribute to the
leading term of V2 ?) (ql,,qa; E) in the limit A, — 0, because its behavior is defined
by the divergence of the integrals over p/, and p, in (B) for pl,pa — o0o. And the
contribution from the infinitely small neighbourhoods of the singular directions is infinitely
small. Thus we can use the representation ([If) everywhere.

As discussed above, in €, the potentials V3 and V, occurring in (3) can in the main
order in 1/p, be approximated by their Coulombic parts VBC and VVC. The same holds
true in 2. Thus, in the limit A, — 0 one gets for the leading, A,-dependent part V§%7$§2

of the optical potential term VPt (2) .

am,am*

VL) (o i B) "8V (o 0 E)
= Yy [ dpldrl, [ dp,dr,
ngA pa>A



dqg —idl- P 1\1/C / /
X / (27’(’)36 “ a¢am(ra)vp (Gaﬂpa o Aﬂra)

5 PG VG (P Vi)
G B i0— g7 /2M, — Bl

[ dk® U (P ¥ )L (s Ta)
(

2m) [E 410 — ¢3° /2Mo — k37 /2414
XV (€avPy — MTa)Vam(ra)e' 4 Pa. (47)

The radius A, which defines the lower limits in the integrals over the magnitudes of p/
and p,, has to be chosen so large that A > 1/kqm, With K, defined previously. This
condition ensures that we are allowed to use the asymptotic expansion (f4) and to replace
the full two-body potentials by their Coulombic parts. These approximations have already
been introduced in (7).
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I1I. BEHAVIOR OF THE OPTICAL POTENTIAL IN THE LIMIT OF

VANISHING MOMENTUM TRANSFER

In this section we will make use of techniques and results developed for an analogous

problem in two-particle scattering in [B§]. In €2, we can use the asymptotic expansion

) 2
VE (eanpy — MTa) = e/,,)ea + €A 6;;3@ (P, - 1a)+ O (p ) , with v#v=,7v. (48)

For the following it proves useful to apply the familiar screening to the Coulomb po-
tentials which we choose to be of exponential type in coordinate space, i.e., V.%(ry) —
VE(ry,)e " § > 0. The zero-screening limit § — +0 will then be taken at the end.
Substitute (B7) and (Eg) into (7). The orthogonality of the bound state wave function
Yam(re) to all the other bound state wave functions v, (r,) for n # m and to the scatter-
ing wave functions wl(:gr)( pa)(ra) causes the vanishing of the contribution of the first term

of the expansion (f§). Thus one obtains in leading order for A, — 0:

Aus0 qu e_Z(qla_qa)'pla s
yortas)(of g - E)TR" lim / < / dp! / dp,—————¢ %
am am(qa q ) o—+0) (2m)3 Jp>a Pa pa>A Pa P

() Emn(p;)l:nm(pa) 7 (+)*
X E =
{wqg (pa) n#m [E +10 — qg2/21\40 - Eom] ¢qg (pa)

dko S (K0, K-, —in (k2 pa—12-p,.)
| @y II II e
v=8y o=,y

Dmko 0(pL) (pa)DkO(pa)m(pa) }e_‘s”a eilda—ad) P, (19)
[E 40 — ¢°%/2M, — k9% /24,) 2
where we have introduced
Don(pa) = cascalAsey = Aes) [ drats, (va) (o - Ta)ban(ra). (50)
Dig(p,ym(Pa) = castalMaey = Mes) [ dratily (1) (u - ta)bam(ra),  (51)
Dinn(Po) = Dr(Pa)s D (p,) (Pa) = Dio (. ym(Pa)- (52)

For convenience, the plane wave has been extracted in (fJ) from the center-of-mass
Coulomb wave function (BJ), by writing @D((;?:)(pa) = ¢l P @E((;)(:)(pa).

Inspection of (E]) reveals that the integrals over p/, and p, will diverge for p/,, po, — 00
if and only if (q), — q°)* — —6% and (q, — q°)? — —62, respectively. These divergences

will give rise to singularites in the integrand of the final q°-integration at the positions
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(d,—q°)?*+6 =0 and (qo—q)*+6*=0. (53)
For 6 — 40 we get from (B3) for the positions of the singularities
do =, o = o (54)

Proceeding then in close analogy to [B§], it will be shown below that the coincidence of
these singularities when integrating over q° gives rise to a singularity of VP! () in the

am,am

limit A, — 0 of the form

Aa 0
V) (g qe; B) 270 Ay = /@2 + 2 — 24402

qa—ﬂla
~Y

-2, 2=d," Qo (55)

That is, V! g;b has a singularity in the forward direction at z = 1 in the z-plane which
defines the behavior of the leading term in the limit z — 1, or equivalently A, — 0.
From (B4) we can conclude that in the limit A, — 0 the main contribution to the

integral over q° comes from the neighbourhood

qg SE IS q;. (56)

In this has been proved in the case of two-body scattering, but it holds also for the
three-body case considered here. For, the additional integration over k% appearing in
the intermediate three-body continuum state contribution in (I9) does not influence this
conclusion. Thus the leading singular behavior of V(%) is defined by the divergence of

am,am

the integrals over p,, over p., and over q°.

A. Contribution from two-fragment intermediate states

Let us first consider that part of (f9) which is due to the contribution from all sub-
system bound states n # m in the intermediate state,

O, as Aa dqg e anp
Vi ai B) "X Jlim /(27r)3/f>Adp/“/p>AdpaT —rayp ) (pl,)

0—+0 Pa
mn p. Dnm 0 e Pa
< Z (pa) (pza) ¢(+ (pa) —5pa €T —. (57)
n#m qom/2M +10 — qg /2M ] Pa
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Since the behavior of V;)itb zfn for A, — 0 is determined by momenta characterized by
(BA), the propagator
0 : 02 Aot
dn(qS) = [E +i0 = 02" /2My — Eay] (58)
can be taken out from under the integral over q2 at the point ¢° = q,, provided it is not

singular there. Let us write (B§) as
dn(q2) = 2Ma/ [q2, — a3 + 0], (59)
with (recall (B))
Gon = 2Mo(E = Ean) = @ + 2Mo(Eam — Ean), 1 #m. (60)

If q© = qa, then for on-shell scattering, i.e. for ¢, = Gu, dn(qa) is always finite. However,
for off-shell scattering (¢o # Ga), dn(ga) has for E — E., > 0apole at ¢o = gan. This pole
occurs both for £ > 0 and for E < 0, i.e. for energies above and below the dissociation
threshold.

Summarizing, for ¢© = ¢4 # Gan, dn(q°) is not singular and can therefore be taken out
from under the integral over q2 at the momentum ¢° = ¢, when trying to extract the
behavior of Vot ( g; in the limit A, — 0 in leading order [P§]. Clearly this is no longer

allowed at the point ¢, = ., Where the propagator d,(q,) has a pole.

Thus, if ¢o # Gan, We have in leading order

opt (as) / . A?\/—K) 2MO! . / / / e_lqu; _JP& Y
Vam,am (b) (qa7 do; E) ~ n;ﬂ qgm _ qg{ 61—I>I-I|—10 o> A dpa > A dpa pg € Dmn(pa)

- —6pa e/ Pa d a +)*
XDun(po)e = | (q> el (0} (61)

We can use the completeness relation

[ oo (4 0443 (0} = 006, = )~ Sl victon), .

for the solutions of (B4). Of course, if the center-of-mass Coulomb potential v<(p,)
is repulsive, the sum over all bound states x with wave functions ,(p,) is missing.

Introducing (B2) into (1]) we obtain
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e_iAO‘ .pa

pr | Do (D). (63)

Ag—0 2M,
Vopt (as) / . o E) T & 70{/ d
amam ) (e G ) n;:n Qan = G5 JpazA Po

To arrive at this expression we have already taken into account that, owing to the presence
of the factor p;* in the integrand, the integral in (§J) converges, so that the limit § — +0
and the integration over p, could be interchanged.

In fact, the result (B3) is valid both for repulsive and attractive center-of-mass Coulomb
potentials. For, when deriving it for the latter case, one only has to bear in mind that the
bound state part in (p3), when inserted in (1)), gives rise to terms in which the integrals
over p,, and pl, do not diverge for p,, p!, — 00, due to the exponential decay of the bound
state wave functions, and thus lead to nonsingular expressions. Furthermore, each of these
terms is separable with respect to q, and d/,; thus they can not contribute at all to the
momentum-transfer dependence of V;’f{tbﬁz () I the limit A, — 0.

In the case ¢, = Gan, the propagator d,(¢°) can not be taken out from under the
integral over q° at the point ¢° = ¢,. This implies that at the discrete points ¢, =
Gan, M # m, which are accessible in off-shell scattering only, the limit A, — 0 in ngi((jg )

requires special considerations. This investigation is deferred to Appendix [A] where it is

shown that at these discrete momenta V7" (%)

am,am

() remains regular in the limit A, — 0.
It is now an easy task to extract the behavior of (63) for A, — 0. To this end we

write (B() in the form

l

5 )= p . — R . —ip-P,
Dnm(pa) Pa Dnm o ll)l_%(Dnm Vp)e ) (64)
with
D, = Eaﬁea()‘ﬁe“f - >‘765> /dra¢2n(ra)ra¢am(r0)v (65)

and use the symmetry property (). Then

opt (as Aq—0 2M,
v L der B) TRT Y m (D - Vi) (Dy - Vi) J(u),  (66)

2 2
n#m Qom — 4o PP —0

the integral J(u) being defined as

elPat 41 oo sinup
J(u) = / d = — | dpa—>5—, 67
(u) o o0 w Yoz (67)

20



with u = p’ — A, — p. This integral is evaluated in Appendix [B. Substituting its
asymptotic form (B.3) for u — 0 (i.e. p’,p, and A, going to zero) into (BG) leads to

V) (@ s B) 2= CWA, + 0 (A), (68)
with
2 M,
=53 s IDsl? + |Ag - D] (69)
n;ém an «

We mention that the action of V, and V, onto the term ~ u? in the asymptotic form
(B.3) for J(u) yields in the limit p,p’ — 0 also a A,-independent term. The latter

. . Y t (
was, however, omitted in (Bg) since Vo SZZ

() Was defined as the leading, A,-dependent
contribution from the intermediate two-fragment states to the nontrivial part Vo2 S of

the optical potential in the limit A, — 0.

For on-shell scattering (¢, = ¢a = @o) we have
(Qin - Qi)/2Ma = Eam - Eoma n % m, (70)
and hence (p9) becomes

[|Dnm|2 + |Aa : Dnm|2] . (71)

n#m Ham an

Thus, V¥ @) " as given by (B8) and (1)), depends only on the momentum transfer A,

m,am (b)

and not on the incoming or outgoing momentum q, and g/, separately, or on the energy.

Consequently, on the energy shell we can write (5J) as

V;%g;)(b)(q;’%SEamﬂLiO) = V;%,g;)(b)(Aa)
S ~/pa>A dp,e= A Pe Vcoyitb 52 ) (Pa); (72)
where
PUIND)
VI (pa) = (#m ']f:%;')pi (73)
describes the asymptotics of ng,ji;’; ®) in the coordinate space. It is a local potential,

representing the contribution to the polarisation potential from all the intermediate two-

fragment states.
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B. Contribution from intermediate three-particle continuum states

Vopt as)

e () of the intermediate three-

We now proceed to investigate the contribution
particle continuum states to the optical potential, which is given by the integral part in

the wavy brackets of ([[9), in the limit A, — 0:

V) o (dy. dai E) o Jim / (ZW / /p p:a) “ ¢ 0%
Xe_dp&%#ﬂqi;pmp;), (74)
with
L(qg;pa,pa :/ o) 3 H et In(kypl kK H o= (kG pa—Lk-p,)
v=B:y o=By

Dmkg(p;) (po)Dkg(pa)m(pa)
[E 410 — ¢0° /2My — KO° /2p10]

(75)

Consider the integration over q” in ([4). Since, as discussed above, the behavior
of V(s for A, — 0 is defined by momenta characterized by the restriction (@), the
function L(q%; p,,, p,,) can be taken out from under the integral over q° at the momentum
q° = g, provided it is nonsingular there. A singularity of L in the q2-plane, which may

be of concern to us in the present context, can be generated in ([3]) only by the pole of

the propagator
0 . 02 02 -1
dig (@) = [E +i0 — g2 /2M — k3 /2p1a) (76)

k2 —plane. In fact, this pole induces in the function L(q%; p,,pl) a singularity in the
q°-plane at ¢° = /2M,E (the positive square root is singled out by the infinitely small
imaginary part +i0 in the propagator). It is an end point singularity which results from
the coincidence of the propagator pole with the lower limit zero of the integration over
K.

Hence one has to distinguish two cases.

(i) o # V2M,E, i.e., the function L(q%;p,,pl,) is regular at the momentum q° = q,

(this is obvious since the propagator pole at k2 = \/Q,ua(E —q¢2/2M,) # 0 does not

coincide with the lower limit k2 = 0 of the integration in ([7)). As a consequence,
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L(q%; p,, p.,) can be taken out from under the integral over q2 at q° = q, when looking
for the behavior of V¥ (®) in the limit A, — 0. This holds true a fortiori for the

am,am (c)

propagator dio (¢3) in ([[H). For ¢} = ¢,, the latter can be written as (recall ({))
dig (40) = [T/2Mo = 2/2Mo — K0 /200 + B 0] . (77)
Note that on the energy shell, i.e., for g, = q,, expression ([q) simplifies to
N 02 —1
drg (@a) = = [| Eaml + kS /21a] <0, (78)

that is, the propagator dyo (¢2) is nonsingular at ¢ = g, = g, for all kY.
(i) go = V2M,E, which can happen only off the energy shell for E > 0. In this case

L(d%; p,,, p.) cannot be taken out from under the integral over q° in ([4) at the point

q? = q, because it is singular there. A closer examination, which is deferred to Appendix

Al reveals that in the limit A, — 0, VZ?L sfn (¢ 18 O(A,) if the Coulomb potential VC s
repulsive, and that it remains regular for an attractive Coulomb potential V.¢. In other
words, the leading singular behavior is unaltered as compared to case (i).

Summarizing, in order to isolate the leading singular part of VZ?L sfn © for q, #
V2M,E, we can take in ([4) the propagator dyo(q2), as well as all other g3-depending
factors none of which becomes singular there, out from under the integral over q° at the

point ¢° = ¢,. This gives

Aq—0 dk? e~ P /
VOPt (as) / o E = / a / do' / d —8p!,
am,am (c)(qon Qo ) é_lg_lo (27’(‘)3 o> A Po A Pao pg €
— Z—g i "
X H ( Vpa_ko p/a> ! e_5pa6q Pa
v=5y \KDpa — KD - pg Pa

y Dois (p1)(P0) Dio (pym (Pa) / 4 iq0-(p,-p,)
B +i0 — g3/2Mo — k§*/2pa] / (27)°

dk? e~ Ao Pa
— l / Q / d - —25ﬁa
5550 ) @n)3 Jpuza P "

% Dmko Pp,) (ba)DkO a)m(po)
[E 440 — q2/2M, — k9% /2414

(79)

where k! is given by the relation (BJ), but with q, instead of q°. Similarly, 70 is defined
as in (BY), but with kO instead of k{.
We remark that the fact that the leading term of ([4) for A, — 0 is defined by that

part of the integration region where p/ = p,, was derived for an analogous two-body
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0
a?

problem in [2§]. As is apparent, the additional integration over k¥ which is present in
the three-body case under consideration, does not invalidate that result.

Next we observe that, since the behavior of ng;(;iz © for A, — 0 is defined by
the behavior of the integrand in ([/9) for p, — oo, we can approximate Dy (p ym(Ps) by
Dyom(Py), i-e. by the same expression (1)) but with the local momentum k2 (p,,) replaced

by its asymptotic value k% which is attained in this limit. In fact, taking into account

(B1), (EQ) and ([)) one sees that

. ) 1
Do p,ym(Pa) = Dioym(Pa) + O (—) . (80)

Pa
An analogous expansion applies to Dy p )(P,)- It is important to realize that (B0)
is valid for any kY > 0: for arbitrary positive-definite k2 always such a large A can be
found that for all p, > A the second term in (B0) is infinitely small compared to the first
one. This obviously does no longer hold true for k2 = 0, as follows from the definition
(AQ) of the local momentum. But the whole integral is not influenced by the behavior
of the integrand in an infinitesimal vicinity of k2 = 0 if the latter does not possess a
nonintegrable singularity there. This is verified in Appendix [A for ¢, # v2M,E. Thus
we are justified in using the approximation (B() in the whole region of integration over

k? including the origin, thereby neglecting the terms of the order O(1/p,).
Introducing (B0) in ([9) yields in the leading order

"R P / dk, | D (Po)
(

. 2m)3 [E 40 — g2 /2Mo — K37 /2410)]

opt (as Aq—0
Vafri,(am) (¢) (q:w Qo E) ~ / dpa
pa>A pa

(81)

(again, because of the convergence factor p_* the limit 6 — +0 could be performed before
integrating over p,).

Let us write, in analogy to (64),

. T o
Dk&m(pa) = Z }E}%(Dkgm . Vp)e p pa7 (82)

with
Do, = €apea(Ase, — Ayep) /dra¢£—£)*(ra)ra¢am(ra), (83)

and similarly for Do (p,) and Do (cf. (p3)). Then we obtain from (81))
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ol k) DmO'V Dyo,,- V,)J
(@ aes B) “=° lim dkl, (Dt - V) (Digm - V) J (u)

Vopt (as) .
po—0.) (27)3 [E +i0 — q2/2M, — k9% /241,]

am,am

(84)

The integral J(u) is given by (p7). Making use of its asymptotic form (B-3) for u — 0 we
find

vt (as) (s i E) B0 COA, 10 (A), (85)

am,am (c
with

ol _ dkd | Dyl +Aq - Dig,n’
" 4] 2P [E+i0 — q2/2My — k9% /2p])

(86)

As in (BY), we omitted also in (BH) a A,-independent term. We point out that from
the discussion in the Appendix [f] follows that the result (BY) with (Bg) is valid also for
Go = V2M,E where, in contrast to appearance, C¢) in (Bf) is not singular.

For on-shell scattering (¢, = ¢ = ¢a), taking into account ([§) the expression (§d)

simplifies to

dko Dyo,, —i—A - Dyon
m:4/ [Dign* + | A - Dig]?] -

‘Eam‘ + ]‘722/2,“04}

opt (as)
am,am (c)

That is, in the leading order depends neither on the incoming nor the outgoing
momenta ¢, and g/, alone but only on the momentum transfer A,,. It is also independent

of the energy. Hence we can write (B]]) as

Vopt (as) (q:x, Qo E,. -+ ZO) = Vopt (as) (Aa>

am,am (c) am,am (c)

[ e APV (). (85)
pPa>A

where the local potential

dk, | Digm(Po)| 1
Vo) (P :{ / o _ 17kem o — 89
amam o(Pa) (27)2 [| Bam| + k9 /21a] ) P4 (#)

describes the coordinate-space asymptotics of ngi((jfrz (- 1t s the contribution to the
polarisation potential from the intermediate three-body continuum states.

Summing up the contribution (£8) with (69) from the intermediate two-fragment states
and the contribution (BY) with (Bf) from the intermediate three-particle continuum states,

we thus have off the energy shell the final result
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VOpt (QS)(q:pn Qa; E) Aa:—>0 ClAa +o (AOC)’ (90)

am,am
with

0y =00 4 Cl

B e L )
A G [E4i0— 2/2My — By (273 [E 400 — q2/2M — KO /2] |

Consequently, for off-shell scattering we have found for the asymptotic behavior of the
total optical potential ([[7), i.e. including the contribution from the static potential (for

a spherically symmetric target state m), in the limit A, — 0 the result

A0 dreq(es + €y)

o + CiAG+ 0 (A), (92)

nglf)rtL,am(q:w Qo E)

with the energy- and momentum-dependent factor C; = Ci(q, E) given by (PI)). It
should be noted that the strength factor Cy of the leading term decreases with increasing
energy.

Equation (P2) with (PI]) constitutes our first main result. It implies the exact compen-
sation in the (non-static part of the) optical potential of the singular terms proportional
to AZ! and InA,, in contrast to their appearence (as discussed in [R0] for negative en-
ergies) in the effective potentials which occur in the effective-two-body formulation of
the three-charged particle theory. We emphasize that this compensation was proved here
both on and off the energy shell, and for arbitrary total three-body energy F < 0 and
E > 0. It generalizes the cancellation proofs, given in [[§£3] for energies below the
dissociation threshold, to positive energies. In addition, at negative three-particle energy
our derivation avoids the various inconsistencies existing there.

If we consider on-shell scattering then, as follows from (E8), (1), (B5) and (§7), Vi as)

depends on the momenta only in the form of the momentum transfer A,, and no longer

on the energy, i.e.,

Vopt (as) (q/a’ Qo Eam) = Vopt (aS)(Aa). (93)

am,am am,am

Consequently, the inverse Fourier transform of Vg%(c‘jfrz (A,) is a local, energy-independent

potential describing the asymptotic behavior of the (non-static part of the) optical po-
tential in coordinate space. From ([[3) and (89) we read off
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00 1
yaren) (o) 2% 2, (—) | (94)

with

im2y DB, [ (Do) .

i | Eam| = | Eanl 27 | B + k9?2010
As can be seen, the strength factor governing the coordinate-space behavior is just the
static dipole polarisability as known from the perturbative approaches. That is, no re-
mormalization of a arises from summing up all the higher order terms in the perturbation
expansion of the full three-particle Green function G(z). Furthermore, all dependence on
the incoming energy has disappeared (in contrast to the approximate result of ref. [[[7],
but in agreement with the result obtained in [[J] within the adiabatic approach).
For the coordinate-space behavior of the total optical potential, i.e. the inverse Fourier

transform of ([[7), we derive on the energy shell for spherically symmetric targets

opt pa?m 60(65 + e'y) _ i i 96

Equation (Pg) with (PJ) is our second main result. It states that in the asymptotic
expansion of the energy-shell restriction of the optical potential for large intercluster
separation there occurs as the first nonvanishing term after the center-of-mass Coulomb
interaction, which arises from the multipole expansion of the folded Coulomb channel
interaction, the local (induced) polarisation potential —a/2p%. This result extends the
one derived in [I§P3] for £ < 0, to arbitrary energies.

Simultaneously we derived the exact expression for the static dipole polarisability a.
To our best knowledge this is the first derivation of a within the framework of a genuinly
three-body, non-perturbative, non-adiabatic approach. In this context we point out that
the same expression for a was derived in [[§ for £ < 0. However, in that derivation a
spectral decomposition of the three-body Green function in Q, N €2, was used, which is
inadequate since it does not take into account the long-ranged three-body correlations
described in [P4]. The latter necessarily lead to the appearence of the wave functions
wl(:ar% PQ)(rO‘) instead of @bl(:(:)(ra). Though, this inconsistency in [I[§] did not influence the
final result. Nevertheless, we feel that it is important to present a consistent three-body

derivation of the dipole polarisability.
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IV. SUMMARY

We have investigated the singularity structure in momentum space of the optical po-
tential responsible for the elastic scattering of a charged particle « off a bound state of
two charged (or one charged and one neutral) particles, on the basis of the rigourous
three-body scattering theory. Without having recourse to perturbative or other approx-
imate methods we have shown that (for spherically symmetric bound states) the op-
tical potential behaves, in the limit that the momentum transfer A, goes to zero, as
CoAL2+C1A,+0(A,), for both negative and positive energies. That is, terms ~ AZ! or
~ In A, cancel exactly. The factors appearing in this expansion have the familiar physical
interpretation: Cj is the product of the total charges of the colliding fragments, and C
is the general, energy- and momentum-dependent expression for the polarisability of the
composite particle.

For on-shell scattering we find that this momentum-transfer behavior entails in co-
ordinate space a local tail of the optical potential of the form Cy/p, — a/2pk + o (p5*),
where p, denotes the distance of the elementary from the center of mass of the composite
particle. The polarisability a derived here coincides with the expression as extracted in
perturbative or similar approximate approaches. These results imply that

2 and ~ p_? takes place for energies below and

(i) the exact cancellation of terms ~ p
above the dissociation threshold,

(ii) no renormalization of the polarisability a due to summing up the infinite perturbation
series occurs, and

(iii) the strength factor a which governs the long-distance behavior in coordinate space is

independent of the incident energy (in contrast to its off-shell analog C; which determines

the strength of the corresponding singularity in momentum space).

T Permanent address: Institute for Nuclear Physics, Tashkent, Usbekistan

* Supported by the Deutsche Forschungsgemeinschaft, Project no. 436 USB-113-1-0

28



APPENDIX A:

In this Appendix we first investigate the behavior in the limit A, = |q), — q.| — 0 of
the contribution of the n-th intermediate bound state in expression (§7), to be denoted
by V;ﬁf; (n)> 8F the discrete point ¢, = ¢un. To simplify the considerations we replace
the Coulomb scattering wave functions wqg “(p,) and wgé:)(p;) by their leading terms for
large distances, namely by the planes waves e~ P and eida Pl respectively. We also
omit the functions D,,,,(p,) and D, (p.,). By doing so the question of the integrability or

non-integrability of the singularities under considerations is not influenced. We therefore

consider

0 i(ag—d5)-P,
opt (as) / . Aq 00 dqa / , / e o
Vam,am () (Gos Qa3 B) =5 2Ma 61—1>I—Ii-10 (27m)? Joza 4Pe dpq 2

><e—5pla 1 e~ 9pa —e!(da"e)Pa
[2,, + i0 — ¢°7] P2
B0 i / dd, ! .
s2+0) (21" (el — o) + 0 [a2, + 10 — g2
1
) | (A1)

S — a0+ 07
The integrals over p, and p/, from 0 to A added in the second line are certainly less
singular than the original expression; hence they do not alter our conclusion. We use the

integral representation

1
df—= / df—= A2
27r7{ f B+¢ +< \F BB+ (52
where ¢ means the integral along a closed contour around the point § = —(; in the

integral from 0 to oo of the second representation we must have arg § = 0. This leads to
opt (as) Aq 00 1 b ,
Vam,am (n) (qa’ Qo E) 5—>+0/ dﬁ / do—= \/— (57 A5 Qs Qo QOm)a (A?))
with
J(ﬁv Qa; q/av Qo qom) =

/ dq? 1 1 1 (A4)
(2m)* 16 + (a2 = 40)* + %] [g2,, + 0 — g27] [o + (42 — qa)? + 7] |

This integral is explicitly known [B9],
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1 1

, c+Vct—ab
J(ﬁa A5 Qs Qo QOm) = _g 2 — ab In [C 2 _ a,b‘|’ (A5)

with

ab = [A2 + (Va + /B8)2)¢2 + (Va — igan) a2 + (/B — idan)?); (A.6)
¢ = —iganlA% + (Va + /8)2] +/Bla2 + o — %) + Valg? + B — ¢2.). (A7)

Because of the presence of the parameters a and [, the regularisation parameter ¢ is

no longer needed. We therefore have already put § equal to zero in (AF) - (A7). For
Go = G, = Gan, (A.4) and (A7) simplify to

ab = v/ay/BIAL + (Va +/8))[Va = 2igan][/B = 2ian], (A.8)
€= —iqun[AZ + (Va + \/Eﬂ + @[ﬁ + \/E] (A.9)

Substitution of @ = A%v and 8 = A2t in (A§) and (A.9) shows that in the limit
A, —0

ab~ AL e~ A2 e, V2 —ab~ AL (A.10)

Introducing (A7) into (A3), changing to the new variables v and ¢, and taking into

account (10), it is immediately seen that the main term of V% (as)

am,am

(n) 18 independent of
A, in the limit A, — 0 at the discrete point ¢, = qan, i.€., it is regular there. Hence the
same holds true also for the sum over all intermediate bound state contributions VZﬁi(szi )"

The other problem concerns the behavior of the intermediate three-body continuum
part ([4) if ¢o = Ga1, Where g1 = V2M,E. In that case we are not a priori allowed to
take out the propagator dgo(g2) from under the integral over g2 at the point g5 = ga.
To investigate this case consider the definition () of L(q2; p,, p,). Since in the limit
A, — 0 the leading, A,-dependent term is defined by p, ~ p/ , the exponential Coulomb
distorsion factors cancel. That is, it suffices to consider

dk% Dyt (pr) (Pn) D (p ym (Po)
(27)3 [E 440 — ¢0%/2M, — k9% /2114

L(dg; Pas Po) %/ (A.11)

If we perform the k%-integration, the pole of dkg(qg) can give rise to a singularity

of L(q%; p,,, pl,) in the ¢-plane at ¢° = q,1. It is an end point singularity which arises
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from the coincidence of the propagator pole at k2 = \/ talq2, — q°%) /M, with the lower
limit &2 = 0 of integration over k2. Since the leading, A,-dependent term of ngz((;l; ©

in the limit A, — 0 is generated by the coincidence of the singularities of the integrand

in the integral ([4) over q° at the point q° = q, = q;, the appearence of an additional
Vopt (as)

singularity, namely in the the function L, will influence the leading term of V= (©)-

To investigate the analytic behavior of L(q%; p,, p,) for ¢© — ga1 — 0, consider the
integrand in ([ATT]]). The denominator has a zero that can cause the singularity under
consideration. The behavior for kY — 0 of the numerator (cf. (F1))) is defined by the wave

function 1&&2 p )(ro) which we write as

U 0 (p,)(Ta) = exp [M ’ ng] ¢£§)(ra)

«

~ Yy (ra) + ng)(ra) +0 (p%) . (A.12)

«

The threshold behavior for k2 — 0 of the scattering wave function wl(:gr) (ro) in the potential
V., = V5 + VY is entirely given by the corresponding behavior of the Coulomb scattering
wave function 1&&’12% (rq). This follows from the wellknown fact that the threshold behavior
of the radial wave functions for two charged particles is the same for all the partial waves

and is defined by the factor [B(]

2 0 %
| No |= [77”7“ 1] : (A.13)

e2ms
Therefore, the behavior of the full wave function @bl(:é)(ra) for k2 — 0 is governed by the
same factor, and the one of the numerator in (A1) by | Ny |*.
Hence we have to distinguish two cases.
1. The Coulomb potential V.¢ is repulsive, i.e., n2 > 0. Then for k2 — 0 one has
| No | ~ 2m%e 2"t — 0. The exponential smallness of the numerator for k% — 0

compensates any zero of the denominator at the point k% = 0. In other words, the pole of

the propagator in ([A11]) at k% = \/ tra (2, — q°%)/M,, does not generate a singularity of
L(q; p,, pl,) at the point ¢% = ¢a1. Thus, when extracting the leading term of V' ((Z; ©
for A, — 0, the function L(q°; p,, p,) can be taken out from under the integral over q2

at the point q° = qq, as in the case ¢, # ¢a1. The consequence is that the behavior of

the optical potential is the same for all g, including g, = g1, namely ~ O(A,).
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2. The Coulomb potential V. is attractive, i.e., n° < 0. In this case, | N, [*~2mn% —
oo for k2 — 0, and hence all terms in the expansion (A1J) become singular. This
difficulty can be overcome as follows. According [B4] the wave function ol Oko (P Ta),
as given by (B7), is asymptotic solution of the three-particle Schrédinger equation in
the region ,, i.e., it satisfies this equation up to terms O(1/p2) (cf. (EJ)). From the
derivation given there it is, however, easily seen that for k2 = 0, taking into account the
local momentum k% (p,,) in the asymptotic solution \II(JE)ISOS( P.:Ta) instead of its asymptotic
value k? = 0, gives corrections ~ O(1/p?) to the Schrodinger equation in Q. Therefore,
in a small vicinity of k2 = 0 the asymptotic solution gl Q0 ko ’(p,,Ta) may be replaced by the
function wko (re) gt P gl kG pa—casky Pa) ginin(k pa—cerk-Pa) . by (B7) but with k°,
substituting k% (p,,) in @Dko P.) ( ). Hence for arbitrary k2 we may rewrite the asymptotic
solution \Ilqg K0 ) (Pas Ta) in the form (B7) with

K (p,) = 8+ x(k0) 222 (A14)
where x(kQ) is a characteristic function, which equals one everywhere except for a small
neighbourhood of kY = 0, and goes smoothly to zero when k2 approaches zero. Thus,
taking into account the factor k?f from the phase volume, the behavior of the numerator
in (K1) in the limit k% — 0 is governed by k%% N, |?

Let us write L(q2; p,,, p,,) as the sum L = L. + L., where L. denotes the integral
over kY over the interior of a small sphere with radius e. L. contains the remaining
integral. Since the latter does not contain the origin k2 = 0, Eg(qg; P, PL) is regular at
¢° = ga1 = qo and can therefore be taken out from under the integral over q in ([4) at
the point q° = q,. The consequence is that at the momentum ¢, = gq1, its contribution
to the optical potential V¢ is ~ O(A,), i.e. of the same order as for g, # a1

However, L.(q%; p,,, p.,) is singular at ¢° = g,1. When performing the k%-integration,
the pole of dyo(go) gives rise to a behavior L.(qY; p,,ph) ~ In(q°? +1i0 — ¢2,) in
the ¢2-plane. 1In order to arrive at this result we singled out from the product

D (p) (Do) Dio (p.ym (Do) the factor | Ny > which is singular at k2 = 0, and ig-
Vopt (as)

nored the rest since it remains finite. Denote by V_ ©

()(q:;wqa;E) that part of

V) (s, do; E) which contains Le(q%; p,, pj) instead of L(q): pa, ph) (cf. (7))
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Substituting In(¢°” 4 i0 — ¢2,) for L.(q°; p,, p.,), and integrating over p, and p.,, gives

O, as d 0 ]. 2 0— 02
Vo) (s i B) 257t [ 282 (9 £70 — 4o ) . (A15)
| 0l QT J(ah — g)? + 0% (ah — ) + 02

When writing down this expression we already took into account that the behavior of

vgﬁjfjj (a)(q;,qa; E) for A, — 0 is defined by the region p,~p! where the product of

the Coulomb distortion factors equals one. The integration region over q¥ in ([ATH)
supposedly consists only of the neighbourhood of q°. ~ q, =~ ¢/,. Comparing with (A1])
(putting there q,, equal to g,1) we conclude that expression (A.17) is less singular at
A, — 0 than (AX]). Hence, in the case of an attractive Coulomb potential V., for

opt (as)

Qo = Qo1 the contribution V(@) )(d4: ai E), and thus also VIO U0 (A, da; E), 18

am,am (g)

finite in the limit A, — 0.
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APPENDIX B:

In this Appendix we evaluate the integral (f7) and extract its asymptotic behavior
for u — 0. Substituting the new variable v = up,, and making use of eqs. 3.761(2) and

8.352(3) of [B]] we obtain

J(u) = 27miu’[[(—4,iuA) — '(—4, —iuA)] =
——[[(0,iud) — (0, —iuA)] Z () m+1( AL (—nmeT™A) . (B)

m=0

z7ru
12

where I'(u, z) is the incomplete Gamma function [BI]. With the help of eqs. 3.761(2),
8.230(1) and 8.232(1) of [BI]| one finds

1)m+1( A)2m—1
(2m —1)2m — 1)

['(0,iud) — T(0, —iuA) = 2isi(ud) = —it + Z (B.2)

where si(z) is the sine-integral. Substitution of (B.d) into (B.I]) leads to the following

asymptotic behavior of J(u) for u — 0:

w0 4T 2m 2
J(u) *0@—371 2+ 3" 54+ Ouh). (B.3)
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