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ABSTRACT

We analyse the global (rigid) symmetries that are realised on the bosonic fields of the
various supergravity actions obtained from eleven-dimensional supergravity by toroidal com-
pactification followed by the dualisation of some subset of fields. In particular, we show
how the global symmetries of the action can be affected by the choice of this subset. This
phenomenon occurs even with the global symmetries of the equations of motion. A striking
regularity is exhibited by the series of theories obtained respectively without any dualisa-
tion, with the dualisation of only the Ramond-Ramond fields of the type ITA theory, with
full dualisation to lowest degree forms, and finally for certain inverse dualisations (increas-
ing the degrees of some forms) to give the type IIB series. These theories may be called the
GL4, D, E and GLp series respectively. It turns out that the scalar Lagrangians of the
E series are sigma models on the symmetric spaces K(FE11-p)\E11—p (where K(G) is the
maximal compact subgroup of G) and the other three series lead to models on homogeneous
spaces K(G)\GxIR®. These can be understood from the F series in terms of the deletion of
positive roots associated with the dualised scalars, which implies a group contraction. We
also propose a constrained Lagrangian version of the even dimensional theories exhibiting

the full duality symmetry and begin a systematic analysis of abelian duality subalgebras.
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1 Introduction

Eleven-dimensional supergravity [[l] occupies the distinguished position of being the highest-
dimensional supergravity theory. It provides a window on the elusive M-theory, which
would describe the strong coupling limits of ten-dimensional string theories [B]. The fact
that M-theory compactified on S' gives rise to the type IIA string can be seen both at
the level of supergravity [[l, B, fl, and in the sigma-model action [{, fj]. In this paper we
shall consider the classical, internal, global symmetry groups of the bosonic sectors of the
various maximal supergravities in dimensions D < 11, which can be obtained from eleven-
dimensional supergravity by toroidal compactification [ff, §]. These Lie groups, discretised
after quantisation, are conjectured to become the duality symmetry groups of the toroidally-
compactified type IT quantum string theories [J]. As is well known, there exists a formulation
of each of these lower-dimensional theories, namely with the canonical (maximal) choice of
field dualisations, in which there is a global E(1;_pyi1—p) internal symmetry [I0, ] f]
Specifically, these symmetries are realised in the theories that are obtained by performing
the toroidal reduction to D dimensions and then dualising any field strength whose degree
exceeds %D. Thus when D is odd, this Fy1_p symmetry is realised on the gauge potentials
and is an invariance of the Lagrangian. In fact the Fq1_p symmetry for odd dimensions in
this canonical choice of fields does not involve any electric/magnetic type of duality at all;
the name duality symmetries is nevertheless widely used.

However, the story is different in even dimensions. In what follows we shall use the term
“strict duality” to mean a continuous symmetry at the level of the equations of motion,
whose Lie algebra generators mix a set of field strengths with their Hodge duals (or with
additional field strengths of the dual degrees). By extension, the duality group has come
to mean the full global internal symmetry even when there is no strict duality at all. We
shall reserve the name dualisation to a discrete Hodge-like duality that exchanges forms
of complementary degrees which appear in two dual Lagrangians with locally equivalent
equations of motion. Actually we propose the name inverse dualisation for this operation
when the degree of the form increases. One of the main questions will be to investigate
the effect of dualisations on the strict and the not so strict duality symmetries. In fact
when D is even, the field strengths of degree %D and their magnetic duals form a single

irreducible representation of F11_p, and so for these fields, the strict duality symmetries

In this paper, the exceptional groups E, will always be in their maximally non-compact form Eny-
For brevity, we shall write them simply as F,. For n < 5 we have Ey trivial, F1 = R, E2 = GL(2,R),
Es =SL(3,R) x SL(2,R), E4 = SL(5,R) and E5 = O(5,5).



can only be implemented locally on the field strengths, rather than on their gauge poten-
tials. Furthermore, only the set of field equations plus Bianchi identities, rather than the
conventional Lagrangians, are invariant (recall the example of electric/magnetic duality in
D = 4). A local implementation of duality on the potentials can only be achieved at the
level of equations of motion by the introduction of additional dual potentials. Typically the
equations then take the form of a twisted self-duality condition [[(]; in this case, the sub-
group of symmetries of the Lagrangian is the parity-even subgroup. We may remark that
the strict dualities use the metric and thus are not really internal symmetries in the usual
sense of commuting with spacetime transformations; there is no absolute Lorentz subgroup
of diffeomorphisms in curved space.

It is natural now to ask whether the process of dualising all the field strengths whose
degrees exceed %D was crucial for obtaining the Fq1_p global symmetry. It was observed in
[[J] that the global symmetries can change, depending on whether or not certain dualisations
are performed. Indeed when D is odd, and the symmetry is realised at the level of the
Lagrangian, it is manifest that the dualisations are necessary for the symmetry to act
locally on the gauge potentials, since we cannot assemble two sets of gauge potentials of
dual degrees into an irreducible multiplet, unless non-local symmetry transformations are
allowed. One might think that this problem could always be circumvented at the level of the
equations of motion, since one’s experience in simple examples such as electric/magnetic
duality in D = 4 is that only the field strengths, and not their bare gauge potentials,
appear there. Indeed, if only the field strengths appear in the equations of motion and the
Bianchi identities, then one could view these field strengths as the fundamental physical
quantities on which the true symmetry transformations should be defined. Then, any
possible dualisation (or inverse dualisation) that continues to allow the equations of motion
and Bianchi identities for a multiplet of field strengths to be written purely in terms of the
(now dualised) field strengths will leave the global symmetry of the equations of motion
unaffected, since the transformations can be implemented as well on the field strengths
of the dualised reformulation. On the other hand, if the result of (inversely) dualising
some members of an irreducible multiplet of equal-degree field strengths is to cause the
unavoidable appearance of bare potentials (i.e. not in the combination of field strengths)
for some of the remaining members of this multiplet in the equations of motion and Bianchi
identities, then the original global symmetry will be modified. Some examples of this
phenomenon are discussed in section 6.3.

In the special case where scalar fields (0O-form potentials) are being (inversely) dualised,



we shall presently show that the first loss of global symmetry follows the loss of these
scalars, because their constant shift symmetries disappear too, or rather, the corresponding
group action becomes trivial in that sector: it is no longer faithful. The action of the
global symmetry group is a nonlinear realisation on a homogeneous space but after the
dualisation the rigid symmetry is partially transmuted to a local gauge type symmetry. As
the dualisable scalar potentials appear only through their field strengths and even though
these do not mix with bare potentials under the symmetry, the global invariance is already
reduced prior to dualisation if one looks only at its action on the (1-form) field strengths.
Note that the mere fact that the equations of motion and Bianchi identities involve a
particular field only via its field strength is no guarantee that this field can be dualised. A
classic example of this is the 4-form field strength in eleven-dimensional supergravity, which
apparently cannot be covariantly dualised to a 7—f0rm.ﬁ In fact the question of whether or
not a particular field can be dualised must be studied at the level of the Lagrangian; the
possibilities for dualisation are not enlarged by looking instead at the equations of motion.
At each stage of the dualisation process, a sufficient condition for dualisability of a given field
is that it should appear in the action purely through its field strength. (Here, and generally
in these discussions, when we say that a field or rather a collection of fields appear via their
field strengths, we mean that this can be achieved after some field redefinitions and/or
integrations by parts.) The above considerations lead to the following observations on how
the dualisation of fields can affect the global symmetry. If an irreducible multiplet of fields
appear in the Lagrangian purely via their field strengths, then the dualisation of any subset
(proper or improper) of these fields is possible, and it will not affect the global symmetry of
the corresponding equations of motion. The criterion for dualisability of a subset of fields
in an irreducible multiplet becomes more complicated if some of the fields in the multiplet
require the appearance of bare potentials in the Lagrangian, and we shall not attempt an
exhaustive discussion of this issue here. In any case, the general statement about the global
symmetry is that if it is to be implemented with a finite number of derivatives on the
potentials for the fields of an irreducible multiplet, then all the potentials must have the

same degree, in other words dual degrees are forbidden. If instead the symmetry is to be

2In terms of the 4-form Fi4) = dAs,, the field equation is d * F4) = Fi4y A F4y and the Bianchi identity
is dF4y = 0. To rewrite the field equation as a Bianchi identity we must define F(7) = *F4) — Aiy A Flay,
giving dF(7y = 0. However its field equation is d * F(zy = —d * (A@) A Flay), which cannot be recast into a
local equation involving only F(7). A more naive approach would be simply to define F(4y = xF(7), giving
dx Fy = 0 and dF7) = (xFny) A (%F(7)). This does not work either, since the latter equation cannot be
interpreted as a Bianchi identity that is solved in terms of a gauge potential A by writing Fi7y = dA@)+- - -



implemented only on the field strengths (necessarily in the equations of motion), then all
the members of the multiplet must appear in the field equations and Bianchi identities only
through their field strengths. If the result of dualisations is to make it that neither of these
conditions is satisfied, then the original global symmetry prior to the dualisations will be
broken.

The fact that the global symmetry can depend on the choice of dualisation [[[J], and the
fact that not all dualisations are possible, are both consequences of the occurrence of non-
linear terms in the D-dimensional Lagrangian. These terms have two origins, namely the
Fuy NFuy N Ay term in the original eleven-dimensional Lagrangian, and the non-linearity of
the eleven-dimensional Einstein-Hilbert action. The latter implies that modifications to the
field strengths in lower dimensions will arise in the Kaluza-Klein reduction process. These
are sometimes called “Chern-Simons modifications,” but the term is really a misnomer since
they actually come from the separation between the gauge transformations originating from
diffeomorphisms along the compactified directions and the other gauge symmetries. In this
paper they will be called Kaluza-Klein modifications. In order to investigate these issues in
more detail it is convenient to divide the discussion into two parts, namely for the subsector
comprising the scalar fields, and then the remaining sectors involving the higher-degree field
strengths.

In any dimension D > 6, the scalar sector of the D-dimensional theory that is obtained
by dimensional reduction from D = 11 is unambiguous, since no dualisations of the higher-
degree forms can give rise to additional scalars[] In these cases, the scalar sector of the
Lagrangian has an E11_p symmetry. In D = 5,4, 3, on the other hand, the field content of
the scalar manifold depends upon which 4-form, 3-form or 2-form field strengths respectively
one chooses to dualise, since these will give additional contributions to the scalar sector. The
FE11_p global symmetries are achieved in these dimensions if one dualises all such higher-
degree fields, so as to maximise the total number of scalars. If the full set of dualisations
is not performed, then the global symmetry of the scalar sector is altered. This is because
the F11_p symmetry can only be expressed as transformations on the scalars themselves,
and not on their “1-form field strengths.” (Some of the Ej;_p transformations would act
through non-local functions of higher-degree fields if these were not dualised to scalars, and

some would simply disappear together with the axions[])

3Later though we shall consider the inverse possibility of dualising existing scalars to (D — 2)-form

potentials; this we call an inverse dualisation.
“In this context, we are defining an axion to be any scalar field other than the dilatons which come from

the dimensional reduction of the diagonal components of the metric. The dilatonic scalars are the moduli



In the Kaluza-Klein reduction of a generic higher-dimensional theory, the global sym-
metry of the scalar sector may not necessarily extend to the higher-degree sectors of the
reduced theory. In fact it is only because of special features of eleven-dimensional super-
gravity that its dimensional reductions allow the global symmetries of the scalar manifolds
to be extended to the full dimensionally-reduced theories including the higher-degree fields.
For example, omitting the F(,) A Fiy A Ay term in D = 11 (or even just changing its co-
efficient) would not affect the Ej;_p symmetry of the scalar sector in D > 6, but it would
prevent its extension to the higher-degree fields. Even for D = 11 supergravity itself, the
entire dimensionally-reduced theories may only exhibit the global symmetries of their scalar
sectors if appropriate dualisations of higher-degree field strengths are also performed. For
example, in D = 6 the F5 = O(5,5) symmetry of the scalar sector only extends to the entire
theory if the 3-form gauge potential is dualised to give an additional vector, which, together
with the 15 that are already present, can form a 16-dimensional spinor representation of
O(5,5). This is an example where bare Kaluza-Klein vector potentials inevitably appear
in the original undualised formulation obtained by direct dimensional reduction, even at
the level of the equations of motion (see section 6.3). Consequently, only by dualising the
3-form potential can the O(5,5) symmetry be realised in terms of transformations that in-
volve purely local functions of fields, namely on the 16 vector potentials. Thus it should be
emphasised that in this example, even at the level of the equations of motion, the O(5,5)
symmetry cannot apparently be realised unless the dualisation of the 3-form potential has
been performed. We should however point out that the dualisation can be effected in two
ways: either by adding a Lagrange multiplier for the Bianchi identity (this indeed requires
that no bare potential appears in the Lagrangian) or else by using a first order formalism
of the classical type, with field and potential considered as independent variables, and in-
tegrating out the potential first. Note that the reverse dualisation exchanges the two types
of procedures, and that for instance the Freedman-Townsend dualisation from 2-form po-
tentials to scalars, leading to a sigma model in four dimensions, can be effected despite the
presence of bare 2-forms [[L3].

There are also examples where dualisations of higher-degree fields are not obligatory in
order for the global symmetry of the scalar manifold to extend to the entire theory, at least
at the level of the equations of motion. For example, the global E4 = SL(5,R) symmetry
of the scalar sector in D = 7 can be realised at the level of the equations of motion in

the entire theory regardless of whether or not the 3-form potential is dualised to a 2-form

parametrising the size of the compactifying space.



potential. This is because the 3-form potential, together with the four 2-form potentials of
the original undualised theory, can all be made to appear in the Lagrangian only via their
field strengths. Consequently, there will never be bare potentials in the equations of motion
or Bianchi identities, and the set of 1 + 4 field strengths will transform as a 5 of SL(5,R),
regardless of whether or not the dualisation has been performed.

In this paper we shall analyse the rigid symmetries that are realized on the bosonic fields
of the various lower-dimensional maximal supergravities. Each such theory is obtained from
eleven-dimensional supergravity by toroidal compactification to D dimensions, with the
possible subsequent dualisation of some subset of the fields. A striking regularity is exhibited
by the series of theories obtained respectively by making no dualisations; with dualisations
of the so-called Ramond-Ramond fields of the type ITA theory; with full dualisation to lower
the degrees of all forms; and from there finally by inverse dualisations (raising the degrees
of certain forms) to the type IIB series. We shall call these theories the GL4, D, E and
GLp series respectively. This is only a subset of the large number of classical forms of
the theory. It turns out that the scalar Lagrangians of the E series are sigma models on
the symmetric spaces K(F11-p)\F11—p (where K(G) is the maximal compact subgroup
of G), while the other three series lead to models on homogeneous spaces K(G)\GxXR?,
where s is the dimension of a certain linear representation of G. In fact, the E series can
be used as a means of generating the other three series by performing appropriate inverse
dualisations of some of its axionic scalar fields. The reason for this is that, as will be
shown in section 4, the axionic scalars in the fully-dualised supergravities are in one-to-one
correspondence with the positive roots of the E1;_p algebra [[4]. In fact we exploit this
to give a simple (triangular or Borel) parameterisation of the K (F11_p)\F11-p cosets for
the scalar manifolds, in which the axionic scalars are the parameters in the exponentiation
of the positive roots, while the dilatonic scalars are the parameters in the exponentiation
of the Cartan generators. Let us recall three equivalent formulations of symmetric space
sigma models. One possibility is to work in a fixed gauge for the subgroup K(G) and use
a triangular representative of each coset (permitted by the Iwasawa decomposition); this
amounts to using group elements in a Borel subgroup (morally the upper triangular part
of the group). The Borel subgroup itself contains the Cartan subgroup times the strictly
upper triangular subgroup called below the group of positive roots. The second possibility
is to restore the K(G) local gauge invariance; this form is manifestly invariant under the
full global G and not only under its Borel subgroup; the scalar fields (physical and gauge)
parameterise, before gauge fixing, the full group G. Finally if we recall the analogy with the



moving frames of General Relativity [[[(], we may use the (local Lorentz invariant) metric
instead of the frames and then preserve manifest GL(4,R) invariance without introducing
the Lorentz gauge invariance. Analogously, we shall use an internal metric M instead of
an element of the group G; this will be the third formulation of the symmetric space sigma
models.

The inverse dualisation of some of the axions appearing in the E series now has the effect
of removing the associated positive-root generators from the parameterisation of the coset.
For the GL 4 and D series, these dualisations involve the subsets of positive roots at the
second level according to the grading of the root space of the E11_p Lie algebra along the
appropriate simple root (except in D = 3, where the scalars associated with both the third
and second level positive roots must be dualised for the E to GL4 contraction). For the
GLp series, the construction involves dualising some scalars associated with commuting
positive root vectors selected by an appropriate double grading along two of the simple
roots. A similar inverse dualisation for a fourth simple root relates Fi1_p and Ei9_p.
The generators corresponding to the highest level that has not been inversely dualised will
consequently now commute. (This means that they could in turn be inversely dualised; we
discussed this further in a second paper [B]). The commutativity of a set of generators and
an Iwasawa type formula lead to the property that the corresponding scalar fields can be
simultaneously covered with derivatives in the sigma model scalar Lagrangian, and hence
can be dualised.

As stated earlier, in order to specify the classical theory under consideration one should
not restrict oneself to the scalar sector alone but one must also specify the dualisations
implemented on higher-degree fields, which exchange degree p > 2 field strengths with
those of degree D — p. Once again, the Coxeter-Dynkin diagrams of the E series seem to
contain all the information on the four specific nodes corresponding to the simple roots
alluded to above (in any dimension for our four series). The general situation is now more
difficult to summarise than in the above discussion of abelianisation in the scalar sector.
The possibility of dualisation involves the simultaneous existence and use of involutions of
the Dynkin diagram of SL(11 — D,IR) and of that of, for instance, F1;_p for the E series;
they respectively exchange covectors (i.e. 1-forms) and vectors (i.e. (D — 1)-forms) and the
corresponding representations of the internal symmetry, and similarly for forms of arbitrary
degrees. We shall explain these features in the second paper of this series.

The paper is organised as follows. In section 2, we obtain the bosonic sector of the

D-dimensional supergravity following directly from the dimensional reduction of eleven-



dimensional supergravity. We show that these non-dualised theories have global GL(11 —
D,R)xIRY global symmetries, where ¢ = (11 — D)(10 — D)(9 — D). In section 3, we
study the cases D = 5,4 and 3 where the full dualisations of all (D — 2)-form potentials are
performed, so as to obtain the maximal numbers of scalars. We show that the symmetry
of the scalar Lagrangian is changed by this dualisation. In particular, we show that the
symmetry group contains the Borel subgroup of Ey;_p and that the dimensions of the
maximal abelian symmetries are in each case reduced by the dualisation. In section 4,
we study the coset structures of the scalar Lagrangians, and their symmetries. We show
that the scalar Lagrangians for the fully-dualised E series, where the number of scalars is
maximised, have E11_p global symmetries for 3 < D < 10. When the dimensional reduction
in section 2 is performed by iteratively repeating the D + 1 to D dimensional reduction,
the scalars are precisely the parameters of the generators of the Borel subgroups. In other
words, the triangular gauge is always the simplest, and the Borel invariance is the most
obvious symmetry.

The symmetric space will be replaced by a double coset in the cases where certain
axions associated with some abelian positive roots are undualised or simply have not been
manufactured by dualisation. This provides some group theoretical understanding of the
dualisation procedure involving scalar fields, and is discussed in section 5. Actually this
leads to a situation where the scalar fields take their values in a double coset space on which
the normaliser of the suppressed generators still acts transitively.

In section 6, we show that the symmetries of the scalar sectors of the maximal super-
gravities can be extended to the entire bosonic theories including the higher-degree field
strengths, which form linear representations of the symmetry groups. We discuss this
in detail in the fully-dualised F series, and show that the toroidally-compactified eleven-
dimensional supergravities have E11_p global symmetries after the full dualisation. Our
discussion will be simplified, and the full details are postponed to our second paper in this
series. We shall also discuss in this section how dualisations of higher-degree field strengths
can affect the symmetry group of the full Lagrangian. In section 7, we study a particular
case where all the R-R fields are dualised to lower degrees while the NS-NS fields remain
intact. In section 8, we study the abelian global symmetries in the various versions of
the supergravities. We show how the abelian constant shift symmetries can be grouped
into maximal abelian subsets of abelian IR symmetries of the positive-root systems for the
theories. In section 9, we study type IIB supergravity and its dimensional reduction. In

particular, we are interested in the versions where no dualisations are performed. We con-



clude our paper in section 10. We also present the full bosonic Lagrangian following from
the direct reduction of eleven-dimensional supergravity in Appendix A. In Appendix B, we
present a scalar Lagrangian with SL(2,IR) global symmetry and study how the symmetry
is affected by dualisation. Appendix C contains a discussion of scalar Lagrangians with

O(n,n) global symmetries, and their application in supergravity theories.ﬁ

2 Direct reduction of D = 11 supergravity and symmetries

In section 2.1, we shall discuss the toroidal dimensional reduction of eleven-dimensional
supergravity to D dimensions. In the cases where none of the D-dimensional fields are du-
alised, we shall show in section 2.2 that there is a global GL(11— D, R) xIR? symmetry, where
q= %(11 —D)(10-D)(9— D) ={0,0,0,1,4,10,20,35,56} in D = {11,10,9,8,7,6,5,4,3},

and the x symbol denotes a semi-direct product.

2.1 Dimensional reduction of 11-dimensional supergravity

The bosonic sector of eleven-dimensional supergravity contains the metric and a 4-form

field strength F,) = dA). The Lagrangian is given by [

The subscripts on the potential A and its field strength F,) = dA;, indicate the degrees
of the differential forms, and the normalisation is that of [l§]. Note that the relative
coeflicient % of the FF'A term is inert under compatible rescalings of the gauge potential
and the metric, in the sense that rescalings that preserve the ratio of the coefficients of the
Einstein-Hilbert and gauge-field kinetic terms also keep the coefficient of F'/F A in the same
ratio.

This rigid rescaling, which changes the entire action homogeneously, is given by
gun — A2 gun Aynp — AP Anvnp - (2-2)

Since it gives a homogeneous rescaling of the action, it is a symmetry of the equations of
motion. It can alternatively be viewed as an engineering scale invariance of the eleven-
dimensional classical equations, as a consequence of the fact that there is just one overall

dimensionful coupling constant, which sits in front of the entire eleven-dimensional action.

5This analysis as well as that of sections 6.2.2 and 6.3 was inspired by an ongoing research program
of one of us (B.J.) on the important differences between 4k and 4k + 2 dimensional spacetime. The next
most obvious one beyond the duality properties, namely the change of sign in the Schwinger-Zwanziger

quantisation formula, has since then been studied in detail in @, @]



We shall reduce the theory to D dimensions in a succession of 1-step compactifications
on circles. At each stage in the reduction, say from (D + 1) to D dimensions, the metric is

reduced according to the standard Kaluza-Klein prescription
ds? = e**ds? + e~ 2D=2)0% (dy + A)? (2.3)

where the D dimensional metric, the Kaluza-Klein vector potential A, = A, dz™ with
M = 0,1,...,D and the dilatonic scalar ¢ are taken to be independent of the ignorable
coordinate z on the compactifying circle. The constant « is given by a=2 = 2(D—1)(D —2),
and the parameterisation of the metric is such that a pure Einstein action is reduced again
to a pure Einstein action together with a canonically-normalised kinetic term for ¢ and a

dilated kinetic term for F,) = dA):

eR—eR— je e~ HPDaw .7-"(22) — 1e(09)* . (2.4)

Gauge potentials reduce according to A, (x, z) = A, (z)+ A1) (z) Adz, implying that

a kinetic term for an n-form field strength F{,, reduces according to the rule:

L €F2 . _L ee—2(n—l)o¢<p 2 1 ee2(D—n)o¢<p 2

Copl ™ 2n! ™2 (n —1)! (n—1) (2.5)

There is a subtlety here in the definition of the dimensionally-reduced field strength
F\,,), which is most easily seen by working with the adapted (“triangular”) vielbein of [L]]
and tangent space (flat) indices, since this facilitates the computation of the inner products
in the kinetic terms and in fact uses the bundle principal connection. From the ansatz for

the reduction of the gauge potential we have
F(n) — dA(nfl) + dA(,,L,Q) A dZ - dA(nfl) - dA(,,L,Q) A A(l) + dA(n,Q) VAN (dZ + A(l)) . (26)

Thus while it is natural to define the dimensionally-reduced field strength F{,_,, by F{,_,, =
dA,—»y, we shall define F|,,) by F|,, = dA(,_1) —dA,_2 AN Agy; it is this gauge-invariant field
strength that appears on the right-hand side of (.§). Note that this makes the meaning
of the symbol F' dimension-dependent. In Appendix A the plain exterior derivative of a
potential A is called F, tildes are also used here and there for different purposes when there is
no ambiguity. Similar non-linear Kaluza-Klein modifications to the lower-dimensional field
strengths become progressively more complicated as the descent through the dimensions
continues. These definitions are analysed further in Appendix A.

It is not too difficult now to apply the above reduction procedure iteratively [[L], to

construct the D-dimensional toroidally-compactified theory from the eleven-dimensional

10



starting point. It is easy to see that the original eleven-dimensional fields g,y and A, np

will give rise to the following fields in D dimensions,

gun T Gun , o, 21) ) Eo)j )

A(a) B A(g) > A(z)i ) A(m‘j s A(o)z’jk s (2-7)

where the indices i, j, k run over the 11 — D internal toroidally-compactified dimensions,
starting from ¢ = 1 for the step from D = 11 to D = 10. The potentials A;; and A gy;jk
are automatically antisymmetric in their internal indices, whereas the 0-form potentials
Afo) ; that come from the subsequent dimensional reductions of the Kaluza-Klein vector
potentials Aﬁl) are defined only for j > i. (Note that in the standard notation, the set
of potentials (A )i, Anyij, Ayiji) correspond to (Auui, Auij, Aiji). The quantity gg denotes
the (11 — D)-vector of dilatonic scalar fields coming from the diagonal components of the
internal metric.

The detailed expression for the Lagrangian for the bosonic sector of the D-dimensional
toroidal compactification of eleven-dimensional supergravity is presented in Appendix A.
Note that at this stage the Lagrangian is simply the one obtained directly from dimensional
reduction, without performing any dualisations. In the next subsection, we show that this

Lagrangian has a GL(11 — D,R)xIR? global symmetry.

2.2 No dualisation and GL(N,R)xIR?

The SL(N,IR) part of the global symmetry is a completely general consequence of the
dimensional reduction to D dimensions of any (D + N)-dimensional theory that includes
gravity [LJ]. In order to implement an internal IR symmetry from the last generator of
GL(N,R), D must be strictly larger than 2. There is a subtlety here, namely the effect of
the Weyl rescalings that are needed in order to go to the so-called Einstein frame. The R4
part of the symmetry, on the other hand, comes from the local abelian gauge symmetry of
an antisymmetric tensor field strength in the original (D + N) dimensions. Specifically, it
describes the global shift symmetries of the axionic scalars that are the potentials for 1-form
field strengths coming from the dimensional reduction. This GL(N,R)xIR? symmetry can
be discussed in any dimension. Let us consider a theory in (D + N) dimensions, containing
a metric, a dilaton ¢ and a degree n antisymmetric tensor field strength F,, = dA,_1. This

theory is invariant under the general coordinate transformations

5$M = _5M($) ) 5¢ = é.Manb )
5AMl---Mn,1 = fMaMAM1~~~Mn4 + (n - 1) a[MlfMA\MWz---Mn,l] . (2’8)

11



Now, we compactify the theory to D dimensions, splitting the index a» into a D-dimensional
index p and an N-dimensional internal index i, with coordinates z* and 3’ respectively,
i.e. ¥ = (a#,y'). We then impose the toroidal Kaluza-Klein condition that all the D-
dimensional fields are independent of the compactifying coordinates 3*, namely 0;¢ = 0 =
0iAny,...mn_1 = 0. Note that the Kaluza-Klein ansatz requires that the transformed fields
should also be independent of 3¢, implying that 8;¢# = 0, aiaugj = 0 and (%(%fk = (0. These

equations have the solution
gr=ea), &€=N;y +&(Y), (2.9)

where the A’ ; are constants. The resulting transformations imply the following symmetries

in D dimensions:

ozt = —¢H(x) , reparameterisation invariance in D dimensions ,
oyt = —€(x), local RY invariance , (2.10)
dy' = —A';y, global GL(N,IR) invariance .

In the sector with ignorable internal coordinates we cannot distinguish the compactifi-
cation torus from IRY, but the massive excitations would not transform under GL(N, R).
Note that the naive GL(N,R) ~ R x SL(N,R) is to be combined with the rigid rescaling
(B-2) to become an internal symmetry (i.e. one that leaves the metric invariant). Indeed
the plain IR symmetry rescales the volume of the compactifying space, and must be com-
bined with the rescaling (.2). This defines a new internal scaling symmetry which we call
R;. The SL(N,IR) however leaves the volume fixed; this corresponds to the restriction
>, A% = 0. In particular, from (2:§) we find that SL(IN,IR) acts on internal world indices

on fields according to the rules
§A; =N A, VIi=-A; VI (2.11)

In the above discussion, we showed that the internal part of the (D + N)-dimensional
reparameterisation invariance describes a SL(N, IR) global symmetry from the D-dimensional

point of view. There is in addition a local gauge symmetry in (D + N) dimensions, namely
5A1V11“‘1V1n71 = (n - 1) 8[1\11)\A12~~~1V1n71] . (212)

This gives rise to local gauge symmetries for the dimensionally-reduced gauge potentials

Appyan,,_, With one or more D-dimensional spacetime indices. In the case of the N!/((n —
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1)I(N —n+1)!) 0-form potentials, or axionic scalars, however, only global shift symmetries
remain. To see this, we note from (R.13) that the transformation rules for the axions are
given by

5Ai1~~~in,1 = (n - 1) 8[“)\ (2.13)

ig-in_1] -
In order for these variations to be nonzero and for (2.13) to be independent of the inter-
nal coordinates y’, we must have A\j,..i, | = Ciy.in_1j ¥’, Where ¢;y..;, ,; is any constant
antisymmetric tensor, giving

6Ai1~~~in,1 =Cjy-ip_q - (2.14)

Thus the D-dimensional theory has also an IR? symmetry, with ¢ = N!/((n—1)/(N —n+
1)!). Clearly these IR symmetries commute with each other, since they are derived directly
from the abelian gauge symmetry in (D+ N) dimensions. However they do not all commute
with the GL(N, R) symmetries, since the axions A;,...;, , also transform (covariantly) under

GL(N,IR). This can be seen from the commutation relations
[0c,00] = 0z , Cireviin_y = (0 = D)N' 1, Clifigevin 1] - (2.15)
where the GL(N,R) transformations parameterised by A’ j are given by
[0x,6x/] = 63 Ay = N N* = A A (2.16)

(Examples of fields with upstairs, contravariant world indices have not arisen yet in our
discussion, but we shall encounter them later.) As a matter of fact note that, from the
general coordinate invariance of the 1-forms 7%, (dy’ + A{D) = dy' + Afo) jdyl + Afl), we

deduce that the axions A?

(0y; must transform inhomogeneously as

SAL =N+ AR AL (2.17)

under SL(N,IR), while the 1-forms A{, are inert. In Appendix A this rule is derived from
a careful distinction between tangent and spacetime (internal) indices. fl{l) and 7/; (the
inverse of 4) do transform as vectors under SL(N,IR).

Let us now apply the above discussion to the dimensional reduction of eleven-dimensional
supergravity, for which we have n = 4 and N = 11 — D. Thus the D-dimensional theory
(without any dualisation) has a global symmetry GL(11 — D,IR)xR?, with ¢ = %(11 —
D)(10 — D)(9 — D).| Tt should be emphasised that GL(11 — D,R)xIR? is a symmetry

SNote that for all dimensions D > 3, we could (inversely) dualise all the p axions A)ijx to (D — 2)-form

gauge potentials, since these axions may be all simultaneously covered by derivatives everywhere in the

Lagrangian. The resulting theory would then have only a GL(11 — D,IR) global symmetry. In this and the
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at the level of the Lagrangian that is derived from direct dimensional reduction without
any dualisation. In the process, we also make use of Weyl rescalings so that all the lower
dimensional Lagrangians are written in the Einstein frame. This rescaling modifies the
R part of GL(11 — D,IR) = R x SL(11 — D,R), which becomes as a result an internal
symmetry (IRs). This is the first instance of a hidden symmetry. It can be traced back to
the eleven-dimensional action, which is invariant up to a factor under engineering rescalings,
as well as (and equivalently) under Weyl rescalings of the metric coupled to appropriate
multiplicative redefinitions of the 3-form. The next hidden symmetry arises in D = 8, for
which the R factor becomes SL(2,R). In dimension D = 7 and below, the obvious and
the hidden internal symmetries combine to form a simple group.

In this paper, we obtain lower-dimensional supergravities by iteratively applying the
D + 1 to D dimensional reduction. This has the effect that the manifest SL(11 — D,IR)
symmetry is reduced to the Borel subgroup, generated by the positive-root generators of the
group, with infinitesimal transformation parameters Aij that are non-zero only for i < j,
i.e. they are upper triangular matrices.

As we shall show in section 4, in the cases D > 6 the global symmetry of the theory can
be extended to E11_p, provided that certain higher-degree fields are dualised appropriately.
In fact the scalar Lagrangian in D > 6 already has the full F11_p global symmetry, and the
GL(11 — D,R)xIR? symmetry described above is a subgroup of it. The fact that the extra
scalars are internal 3-forms is reflected by the fact that the extra root of the Fq1_p group is
above the third root of the GL(11 — D, R) subgroup that corresponds to the highest weight
of that particular internal GL(11 — D,IR) representation. Note that in D > 6 the number
g ={0,0,1,4,10} of R symmetries for D = {10,9,8,7,6} never exceeds the dimension of
the maximal abelian subalgebra of the group E11_p corresponding to the fully-dualised
theory, namely {1,2,3,6,10} [L7].

The situation is different when D < 5. In these lower dimensions, the theory contains
(D — 2)-form gauge potentials which can be dualised to give rise to additional axionic
scalars. Before any such dualisation is performed the theory has a GL(11 — D,IR)xIR?
global symmetry, which can be enlarged to F11_p only after performing certain necessary
dualisations. At first sight this is rather counter-intuitive, since one might expect that at the

level of the equations of motion dualisation should have no effect on the global symmetry of

next sections, we shall concentrate only on those D-dimensional Lagrangians that are direct dimensional
reductions of eleven-dimensional supergravity and the ones obtained from these by the dualisation of the
4-form, 3-form or 2-form field strengths to axions in D = 5, 4 or 3 respectively. We shall also discuss the

dimensional reduction of IIB supergravity in D = 10, without performing any dualisation.
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the theory. Indeed this is true for the dualisations of fields that appear in the Lagrangian
only via their field strengths, since, as we discussed in the Introduction, in such cases the
field strengths rather than their potentials can be treated as the fundamental fields in the
equations of motion. However, in the case of scalar potentials some transformations act
on the scalars themselves and not on their derivatives, and so the global symmetry will be
altered if any of the scalars are dualised to (D — 2)-form potentials. An explicit example
of a scalar Lagrangian with SL(2,R) symmetry is discussed in Appendix B.1, to illustrate
how the dualisation of the axion alters the symmetry. In the case of supergravities in
3 < D < 5, the global symmetry analysis is more complicated. One way to see that the
undualised theories do not have the global EFj;_p symmetry is to look at the maximal
abelian IRY symmetries in the two versions. In the undualised versions we have certainly at
least IR?, IR? and IR?® abelian symmetries in D = 5, 4 and 3, whose dimensions exceed that
of the maximal abelian subalgebras of Eg, E7 and FEg, namely 16, 27 and 36 respectively.
(The latter dimensions have been determined in [[[7] by educated inspection.) In the next
section we shall show explicitly how the IR? symmetry changes under the dualisation, in

each of the dimensions D = 5, 4 and 3.

3 Dualisation and the maximal scalar manifolds in D = 5,4, 3

In the previous section, we showed that the D-dimensional supergravities coming from
direct dimensional reduction of eleven-dimensional supergravity without any dualisation
have GL(11 — D, R)xIR? global symmetries, where ¢ = (11 — D)(10 — D)(9 — D). The
transformations are realised on the gauge potentials, and thus correspond to symmetries of
the Lagrangian (hence of the equations of motion). In fact in D > 6, the Lagrangian for
the scalar sector actually has an Fq1_p global symmetry (see section 4), which contains
GL(11 — D,IR)xIR? as a proper subgroup in 6 < D < 8. (In D > 9, the groups GL(11 —
D,R) and Ej;_p coincide.) It is possible to extend the Ej;_p symmetry of the scalar
sector to the full theory, when appropriate dualisations of higher-rank fields are performed.
In dimensions 10 and 9 the only subtle symmetry is the modified IRs generator coming from
GL(N,R), but from dimension 8 on we encounter the Ehlers miracle of an extra SL(2,IR)
factor (the name comes from the analogous phenomenon in ordinary General Relativity
reduced to 3 dimensions). In both cases this extra symmetry involves dualisation of gauge
forms. We shall return to this in section 6.

In D = 5,4,3, the scalar Lagrangian coming directly from the dimensional reduction

of the eleven-dimensional theory has only the GL(11 — D,IR)xIR? symmetry described

15



above. This is also true at the level of the equations of motion. The extension to Ei1_p
is possible only when all the 3-form, 2-form or 1-form potentials respectively are dualised
to give additional scalars. This is because the E11_p symmetry of the dualised formulation
must be implemented on the scalars (0-form potentials) themselves, rather than on their
derivatives. We shall use the term maximal scalar manifold to refer to this situation where
the number of scalar fields is made as large as possible. Recall that in 3 < D < 5 the
GL(11 - D,R)xIR? symmetry is not contained in F1;_p as we have seen by observing that
the R? = {IR?°,IR3®, IR} abelian factors are larger than the maximal abelian subalgebras
{IR'6 IR?", R} of {Es, E7, Es}. Thus the fully-dualised and undualised formulations of
the theories have inequivalent global symmetries, neither of which encompasses the other.
We shall now explicitly perform the dualisations of the (D — 2)-form potentials to give
rise to additional scalars in each of the dimensions D = 5, 4 and 3, and show how the global
symmetries are altered. Note that when we dualise all the (D — 2)-form potentials, the
GL(11 — D,IR) symmetry is preserved in each case, now becoming a subgroup of the full
enlarged F11_p symmetry. There are also other possibilities, in which we may choose to
dualise only a subset of the (D — 2)-forms. For example, we might dualise only those fields
which, from the type ITA string point of view, are associated with the Ramond-Ramond
sector [[). In this case, the GL(11 — D,IR) symmetry is broken. We shall discuss this in

detail in section 7.

3.1 Dualisation in D =5 supergravity

In D = 5, the 3-form gauge potential A,,,, which comes from the dimensional reduction of
the 3-form in D = 11, can be dualised to give a scalar field. As in the case of the SL(2,R)
example in Appendix B, an additional IR symmetry is then created, corresponding to a
global shift symmetry of the new scalar field, since it can be covered by a derivative every-
where in the Lagrangian. Naively, one would expect, as in the case of the SL(2,R) example,
that the dualisation procedure would always increase the dimension of the commuting R
symmetries, since we have obtained new scalars that can be covered by derivatives every-
where. However, in the present case there is an additional term in the scalar Lagrangian,
coming from the dimensional reduction of Lrp4 in D = 11. Without this additional topo-
logical term, the analysis would indeed be analogous to the SL(2,IR) example in Appendix
B, and we would have a dualised theory in which the IR?* symmetry of the original 0-form

gauge potentials of the undualised theory was enlarged to IR?°T!. Let us look in detail at
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the Lagrangian involving F,) = dA) +--- in D = 5, given by
L(Fu) =—153 Lee™ F, 31) 171286 'kt Ayijk OuAyemn Fupon et (3.1)

where the second term comes from the Lppy terms (A.16) and @ is defined in Appendix
A. If no dualisation of A, were to be performed, we could add a topological surface term
so that all the 20 axions A ;;r would be simultaneously covered by derivatives, implying
an abelian R?° symmetry. But in order to dualise A, we first introduce a Lagrange
multiplier x to impose the Bianchi identity dF(,) = 0+ ---, by adding the term xdF|, to
the Lagrangian (in order to construct the scalar Lagrangian we may neglect the difference

Fy — dA). This leads to the first-order Lagrangian

‘C(F(4)) 8eea ¢ F(i) 17286 gliktmn A(O)ija A(O)ZmnFupcrA PR 4 ﬁe X e 8uFupo)\ .
(3.2)
Integrating by parts, we have

ﬁ(F(4)) —18 ee” ¢ F(%) 24e e, vpoA (8MX A0)ijkOuA 0yemn 73 Ewkémn) ) (3.3)
from which we can solve algebraically for F{,, giving
urpor (90X = A igh® Ayimn €7 . (3.4)
Thus after the dualisation of A ), the Lagrangian (B.1) becomes

—a ¢G2

L= o s (3.5)

2

where

Gy = dx — 75 Awijk dAemn €75 (3.6)

is the 1-form field strength dual to Fi,), i.e. Fiy = e—T9 4 G ). Note that the dualisation
has the effect of reversing the sign of the dilaton coupling @. We see that the R?® symmetry
8Ayijk = ¢iji of the original Lagrangian (B.J]) (under which all the other original axions

were inert) becomes

5A(o)z’jk = Cijk ox =k+ 7—126ijk A(o)zmn Eijmmn ) (3-7)

where k is the constant shift symmetry associated with y. Under the rescaling symmetry R,
(55 = %u g, where g is defined in Appendix A, and 0A);x = —%,u Aoyijr, and dx = —px.
These transformations leave the Lagrangians (B.d) and (B.3) invariant. Thus the original
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R?° symmetries no longer all commute once we consider the transformations of the new

scalar x. Indeed we have

[50,55/] = 5k , k = ?,l_ﬁclijk Comn Eijkémn ’
(G 00) =07, k=pk, (3.8)
[0us0c] =0y Chjp = 3HCijk

The first line of (B.§) implies that there are now only 10 commuting IR symmetries. Note
that the factor 1/36 is purely combinatorial and would correspond to a one if one were to
order the indices of ¢;;z. Without loss of generality, the R symmetry may be taken to
correspond to the parameters c,g6, where we have split the index ¢ into i = (o, 6), with
a =1,...5. The original abelian global IR?° symmetry of the original Lagrangian (B-2) for
F\, therefore becomes non-abelian in general, with an abelian R left, after the dualisation
that replaces F,) by G(). Note that the reduction of the abelian symmetry R?® — R1! is
already seen in (B.3) at the stage when the Lagrange multiplier x is first introduced, even
before the field F|,, is eliminated using its algebraic equation of motion. In this first-order
formulation, F},,,, is no longer viewed as a field strength; rather it is an auxiliary field that
can be integrated out to give rise to the dualised Lagrangian (B.§), and this route to the
dual action forbids bare potentials A,,,,.

So far we have restricted our discussion only to the Lagrangian for the 4-form field
strength. As we discussed earlier, before dualisation the symmetry group of the full
scalar Lagrangian is GL(6,IR)xIR?°. There is in fact a maximal abelian IR? subalgebra
in SL(6,IR), but this symmetry does not commute with the IR?°. After dualisation, we
see that the commuting IR?® symmetry is reduced to IR'?, because of the Lrp4 terms.
This raises the possibility that some of the IR? symmetry in SL(6,IR) might commute with
the remaining IR'® symmetry. To see that this indeed occurs, let us denote the SL(6,IR)
transformation parameters by A’;. Since the axions Aoyijr transform covariantly under

SL(6,IR), we have

[0n,60] = 6, Ay = N A% — N A

[0c,05] = 0z, Gijk = 3N e - (3.9)
It is straightforward to verify that (B.§) and (B.9) generate the complete Borel subalgebra
of Eg, (restricting the algebra of SL(6, R) to its Borel subalgebra.) Note that the trans-

formations associated with A% commute with themselves, as well as with those of cgys.

In addition, the shift symmetry & commutes with SL(6,IR) since the corresponding axion
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X is a singlet under SL(6,IR). Thus in the fully dualised D = 5 supergravity, the theory

contains 10 + 1 4+ 5 = 16 commuting R symmetries, corresponding to the parameters
Caf36 5 k ) Aaﬁ ) (310)

(These commuting IR symmetries imply that the corresponding axions, namely A gag6, X
and Af 6, can be covered by derivatives simultaneously in the Lagrangian.) This result is
not an accident. In section 4, we shall show that the scalar Lagrangian of the fully-dualised
five-dimensional supergravity has an FEg global symmetry, and the commuting subset in
(B-10) precisely corresponds to the maximal abelian IR'6 subalgebra of Eg (recall that here,
as in the rest of the paper, we are referring to the maximally non-compact forms (also
called split real forms) of our Lie algebras, namely Eg@ in this case). We may insist that
maximal abelian subalgebra stands for maximal abelian subalgebra of maximal dimension.
Clearly we must stay away from the requirement of ad-semisimplicity of its generators
that characterise Cartan tori; in a sense we are looking for maximally nilpotent generators

instead.

3.2 Dualisation in D = 4 supergravity

In D = 4 dimensions, there are seven 2-form gauge potentials A ,);, which can be dualised
to give additional axionic scalar fields. In the undualised form, the theory possesses a
GL(7,IR)xIR3 global symmetry, with the IR3® realised by the transformations 0A ik =
¢ijk- We shall now show how, owing to the presence of the L 4 terms in the Lagrangian, the
R symmetries are modified by the dualisation. The subsector of the Lagrangian involving
the 2-form gauge potentials, which eventually turn into axionic scalars in the dualised

theory, is given by (see Appendix A)
L=—fe). P (Fiyyi)2 — & Ayiii dA oyimm A dA oy 7K (3.11)
where the associated field strengths F{;); have the Kaluza-Klein non-linear modifications
Flayi =7 idAg; + - (3.12)

with 7%, given by (A.13).
Multiplying (B.19) by 7%, the inverse matrix defined in ([A.14), and taking an exterior

derivative, we see that the Bianchi identities for the field strengths Fis); are given by

d(3'k Fizyi) =0 (3.13)

19



modulo non-scalar terms. They can be enforced by introducing seven Lagrange multipliers

x*, leading to the first-order Lagrangian

7
L = —qge Z e (Fayi)® — gz TR A ik O Aoytmn p Fropog €77
=1
LB s Fyperg €4 (3.14)
It is now easy to solve the algebraic equations of motion for Fi;,; = e=id Gfl), and to
substitute this back into the Lagrangian, giving
- 5 (1)
1 —a@;- )\2
L=-e> e TGH)?, (3.15)
i
where
G§1) = ’S’ij (de + %A(O)Mm dA 0ynpg 6jk€mnpq> . (3.16)

As in the previous five-dimensional case, here the original IR?> and the scaling IR, global

symmetry of the undualised Lagrangian (B.11)) become

6ijkémnp _ 2 i

1 ' 1
dAwijk = Cijk — gk Awijk OX' =K' — =5¢jre Aymnp SUX

5p = ug. (3.17)

The transformations associated with the c;;, no longer all commute if one now includes the

action on the 7 new scalars, since
i1 / ijke
[0, 0cr] = O k' = 565Cike € mnp €77 (3.18)

The maximal commuting subset is the R'® corresponding, for example, to the parameters
Cap7, Where the index ¢ = (o, 7) with @ =1,2,...,6. Since d; commutes with J., the scalar
Lagrangian (B.15) now has an IR'*7 = IR?? global symmetry.

Of course this is not the whole story. The full undualised Lagrangian has also a SL(7,R)
global symmetry, which itself contains a maximal abelian subalgebra IR'2. Prior to dualisa-
tion, this IR'? symmetry does not commute with the IR?3, since the axions A oyijr transform
(covariantly) under SL(7,IR), with commutation relations of the form given in (B.9). Af-
ter dualisation, however, the abelian IR*® symmetry becomes non-abelian in general with
abelian IR!® left. Moreover, the SL(7,R) remains unscathed under this full dualisation, and
so it becomes possible that some of the maximal abelian IR'? subalgebra of SL(7,IR) now
commutes with IR'5. Indeed, following the analogue of the analysis we performed in D = 5,
we find that six of the SL(7,IR) abelian transformations, associated with parameters A7,

commute with the R'® symmetry described by the parameters capr: As we remarked above,
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the IR” symmetries of the seven new axionic scalars coming from the dualisation commute
with IR, but they do not all commute with dpa.; only six of them do, namely the six
associated with the parameters k%. To see this we need, in addition to the previously-given

commutators of transformations,

[0c,00] = dz, Gije = 30" cne s

[dun 50] = 50/ ) C;jk = %/Jcmk 5

Ok, 0] = 65, K =—A5K, (3.19)
0, 0k] = 0, k' =3uk'.

Thus in the full Lagrangian of the dualised theory, we have abelian symmetries with dimen-

sions 15 + 6 + 6 = 27, associated with the parameters
CafB7 5 k< 5 Aa7 . (320)

Note that IR?” is precisely the maximal abelian subalgebra of E;. Asin D = 5, the associated
axions, Aqap7, X* and A, 7, can be simultaneously covered by derivatives everywhere in
the Lagrangian. As in the previous case, the complete algebra of these transformations is a

subalgebra of the Lie algebra E7 which contains the Borel subalgebra of E7.

3.3 Dualisation in D = 3 supergravity

Again, we begin by considering the subsector of the scalar Lagrangian coming from the
dualisation of higher-degree field strengths. In this case, it is the 8 2-forms .7-" (2 and 28
2-forms F|,);; that yield additional scalars after dualisation. From (A-4) and (A:1§), we see

that these appear in the Lagrangian in the form

bi- ¢ _1p A ijkemnpq
e Z e ? (Fy) 46 E :e F(zm iz Fwijk A Foayemn A Aypg € )
1<J

(3.21)
and we must now use the full non-linear Kaluza-Klein modifications, given by (A.13), be-

cause all fields are scalar in this three-dimensional theory;

F(2)ij = ’Yki ’ng (dAu)ké - an dA(o)kZm A AZ)) > (3-22)
Foop = AL =7k dAi; NAT - (3.23)

The first task before carrying out the dualisations is to express the Bianchi identities
associated with ,7-"(12) and Fly);;, and the final cubic interaction term in (B.21), purely in
terms of the Kaluza-Klein modified field strengths, so that these may then be eliminated
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algebraically once the Lagrange multipliers enforcing the Bianchi identities are introduced.

Using (A.18A.19), we see that multiplying (B.23) by 7; gives
T = AL, 321

and hence

Ay Fiy) = 0. (3.25)

Multiplying (B.23) by 7,77, and taking the exterior derivative, we obtain, after using
B:29),

d(iip ijq Fiayij — Awypgm V"' Fizy) =0 . (3.26)
Equations (B.25) and (B.26) are the relevant Bianchi identities, expressed in terms of the
Kaluza-Klein modified field strengths. For the final cubic interaction term Lpp4 in (B-21),

we first use (B.29), multiplied by two inverse v matrices, to re-express it as

Lrrpa= ﬁ <dA(0)ijk Ayemn ¥ p Vg N Fayrs + dAwyijk Awyemn N dAypgr N o Afl)) iktmnpg.
(3.27)
For the second term in this expression, we use the Schouten identity that a total antisym-

metrisation over the nine indices jk¢mnpqgr vanishes to show that we may write
dAwyij Awoytmn A dApgr €71 = —%d<dA(0>ijk Aoytmn Aypar Eijkémnpq) - (3.28)

This implies, after an integration by parts and using (B.24), that Lrr4 can also be written
purely in terms of the modified field strengths, as

Lrra=1q <dA(0)ijk Ayemn ¥'p 7t A Fayrs + 2dA0yijk Aoytmn Aoypar?"s A .7-'(32)) elktmnpq.
(3.29)
It is now a straightforward matter, after introducing Lagrange multipliers \; and A\¥ to

enforce the Bianchi identities (B.28) and (B.26) respectively, to show that the Lagrangian

(B:21)) becomes, upon elimination of the original 2-form fields by means of their algebraic

equation of motion,

L=-1ed e (Gui)?—te Y e @ (G2, (3.30)

1<j
where the dualised field strengths G(;); and Gﬁ{) are given by

G(m‘ = ’in <d>\j - %A(o)jké dAM - ﬁdA(o)kﬁm A(O)npq A(O)Tsj Ekzmnpqm) s (3-31)

Gﬁ{) :sz :Yjé (d)\ké + %dA(o)mnp A(O)qrs 5k£mnpqr8> . (3'32)
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Thus the original commuting IR*® and Ry symmetry dA)ijk = Cijr NOW become

) o " Lo
0Awijk = Cijk — g Awyijk » 0N = K7 — =5 Aoy ktm Crpg €77 — 3 AV
1 ik 1 L4 1
N = €+ 5Cijk NE— EA(O)ijk A(o)émn Cpgr e §IU/\2' ) (3'33)
. e
0p = g9 -

These transformations have the following non-trivial commutation relations

[0c, 0] = Ok s K9 = —%Ckgm c'npq iaktmnpg ,

[0k,0c] = Oc, € = %cijk L , (3.34)
[04,0e) = b , € = %uei ,

0u,06] = bu K'Y= %,u K9

[0c,0a] = 6z, Gije = 305" cjue

[6u:0c] = 6, Ciyr = ghcin

together with the standard SL(8,IR) transformations, since A y;j, A9 and ); all transform
covariantly under SL(8,IR). We see that the transformations described by the parameters
¢iji no longer all commute, and the maximal set of commuting IR symmetries is associated
with the parameters

K9, € (3.35)

corresponding to the commuting shift symmetries of all the 36 = 28 + 8 new axionic scalars
coming from the dualisation. Note that this R3¢ symmetry is precisely the maximal abelian
subalgebra of Eg, which is unique up to conjugation. Once more the normalisations have
been chosen to include appropriate symmetry factors that correspond to structure constants

+1.

4 Coset structure of scalar Lagrangians and their symmetries

In this section, we examine the complete scalar Lagrangians for all maximal supergravities
in D < 11 dimensions. These scalars include the (11 — D) dilatons 5: (¢1,b2,...,011-D),
the 1(11 — D)(10 — D) axions Al ; and the $(11 = D)(10 — D)(9 — D) axions Ajg;jk-
In addition, in dimensions D < 5 there is an option, as we saw in the previous section, to
include further axions obtained as the potentials for the duals of (D —1)-form field strengths.

The construction and the analysis of the symmetries of the scalar Lagrangians turns out

to be very simple in the field variables that we are using here, which arise from the step-

by-step Kaluza-Klein reduction from D = 11. Let us first consider the dimensions D > 6,
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where there are no complications coming from the possibility of further axions arising from
the dualisation of higher-degree field strengths. The key observation, which is shown by
elementary computation using the definitions given in Appendix A, is that in each dimension
D > 6 the set of dilaton vectors l;ij and d;;j, for the corresponding axions Afo) j and A gk
are in one-to-one correspondence with the positive-root vectors of the Ei;_p algebra. In
fact it is easy to see from ([A.§) and (JA.§) that one can take Z_);JH and djo3 (for D < 8) to
be the simple roots, with all others generated as sums of these with non-negative integer
coefficients. Furthermore, in the dimensions D =5, D = 4 or D = 3, one can also easily
see from (AF) and (A.§) that if the dilaton vectors —a, —a;, or (—gi,—d}j) respectively,
corresponding to the axions coming from the dualisations discussed in the previous section,
are included then the entire sets of dilaton vectors for all the axions coincide with the
positive roots of Eg, E7 and FEg respectively. Again, the simple roots can be taken to be
gi’i+1 and di23. The former are the simple roots of SL(11 — D, R), and the latter, which
arises after the appropriate Weyl rescaling, is the seed of F11_p. Thus in all dimensions we
may summarise the information about the dot products of the dilaton vectors for the full

sets of axions by the Dynkin diagram:

b12 ba3 b34 bas bse ber brs
(6] - O - O - O - O - (@] O
(6]
d123

Diagram 1: The dilaton vectors l_))i7i+1 with ¢ <n — 1 and a3

generate the E, Dynkin diagram

In each dimension D, the diagram is truncated to the part that survives when only the
simple roots with indices ¢ < 11 — D are retained. This defines the simple root that has to
to be removed in order to disintegrate F11_p to E19_p. Note that the undualised versions
of supergravities discussed in section 2 have symmetry SL(11 — D,R), corresponding to
removing the root @i23. In section 7, we shall discuss the case of R-R dualisation, where all
R-R fields are dualised when this results in fields of lower degrees. In this case the symmetry

group contains O(10— D, 10— D) as a subgroup, corresponding to removing the simple root
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512. In section 9, we shall discuss the direct dimensional reduction of the type IIB theory,
where no dualisations are performed. These cases correspond to removing both 523 and di93,
and hence they contain SL(2, R) x SL(9 — D, R) as subgroups. For future convenience, we
shall denote the simple roots (a2, 512, 523, . ,578) by 7 with ¢ = (1,2...,8).

In the next two subsections, we shall prove that the scalar Lagrangians of toroidally-
compactified eleven-dimensional supergravities have Fq1_p global symmetries, after all the
(D — 2)-form potentials are dualised to give rise to the maximal number of scalar fields,
and after the canonical Weyl rescaling. Our strategy will be to give K(E11-p)\F11-p coset
constructions of scalar Lagrangians, and then to show that these coincide precisely with
the scalar Lagrangians of the fully-dualised supergravities that we obtained in section 3.
The occurrence of the global Ey;_p symmetries was conjectured in [I{, [[1], based on the
structure of the scalar fields in each dimension. In fact, maximal supergravities with these
symmetries have been obtained in all dimensions, but in general by direct construction,
rather than by dimensional reduction from D = 11 (see, for example, [[§]). However, a
complete proof that they can be obtained from eleven-dimensional supergravity has been

given only for the cases of D =9 [I9], D = 4 [10] and D = 3 [20, 1.

4.1 Scalar manifolds in D > 6

First let us consider the dimensions D > 6, where we just have the axions A, ; and Ak

associated with the dilaton vectors l;ij and @;;x, respectively. Since these are given by (A.5)
bij=—fi+fis dypr=rfi+t[i+[fe—7, (4.1)

it follows immediately that

- —

bij + bjk = bt Gijh + bie = doji - (4.2)

Defining the generators associated with the positive roots Eij and d;; as EJ and E'*

respectively, we see from ([.9) that they will obey commutation relations of the form

[EJ, BN = 6l E' -6 B, (4.3)
(B EYR) = —30) Bk (4.4)
[Eijk’EZmn] _ 0’ (45)

where it is understood that E;7 is defined only for i < j, while E¥* is totally antisymmetric
and is defined for any ordering of its indices. Note that the commutators ({.3) and ({.4) arise
in all dimensions: ([.3) describes the positive-root (nilpotent) subalgebra of SL(11—D,R),
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while (f4) reflects the fact that E“* transforms covariantly under SL(11—D,R). The third
commutator (f.5) is dimension dependent. For D > 6, which we are currently considering,
the generators E¥* commute. For D < 5, whether they commute or not depends on whether
we perform dualisations or not. We shall discuss this later, case by case. Note also that
if we include the Rs factor of GL(11 — D,IR) and write the set of Cartan generators as a

vector H , then we will have
[H,E) =bi; B/,  [H,E"*] =d;; E’*  nosum . (4.6)

In fact having defined the positive-root subalgebra, the summation rules ({.g) for the dilaton
vectors come as no surprise, since they are then a direct consequence of the Jacobi identities
of this subalgebra.

Now define V = V; V5 V3, with

1 - -
Vi = e§¢H )
Vo = HUij:---U24U23"'U14U13U12a (4.7)
i<j
Vg — ezi<j<k A(O)ijk Bk ,
where
U; = eloi B (no sum) , (4.8)

and the right-hand-side of V; is defined with anti-lexical ordering, as indicated in ([£7). It
follows that

AV = Vvt Vv (@ VY Vi Vi (s v ) vttt (4.9)
One can now see from the commutation relations above that

vt = 1dg-H

AV Vit = > FLGES (4.10)
i<j

VsVl o= Y dAggr EYF
i<j<k

where f(il) ; are the fully Kaluza-Klein modified field strengths given by
Floj =" dAlk , (4.11)

and 7¢; is given in (A.1J). (We have made use of the relation deX e=* = dX + %[X ,dX] +

%[X ,[X,dX]]+-- -, where, because of the nature of the parameterisation of V, we need only
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the first term in this series. Also, we need eX Ve ™ =Y + [X,Y] + 3[X, [X, V] + )
Note that in terms of the fundamental representation of E;/, we have (V»)'; = 4'; and
(Vy 1)ij = ’yij. The anti-lexical ordering in Vs is crucial to the above derivation. This
in particular implies that (V2)’; becomes linear in A};; and makes the proof of ([L10)
straightforward.

Conjugating the expression for dV, Vy U with Vy, we find

V(@ Vvt = e3bis ¢f§w . (4.12)
1<j
Also, we can see that
Vs (dV3 V3 2 Z F(l),]k Eik (4.13)
1<j<k

where F{,);;; are the fully modified field strengths given by
F(1)ijk = 761' ’ij Yk dA(o)Zmn . (4-14)

After conjugating ([.1J) with V;, and adding together all the terms in ([.9), we obtain the

result

vV = 4dg ZwblmﬁwE + e3Tnd ’ Fuign B9* (4.15)
1<J 1<j<k

It follows from this that the entire scalar Lagrangian in D > 6 is expressible as

L = %etr(aj\/l_laj\/l)>, (4.16)
- —%etr(@VV_l (avv—l)T) - %etr(@VV_l (aw—l)) . (4.17)

where we have defined the internal metric
M:=VTy, (4.18)

and the superscript “T” denotes the transpose. The first two normalisations below are
imposed by ({.16):

tr(H; Hy) =205, te(BY Bl =008, te(BYF ETO™) = 661,6), 68, (4.19)
where in the second expression it is understood that i < j and k < ¢. The last normalisa-
tion is at our disposal provided we respect the SL(11 — D,IR) covariance but the relative

normalisation of the first two terms (which form the Casimir invariant in the defining rep-

resentation of SL(11 — D, R)) is dictated by the obvious invariance under that group. The
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present choice of normalisation is canonical for simply laced groups and leads to the most

symmetric expressions. Also, we have
tr(BY Ey) =0 tr(BEYFE™) =0, (4.20)

again for ¢ < j, k < £. Comparison shows that the Lagrangian obtained by substituting
(E15) into ({.I7) is identical to the scalar sector of the D-dimensional supergravity La-
grangian given in (A4), when D > 6. Using the manifest SL(11 — D,R) invariance one
only has to adjust the coefficient of the exponent in V3 to establish the invariance. The
commutativity of the extra generators (L.§) allows for this arbitrary rescaling. Of course
one still makes use of the presence of the antisymmetric third order tensor representation
and the special Weyl rescaling that modifies the R subgroup of GL(11 — D, R) to exhibit
the F11_p symmetry in the scalar sector.
i

Having written the scalar Lagrangian in the form ([.17), its global symmetry is now

made manifest. If U is a constant matrix in the global symmetry group, we can send
y—V'=VU, (4.21)

which leaves dV V™! invariant. This takes us out of the “positive-root” gauge, in that V" is

no longer expressible in the form ([L.7). We now define V' by
V' =0VU, (4.22)

where V' is in the positive-root gauge ([l.7), and O is some appropriate compensating
element of the maximal compact subgroup (the denominator group), for which OT O = 1.

Then under the compensated transformation, we have

M—M=U"VOToVvU =U"V'VU=UT" MU, (4.23)

]

which is easily seen to leave ([l.16) invariant. Since in D > 6 the dilaton vectors have been
established to correspond to the positive roots of the Fy1_p algebra, it follows that this
is the global symmetry group of the scalar Lagrangian. We may restore the K(F11_p)
local gauge invariance to streamline some formulas because the Lagrangian is built out of
K (Eq1-p) invariants.

So far, we have obtained cosets K(FE11-p)\F11-p for D > 6. We constructed them
using the Borel subgroups of E11_p, which are generated by the positive-root and Cartan
generators. The scalars are the parameters for these generators, with the axions associated
with positive-root generators and dilatons associated with the Cartan generators. (The

Iwasawa decomposition and the Borel subgroups of the global supergravity symmetry groups
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FE11_p were extensively studied in [P3, B3, P4].) We showed that these scalar cosets are
precisely the same as the scalar manifolds obtained from eleven-dimensional supergravity by
dimensional reduction to D dimensions. The cosets have manifest SL(11 — D) symmetries,
since all the generators carry SL(11 — D) indices. In Appendix C, we give an explicit
construction of these scalar cosets with manifest F1;_p invariance, for D > 6.

Before we go to the next subsection to study the coset structure of the scalar manifolds
for D < 5, there are some group theoretical points that need to be addressed. The structure
of the matrix M defined in (§.1§) is correct for D > 6, owing to the nature of the F11_p
groups in these cases, but it is not as it stands precisely applicable in lower dimensions. For a
generic non-compact Lie group G, one has M = 7(V~1) V, where 7 is the Cartan involution
whose fixed point set is the maximal compact subgroup of G. For the groups SL(N,IR)
or SO(N, N), where the maximal compact subgroups are SO(N) and SO(N) x SO(N)
respectively, we simply have 7(V~!) = V1. That is why we could use ordinary transpose
“T” to discuss the coset structure for D > 6. For Fg in D = 5, we have in the fundamental
representation: M = (Q® Q) VIV = VT (Q® Q) V, where following the second reference of
[0 © is the constant invariant symplectic matrix in USp(8), which is the maximal compact
subgroup of Eg. Another example is E;, with SU(8) as its maximal compact subgroup.
In this case we have 7(V~') = V. For convenience, we shall introduce a “generalised
transpose” #, defined as V# = 7(V~!). Then the formulae obtained in this section become
applicable to general dimensions simply by replacing the transpose “I” by the generalised

transpose “#” everywhere, and in particular the scalar Lagrangian ([.17) becomes
L=—letr (av VL (oy v—l)#) —letr (av VL (oY v—l)) . (4.24)

Acting on the generators E;7 and E“* corresponding to the positive roots, the Cartan in-
volution has the effect of turning them into minus their conjugate negative-root generators,
EZ# J and E#9* and changes the sign of the Cartan generators. (In other words, 7 sends
(E*,E~,H) — (—E~,—E*,—H), where E* and E~ denote the sets of positive and neg-
ative root generators. This implies that all the compact generators, (ET — E~), are left
unchanged, while all the non-compact generators, (E™ + E~) and H , are reversed in sign.)
Note that in this positive-root system, F;7, and hence also their conjugate generators EZ# 7,
are defined only for i < j.

It turns out that the maximal duality symmetries of supergravities are real Lie groups
in split form (maximally noncompact real form with Cartan subalgebra that may be chosen
along the noncompact directions). For all these real forms the Cartan involutions follow

exactly the pattern we have just discussed.
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4.2 Maximal scalar manifolds in D = 5,4,3

The above discussion was for the cases D > 6, where there are no extra axions coming from
dualisations of higher-rank field strengths. In D < 5, there can be additional scalars coming
from the dualisations of (D — 2)-form potentials. In this subsection, we shall consider the
cases where the maximal numbers of such dualisations are performed, leading to scalar
manifolds with global Fg, E7 and Eg symmetries in D = 5,4 and 3. The essential point
is that again all the axions, including those obtained by dualisation, have dilaton vectors
corresponding to the positive roots of the Fy1_p algebra, and all the dilatonic scalars are
associated with the Cartan generators. In fact the manifestly SL(11 — D, IR)-covariant
expressions that initially arise in the theories are nothing but the decompositions of E11_p
covariant expressions with respect to the SL(11 — D,IR) subgroup. Thus we again have a
very simple way of expressing the coset representatives in a straightforward generalisation of
the previous parameterisation V = V; V, V3 used above, leading eventually to an expression
for the scalar Lagrangian in the form ([.17), implying that it has a manifest E1;_p global
symmetry.

First, consider D = 5. We have, in addition to the commutation relations implied by

(E2) that

6ijk + Eifmn =—a ’ (425)

when ijkfmn are all different. As we saw in the previous section, —d is indeed the dilaton
vector associated with the axion x obtained from the dualisation of F, . Introducing a new
generator D, associated with this extra axion, we see that it will satisfy the commutation

relations

[EWk Eimn) = —gdktmnp - [H Dl=-aD, [EJ,D]=0, [EY* D=0,

(4.26)
while the remaining commutators are unchanged from their previous form. The normal-
isation of the extra generator D is chosen to be canonical, as in the case of the other
positive-root generators, namely tr(D? D) = 1. The coefficient on the right-hand side of
the first commutator in ({£.2€) is the one that arises in Eg with the same canonical normal-
isations of the generators. This can easily be seen by using the Weyl group of Fg to relate
this commutator to a commutator of generators with already-known normalisation. For
example, we may begin from the commutator for [E;2, F53] = E13, which involves only the
generators of SL(6,IR), and is given in ([L.3). In terms of the associated dilaton vectors, this

corresponds to the sum rule 512 + 523 = 513. Since our positive roots all have length 2, the
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Weyl reflection of a weight ¥ in the root & is given by ¥ — 4 — (& ¥)d. Elementary compu-
tations using the results in Appendix A show that under a Weyl reflection in the root dy4s,
the previous dilaton sum is mapped to dogs + 523 = d345, and that a second Weyl reflection
in the root dy26 then maps this into doys + d136 = —d. Since the positive-root generators X,
have all been canonically normalised so that tr(Xfl‘7E Xp) = Oap, which is invariant under Weyl
reflections, this shows that the commutator [E12, Ex3] = E;3, after the two Weyl reflections,
becomes [E?%° E'35] = £D, in agreement with the scale factor in the first commutator in
(E26).[] Note that the result of the first Weyl reflection provides a consistency check on
the normalisation of the commutator ([£4), since it implies that [E?5, E;3] = £E3%5. Note
also that in fact the form of the first commutation relation in (f1.2q) can be seen already
in (B.§); it is dictated by SL(6,IR) covariance, and the summation rule ([L.27) is the direct
consequence of the Jacobi identity for H , Bk and E"™. The internal dilation covariance
dictates the dimensions of the generators for the R factor of GL(6,IR).

We now extend the parameterisation of the previous D > 6 cosets, by introducing an

extra factor Vg, so that V = V; Vo, V3V, where
Vy=eXP (4.27)

and Vi, Vo and Vs are given by ([.7) as before. There will then be the following changes when
we calculate dV V™!, Firstly, we pick up an extra term dy D, from dV, V, ! In addition, the
computation of dV3 Vs 1 will be modified, because of the non-zero commutators of the form
[EUk Efmn]. This will cause non-linear Kaluza-Klein modifications to dy to be generated,
producing precisely the field strength G, obtained in (B.€]) from the dualisation of F,.
After conjugating this with V, and including the other contributions, we find that

AVt =1ldg - H+ Ze%gﬁaﬁl)j Ei + Z eéﬁijk'd;F(l)ijk EF 4 6_%56(;(1) D . (4.28)
i<j i<j<k

Substituting into ({.24), we get precisely the D = 5 scalar Lagrangian obtained in the

previous section by dualising the 3-form potential A, to give an additional axionic scalar.

It is now manifest from ([£.2§) that it will have an Eg global symmetry. A crucial feature

here is that the normalisation of the first commmutation relation in (§.2¢), which is dictated

now by the nonabelian structure of the Eg algebra, is identical to the normalisation that

was needed above for the coset construction of the D = 5 Lagrangian.

"This argument fixes the magnitudes, but not the signs, of the right-hand sides of the commutators.
The signs are in general determinable by more subtle arguments [@] For our present purposes, it suffices
to note that any choice of signs that is consistent with the SL(11 — D,R) Jacobi identities represents a
valid reduction of E11—p to SL(11 — D,IR), with the different possible such choices being related by trivial

redefinitions of generators.
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Now consider D = 4. In this case, we have 3-form field strengths F;); that are dualised
to 1-forms, and hence give the further seven axions x*, i« = 1,...,7 that we discussed in

section 3.2. The associated change in the commutation relations is reflected in the relation
C_iijk + Gomn, = _(_ip ’ (429)

where ijk¢mnp are all different. This follows from ([L.1)), together with the fact that the
dilaton vector for Fi;); is @; = ﬁ — g, and that the dualisation reverses the sign of the dilaton
vector, as we saw previously. Introducing generators D); associated with the extra axions

x*, we see that they will obey the commutation relations

[Eijk7 Eémn] — 6z'jlcémnp Dp ,
[E;*,D;] = &"Dj, [D;, E™*] =0, (4.30)
[ﬁ,Di] = —a;D;, no sum .

Note that the non-trivial commutator in D = 4, namely the one for EY*F with E™"

corresponds to (B.1§), and that ([£29) can be derived from the Jacobi identity for H, Eik
and E". As usual, we choose the canonical normalisation for the extra generators, so that
tr(DZ# D;) = 6;;. The normalisation of the first commutator in (£.3() is the one dictated
by decomposing E; commutation relations under SL(7,IR), and can be established by the
same technique that we used in D = 5, namely by making E7 Weyl reflections to relate it
to an already-known commutator. In fact successive Weyl reflections in the roots ai45 and
@126 map the commutator [E12, Ex3] = Ey? into [E?¥, B3] = £ D5,
We now write the coset representative as Vi Vo V3V, where Vi, Vo and V3 are given by
(E77) as before, and here
Vy = eliX' Di | (4.31)

From this, and the commutation relations, we see that

dvVt = an VIt Vi an Vi Ve dVs VeVt vt s Vi v dvy Vit v vt
N 1. ? ..
= %dng‘i‘ Z eiaijk'd) F(l)l]k El‘jk
i<j<k

1 -
i 1
*‘25362 e i B *'EE:‘E 270 Gy D (4.32)

1<j

where Gfl) are the 1-forms dual to Fls);, defined in (B.1d). Substituting this into (£.24), we
obtain precisely the D = 4 scalar Lagrangian of section 3.2, with its E7 global symmetry
made manifest. Again, it should be emphasised that the normalisations of the commutators

in (.30), which are dictated by the structure of the E; algebra, are exactly such as to give
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the correct expressions for the kinetic terms for the new axions arising from dualisation.
The E7 symmetry of the maximal 4-dimensional supergravity coming from compactification
of eleven-dimensional supergravity with full dualisation was obtained in [[[{].

Finally, we turn to the coset construction for the scalar manifold of 3-dimensional max-
imal supergravity. In this case, the dualisation of the 2-form field strengths .7-"(2) and Flo);;
gives rise to 8 + 28 = 36 additional axions A\; and A\¥, with the associated dilaton vectors
—l;i and —d;;, as we showed in the previous section. From (A-F), one easily sees that the

following relations hold,

Jijk + Qo = —ﬁpq , C_iijk + (—ﬁjk) = —b; , (4.33)
where in the first equation, ijkfmnpq are all different. These relations amongst the positive
roots of Fg result from the following commutation relations for the extra generators D* and

D;; associated with 52 and d;;:

[Eijk’EZmn] _ Z Eijk‘émnpq qu ’
p<q
[Eijky Dﬁm] = _66[i[€5jm} Dk} ’ [Eijka Dz] =0, (4'34)
[H,D'] = —b;D", [H,D;j] = —dij Dij -

The first three commutators, characteristic of the D = 3 case, were encountered in section
3.3, and from these we can use the Jacobi identities to derive the dilaton-vector summation
rules ([.33). As in the previous cases, we are taking the extra generators to be canonically
normalised, namely tr(D#? D7) = §7 and tr(DZ? Dyy) = %fk 5?1. The normalisations of the
commutators that produce D’ and D;; in ([£.34) are those dictated by the Eg algebra, and can
be established, as in the previous cases, by relating them to already-known commutators by
means of Weyl reflections. For example, starting again from [E12, E»®] = E13, and applying
successive Weyl reflections in the roots d@a45 and then @196 gives [E?45, E136] = £Drg. A

third Weyl reflection in the root darg then gives [E?*5 Dys] = +D2.

The parameterisation of the coset in this case is taken to be
g=WV1 Vo V3V Vs, (4.35)
where Vi, Vy and Vs are given by (1) as usual, and

V= eXihDt oy (Y M Dy (4.36)
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A mechanical calculation gives the result that

. 1o 1.z y
vVl = gdg H ) €20 F BT 4+ )y e By B
i<j 1<j<k
12 > . 2
T Z e 2" Gy D' + Z e 2% Gl Dyj (4.37)
i i<j

where in addition to the usual field strengths f(il) and Fl,;;;, for the axions Afo)j and A)ijk,
the field strengths G,); and Gﬁf) for the additional axions A\; and A are precisely the ones
given in (B.31)) and (B.32). Substituting (f.37) into (f:24) gives a manifestly Eg invariant

formulation for the D = 3 scalar Lagrangian obtained in section 2.1. Again, the commutator

structures that are dictated by Eg covariance are precisely the ones needed to reproduce
the kinetic terms of the additional axions arising from dualisation. Note that in D = 3,
this scalar Lagrangian describes the entire bosonic sector of the theory. The Eg symmetry
of the bosonic sector of D = 3 maximal supergravity, obtained from dimensional reduction
of D = 4 maximal supergravity, was proved in [R(]. A rather different proof of the Ejg

symmetry in D = 3 was given recently in BT

5 Dualisation and double coset structure

In the previous section, we constructed the cosets that give the scalar Lagrangians for
the maximal supergravities (obtained from dimensional reduction of eleven-dimensional
supergravity) in all dimensions D > 3, in the formulations where the numbers of scalars
are maximised by dualising all (D — 2)-form potentials (in D < 5). We also showed that
they have global Fq1_, symmetries. If no such dualisations were performed, the original
scalar Lagrangians in dimensions 3 < D < 5 would instead have GL(11 — D,IR)xIR? global
symmetries. The easiest way to understand the relation between the global symmetries of
these two formulations, and indeed to understand the symmetries for any other choice of
dualisations, is to take the fully-dualised versions with the F1;_p symmetries as the starting
point.

Let us illustrate this by examining the relation between the global F11_p symmetries of
the fully-dualised formulations and the GL(11 — D, R)xIR? symmetries of the undualised
formulations. SL(11 — D,IR) has positive-root generators E,;7, whose algebra is given by
(£.3). The E¥* form a g-dimensional linear representation under SL(11— D,IR). Curiously
enough, in D > 6 the positive-root generators E;/ of SL(11 — D,IR), together with Eiik
are precisely the positive-root generators for F11_ 5. In dimensions 3 < D < 5, on the other

hand, the situation is different. In these cases, the positive-root algebra for SL(11 — D, R)
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and its R? representation can instead be obtained as a subalgebra of a contraction of
Fq1_p positive-root algebra. For example in D = 5, Fg has an additional generator in its
positive-root algebra, namely D, which is a singlet under SL(6,IR). It is generated by the

commutation of E“* with Efmn.
[Eijk’EZmn] — _EijkﬁmnD ] (5‘1)

In a Wigner-Inénu contraction, we would rescale D — A D and send A — 0, then all the
generators E; ;. would become commuting, giving rise to an R?° symmetry. Furthermore, we
can then consistently truncate the generator D, to obtain a subalgebra. Here both steps are
done simultaneously by setting D = 0. The remaining positive-root generators are precisely
those of SL(6,IR) and its IR?° linear representation, which together generate exactly the
symmetry of the undualised scalar manifold, namely GL(6,IR)xIR?*°. The necessity of
the truncation of the generator D from the algebra is a reflection of the fact that the
corresponding scalar y is now replaced by its dualised version, namely a (D — 2)-form gauge
potential, and thus disappears from the scalar Lagrangian. It should be emphasised that
although we can legitimately set the generator D to zero in the positive-root algebra, the
corresponding scalar field y cannot be consistently set to zero if the remaining scalars are
non-vanishing. (In other words, setting y to zero would in general be inconsistent with its
equation of motion.) This can be seen from the non-linear Kaluza-Klein structure given in
(B-G). Similarly, if we dualise x to A then the field strength F\,, unlike other higher-rank
fields, cannot be consistently set to zero either. However in this case, the terms involving
F,y are no longer part of the scalar Lagrangian.

From the group theoretical point of view, the above truncation of the generator D
corresponds to a double coset USp(8)\ Eg/N. ™ since the generator D corresponds to the
unique level-2 positive root with respect to the simple root 7, it generates the Lie algebra
of NQF L NQF ! is by definition the algebra of the set of positive root vectorss of level 2 with
respect to the simple root 7 f] The single coset construction, which was given in section 4,
has the effect of removing all the negative roots of the group. In the double coset, additional
higher-level positive roots are removed as well. (Note that our notation for simple roots 7;
of F11_p is defined below Diagram 1, and in particular 7 denotes the simple root @ja3.)
There are in total 36 positive roots in the Fjg algebra, with only one that is at level 2 with

respect to the simple root 71 in Eg. The remainder comprise 20 level 1 and 15 level 0 positive

8Recall that any positive root can be written as a sum 3 ; £i T over the simple roots, where the coefficients
{; are non-negative integers which define the level of the positive root with respect to each of the simple

roots 7;. The total level of the root is ¢ = ZZ l;.

35



roots. Since the levels of roots are additive under commutation of the associated generators,
it follows that the 20 level 1 generators become commuting, as indicated by (f.1), if the
would-be level 2 generator is contracted and truncated out. As a result, the double coset
described above can then be re-expressed as the single coset SO(6)\GL(6,IR)xIR?°, and
the associated theory has a GL(6, R)xIR?® global symmetry. By general arguments, the
double coset remains a coset for the normalizer of the sz ! subgroup acting on the right.
Clearly this normalizer is generated by the level 0 and 1 roots, i.e. it is precisely the group
GL(6,IR)xIR?°.

A similar analysis applies also in D = 4 and D = 3, where the extra generators
coming from the dualisations can again be rescaled, allowing the positive-root algebra
to be contracted. We can then extract a subalgebra, namely the positive-root algebra of
GL(11-D,R) and its IR? linear representation and verify the symmetry GL(11—D,IR)xIRY
of the undualised theory. For D = 4 and D = 3, these dualisations correspond to the dou-
ble cosets SU(S)\E7/N2F1 and 50(16)\E8/N§13 respectively. To be more specific, in D = 4
the global E7 symmetry algebra has 63 positive roots. With respect to the simple root
71, their gradings are: 7 level 2 roots, 35 level 1 roots and 21 level 0 roots. The 7 level 2
roots correspond precisely to the 7 axions that are generated by dualisation of the 7 2-form
potentials. When these 7 axions are inversely dualised back to 2-form potentials, the 7 level
2 roots are contracted and truncated out, and as a consequence the 35 level 1 generators
become commuting. The resulting theory then has a global GL(7,IR)xIR3> symmetry. In
both D = 5 and D = 4 the directly-reduced theories, where no dualisations to give addi-
tional scalars are performed, correspond to truncating out the level 2 roots of the Eg or
E; algebras respectively. In D = 3 the story is slightly different. The Eg group has 120
positive roots, and with respect to the simple root 7; there are 8 at level 3, 28 at level
2, 56 at level 1 and 28 at level 0. The level 3 and level 2 positive roots are commuting,
corresponding to the axions that are generated by dualising all the 36 vectors of the theory.
If these axions were absent because we left undualised the corresponding vectors, so that
the corresponding level 3 and level 2 roots were omitted, then the 56 level 1 generators
would become commuting on the remaining fields. Thus the non-dualised theory in D = 3
possesses a GL(8,IR)xIR global symmetry.

There are many other possible choices of dualisations that could be performed on the
scalar sectors of the theories. Some of these will correspond to partial dualisations of a
subset of the (D — 2)-form potentials of the original undualised theories, while others can

involve “inverse” dualisations of fields that were originally scalars. In all cases, the global
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symmetries can be deduced by taking the fully-dualised theory as the starting point, and
studying the algebra of the subset of F1;_p positive roots corresponding to the axions that
remain after the chosen dualisations. For example in D = 3, we can truncate out 28 level 2
or 8 level 3 generators, since they are commuting and thus are associated with axions that
can be dualised. In fact, if we truncate out all of them, then we get the non-dualised case
with GL(8, R)xIR®, which we discussed earlier. If we dualise only the level 3 roots we
again end up with a coset, but if however we dualise the 28 level 2 roots without dualising
the higher 8, then the normaliser is only the level 0 GL(8,1R) which does not act transitively
and this is not a coset situation. In section 7 we shall study one particular class of examples,
in which only those original (D — 2)-form potentials that lie in the Ramond-Ramond sector
(from the ten-dimensional type ITA viewpoint) are dualised to give additional scalars. This
corresponds to truncating out the highest-level positive roots with respect to the simple
root 7 = 512, rather than the truncations with respect to 7 = di23 that we discussed
above. In section 9, we discuss the symmetry group of the direct dimensional reductions of
type IIB supergravity in D = 10, where no dualisations are performed. These correspond
to truncating out sets of commuting positive roots under a double grading with respect
to the two simple roots 7 = @123 and 73 = 523. For completeness we may recall that the
disintegration of F11_p to Ei9_p amounts to omitting the roots of level 1 with respect to
the last simple root that appeared during the dimensional reduction, except for the case
D = 3 where both level 1 and 2 roots must be omitted.

In all these cases, the symmetry can be understood from the point of view of the double
coset of the E11_p group. In section 2, the dimensional reduction of eleven-dimensional
supergravity was performed by iteratively repeating the D + 1 to D dimensional reduction.
It followed that the scalars are then precisely the parameters of the generators of the Borel
group modulo the maximal compact subgroup. Thus the fully-dualised Lagrangian is al-
ready naturally written with the coset K(E11-p)\E11—-p structure, where K(G) denotes
the maximal compact subgroup of G. To understand the dualisation, we recall that in
section 4 we saw that the axions are in one-to-one correspondence with the positive roots,
while the dilatons are associated with the Cartan generators. We shall show in section
8 that the maximal abelian subalgebras of the positive-root (nilpotent) algebras precisely
describe the commuting IR symmetries of the sets of axions that can be simultaneously cov-
ered by a derivative. Thus inverse dualisation of scalars to higher-forms can be understood

as removals of commuting generators from the coset K(G)\G, giving rise to a double coset.
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6 Global symmetries of higher-rank fields

In the previous sections, we studied the global symmetries of the scalar sectors of the
toroidally compactified supergravity Lagrangians, showing in particular that they have
global Fy1_p symmetries when the numbers of scalars are maximised by dualising all
(D — 2)-form potentials. We also showed that alternative choices of dualisation change
the scalar Lagrangian, and its symmetries. In this section we shall study how the global
symmetries of the scalar sector can also be realised on the higher-degree fields. We shall
show that in general it is necessary to perform appropriate dualisations in the higher-degree
sectors in order to preserve the global symmetry of the scalar sector. In particular, when
the dualisation of (D — 2)-form potentials to scalars has been performed, the F11_p sym-
metry is preserved for the higher-degree sectors of the Lagrangian provided that all field
strengths with degrees greater than %D are dualised. In some cases, these dualisations are
necessary in order to preserve the F11_p symmetry, while in others, the symmetry may still
be realised (on the higher-rank field strengths rather than their potentials) at the level of
the equations of motion even in the absence of the dualisations. An example of the former
is in D = 6, where the E5 = O(5,5) global symmetry of the scalar Lagrangian is broken
(even at the level of the equations of motion) unless the 4-form field strength is dualised to
give an additional 2-form. An example where the dualisation is optional is in D = 7, where
the F4y = SL(5,IR) symmetry of the scalar Lagrangian is preserved in the full Lagrangian if
the 4-form is dualised to give another 3-form field strength, and it is also preserved at the
level of the equations of motion if the 4-form is left undualised. We shall discuss these, and
other examples, below.

To begin, let us consider the cases where all field strengths of ranks greater than %D are
dualised, and the theories have the E11_p global symmetries. The discussion divides into
two, depending on whether D is odd or even. In odd dimensions, the symmetry acts on
the potentials, and is realised at the level of the Lagrangian. In an even dimension, on the
other hand, the field strengths of rank %D and their duals form a single irreducible multiplet
under the Fq1_p group, and thus the symmetry can be implemented only at the level of
the equations of motion, realised on the field strengths rather than the potentials. (The

symmetry transformations still act on the potentials for the lower-degree field strengths.)

6.1 0Odd dimensions

In D =9, no dualisations are necessary, and the global GL(2,IR) symmetry of the scalar

manifold extends to the entire Lagrangian, as we described in section 2.2. The bosonic
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Lagrangian and its GL(2,IR) symmetry was proved in [[J, [4. The situation is more
complicated in D = 7 and D = 5; we shall describe the former in complete detail, and
postpone a similar discussion of the latter to a subsequent publication. (In D = 3, the
fully-dualised theory contains only scalar fields, and its Fg symmetry was fully discussed
already in section 4.2.)

We shall first consider D = 7. The scalar Lagrangian, which has a manifest global
GL(4,R) symmetry, in fact has a larger SL(5,R) global symmetry. This can be made
manifest by defining generators E,”, where o = (4,5) is an SL(5,IR) index, and E;> =

%Gijkg EJ7%. The commutation relations for F;7 and E%* now become

[E.”, E\) =60 B’ — 80 B, . (6.1)

The manifest O(5)\SL(5, R) coset is presented in Appendix C.

At the level of the Lagrangian, where this symmetry acts on the gauge potentials, it
extends to the higher-degree sectors of the theory only if we dualise A to give a further
2-form potential A, which, together with the four potentials A, (and after some field
redefinitions, which we shall discuss in detail below) form an irreducible 5 under SL(5,1R).
The grouping of SL(4,IR) representations into SL(5, IR) representations can already be seen
in the structure of the dilaton vectors. Consider first the 3-form field strengths, including
the dualisation of the 4-form. The associated dilaton vectors are (@;, —@). As we saw in
section 4, the simple roots of the SL(5,IR) algebra in D = 7 are given by 512, 523, 534
and d103. It is a simple matter to see, from the definitions in Appendix A, that —d is the
highest-weight vector of the 5-dimensional representation of SL(5,IR), with the rest of the

multiplet filled out by acting with the negatives of the simple roots, according to the scheme

a4 = —a — dioz , 3 = Gy — b3yq , dy = dg — bag , ay = ds — bia . (6.2)

—

Similarly, the dilaton vectors for the 2-form field strengths, namely (d,;,b;), are the weight
vectors of the 10 representation of SL(5,IR), with d34 as the highest-weight vector.

To see the SL(5,R) symmetry explicitly at the level of the Lagrangian, we begin by
dualising the 3-form potential Ag). To do this, we introduce a 2-form Lagrange multiplier
Az, to enforce the Bianchi identity for F|,), which will now be treated as an auxiliary field,
adding an extra term dA ) A F(4) to the Lagrangian. As usual, it is advantageous to replace
1*:‘(4) immediately by its Kaluza-Klein modified field strength Fi,, = Fy as given in (A.29),
and likewise to replace all occurrences of 13'(4) in the Wess-Zumino terms given in (A.16) by

F 4. This makes the algebraic equation for the auxiliary field Fi,, very easy to solve, giving
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Fu = e@% « G 3y, where
Ga =dAp) + <%df4<2>i Akt + 5405 A dAu)kf) ekt (6.3)

At this point, it is convenient to introduce some redefined potentials, along the lines of those
described in Appendix A. In fact for the 1-forms A(,);;, we make exactly the redefinition
given in ([A.1§). For the 2-forms A);, however, it turns out that the most appropriate
redefinition here is different from the hatted potentials given in (JA.1§), and is instead given
by

Ay = Apyi + 5Awi N A (6.4)

At the same time, we make the following redefinition for the dualised potential A ,):
Note that A,); and A, have the transformations
5121(2)@ - 0 5 514(2) - Ai5 A(g)i 3 (66)

under the variations 84 )ijx = c;jk, where Al = %eiW

Cike-
We are now in a position to define SL(5, R)-covariant potentials, B(O{)ﬁ and B(,)q, related

to those described above by

i1 gkt 3 5 _ fi
Bi = 37" Awke By = Ay

B(2)i = A(2)i ) B(2)5 = /_1(2) . (6.7)
We also define their field strengths H g)ﬁ and H ), by

HY =dBY),  Hga =dBuya + teaprse Bl NdBY . (6.8)

Note that while the gauge transformation for B, is simply 0B = dA()q, the one for
Bﬁ)ﬁ must be accompanied by a compensating transformation for B ), in order to ensure

the gauge invariance of H 3),:

0B =dA%] . 6Bua = —§capio B NAAY (6.9)

We now find that all the remaining Wess-Zumino terms given in ([A.16), together with the
additional terms acquired from the introduction of the Lagrange multiplier, turn out, after
calculations of not inconsiderable complexity, to be expressible in the simple SL(5,IR)-

covariant form

40



Note that this is invariant, up to a total derivative, under the gauge transformations not
only for B, but also for Bﬁ)ﬁ , given in (6.9). In terms of H, g)ﬁ and H 3q, the field strengths

appearing in the Lagrangian given in Appendix A take the form

r i5 A1 ke  g7k5
f(2) - H(2) ’ F(Z)ZJ = 5€ijke H(z) +A(0)mk H(z) )

. L i
Fayi = Heg Gy = Hups — 567" Ay Haye (6.11)

where G 4, is defined by (B.3).
The scalar Lagrangian for coset O(5)\SL(5,1R) is discussed in Appendix C. Putting this
together with the results for the higher-rank fields obtained above, we can write down the

manifestly SL(5,IR) invariant bosonic Lagrangian for D = 7 maximal supergravity:

L = eR+ %e tr(@HG_l oM'Qq) — %e H(3)QGO‘5H(3)5 — %e H(O‘Z)BGOWGg(;H('Y;)S

where G’ and G,p are given by (C3).

The discussion for five dimensions proceeds in a similar way. The supergravity La-
grangian in D = 5 with manifest Fg symmetry was constructed in the second reference in
[D]. In order to have Eg as the global symmetry, we must first of all dualise the 3-form
potential A, to give another scalar x, as discussed in section 4. For the higher-form gauge
potentials, it is necessary to dualise the six 2-form potentials A(); to give additional vectors,
which together with the six Kaluza Klein vectors, and fifteen vectors from anti-symmetric
tensor in D = 11 form the 27-dimensional representation of Eg. The detailed discussion of

this example will be presented in a forthcoming paper.

6.2 Even dimensions

The discussion becomes more complicated in even dimensions only because of the occurrence
of field strengths whose degree is equal to %D. For all the other higher-degree fields, the
global E11_p symmetry of the fully-dualised scalar manifold acts on the potentials in the
same manner as in the case of odd dimensions. However, because the field strengths of
degree %D together with their duals form a single irreducible representation of E11_p, the
symmetry can only be realised on these field strengths themselves, rather than on their
potentials. Consequently, the Fq11_p symmetry of the full theory can only be realised at
the level of the equations of motion in even dimensions.

There is, however, a convenient way to reformulate the theory so that the global E11_p

symmetry can in fact be implemented at the level of an auxiliary Lagrangian. We shall
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call it the doubled Lagrangian. This can be done by introducing an auxiliary set of field
strengths of degree %D, equal in number to the original set, together with their associated
potentials. One can then construct a Lagrangian whose full set of field equations can be
consistently truncated to give the equations of motion of the original theory. By this means,
the global E11_p symmetry can be implemented on the doubled set of potentials, whose
total number is now equal to the dimension of the relevant irreducible representation of
E11-p. (A similar trick was recently used in order to construct a Lagrangian for type I1IB
supergravity, by adding the anti-self-dual half of the 4-form potential, whose equations of
motion could be consistently truncated to those of type IIB supergravity [R§].) We shall
now use this technique to discuss the global F11_p symmetries of the fully-dualised theories
in D = 8, 6 and 4. We shall give the complete construction of the Er-invariant bosonic
theory in D = 4, while, in the more complicated cases of D = 6 and D = 8, we shall just

focus our attention on the field strengths of degrees 3 and 4 respectively.
D=8

The scalar Lagrangian in this case has a global SL(3,IR) x SL(2,IR) symmetry. The
3-form potential A is a singlet under SL(3,IR), since it carries no internal indices and
the SL(3,IR) is contained in the standard global GL(3,IR) symmetry that results from
compactification on a 3-torus. (The SL(3,IR) has simple roots biy and by, while the
SL(2,IR) has the simple root d@j23.) However, the field strength of A, is actually a doublet
under SL(2,IR), which can be seen from the fact that (@, —a) form the weight vectors of the
2 of SL(2,1R), with —a as highest weight. These two dilaton vectors are associated with the
4-form field strength and its dual. The 2-form potentials A,); form a singlet under SL(2,R),
and a triplet under SL(3,IR). This can be seen from their dilaton vectors (a1, dz, @3), which
are the weight vectors of the 3 of SL(3,IR), with @3 as highest weight. Finally, the vector
potentials A(,);; and Af, have dilaton vectors (d’ij,l_);-) that form the weights of the (3,2)
representation of SL(3,IR) x SL(2,IR), with da3 as highest weight.

The extension to the higher-degree fields of the SL(3,IR) factor in the global symmetry
of the scalar manifold is straightforward, since it is contained in the GL(3,IR) that was
described in section 2. We shall instead concentrate on the SL(2,IR) factor, since this
involves new issues associated with the occurrence of the 4-form field strength, whose degree
is half the spacetime dimension. In fact, we can consistently truncate out all the fields that
are non-singlets under SL(3,1R), namely the 2-form and 3-form field strengths and the
scalars of the SL(3,IR) factor in the scalar manifold, since the remaining SL(2,IR) scalars

and the 4-form field strength, which is an SL(3,IR) singlet, cannot act as a source for
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them. We may therefore simplify the discussion of the SL(2,IR) structure of the theory by

performing this truncation. We then introduce a second 3-form potential 21(3), and define

the 4-form field strengths
Hay =\ ; (6.13)

which form a doublet under SL(2,IR). The SL(2,R)-invariant Lagrangian can then be

written in the form

L = eR+Letr(OuM M) — keH) M Hy ,

= eR—1le (0¢)? — te e (0x)? — %e e ® F%) - %e e? F2

( @ (6.14)

where Fiy) = dAg), F(4) = dfl(3) —XxdAs), and ¢ = —6-(5, X = Ay123. The Bianchi identities
and equations of motion for Fi,, and F(4) are therefore
dF,, = 0, d(Fuy +xFu) =0,

We see from these equations that it is consistent to impose the relation
Fuy=e %% Fy, , (6.16)
leading to the equations
dF, =0, de™ % Fuy+xFu) =0, (6.17)

which are precisely the Bianchi identity and equation of motion for the 4-form field strength
F,, that follow from the D = 8 Lagrangian in Appendix A. In fact the latter, after per-
forming the truncation to the SL(3,IR) singlets described above, takes the form

L=eR— 3e(0¢)* — Lee? (0x)* - Le e P F}+ LexFy - *Fy, (6.18)

which can easily be verified to give the same equations of motion as the ones coming from
(1) together with the constraint (p.16). Note that the truncation (p.16) is SL(2,IR)
covariant, and thus the Bianchi identity and equation of motion (p.I7) indeed inherit the
global SL(2,R) symmetry that was manifest in the Lagrangian (p.14) prior to the trun-
cation. Before the truncation, Ay and 121(3) form an SL(2,IR) doublet and the symmetry
is realised in the Lagrangian; after the truncation, Fi,, and e ? «F, form an SL(2,IR)

doublet and the symmetry is realised only in the equations of motion. Note that prior to
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truncation, the Bianchi identities and equations of motion can be written in the manifestly

SL(2,R)-covariant forms
dH, =0, d+x (MH4)=0. (6.19)
The truncation (.14) then takes the manifestly SL(2,R)-covariant form
Huy = QM * Hy, (6.20)

where € is the SL(2, R)-invariant antisymmetric rank-two tensor, which appears here in a
(noncovariant) canonical form. One can raise one index of this a fortiori SO(2) invariant

tensor and obtain the relation Q2 = —1.
D =6:

The global symmetry of the scalar manifold is E5 = O(5,5) in six dimensions. After
dualising the 3-form potential to give an additional vector potential A, the vectors A;;,
Al and A, (after appropriate field redefinitions) form a 16-dimensional irreducible mul-
tiplet under O(5,5), corresponding to the weight vectors (d;;, gi, —a). The highest-weight
vector is —d. The five 2-form potentials A,); cannot themselves form an O(5, 5) multiplet,
but their field strengths, together with the duals, form an irreducible 10-dimensional rep-
resentation. The associated dilaton vectors (d@;, —ad;) are the weight vectors of the 10, with
—dy as the highest weight. We may give an analogous discussion to the one in D = 8, and
focus just on the sectors comprising the scalars and the 3-form field strengths. (The vectors
can be truncated consistently from the theory, thus simplifying the discussion.) We may

then introduce a second set of five 2-form potentials A’ . in terms of which we define

(2)°

P (6.21)

(2)
This set of field strengths transform as the 10-dimensional vector representation under
0(5,5). The Lagrangian for the kinetic terms for the scalars and 2-form potentials can

then be written in the manifestly O(5, 5)-invariant form
L=cR+ tetr(OuM™" 0" M) — Jre Hy MH) (6.22)

where M is the (O(5) x O(5))\O(5, 5) coset matrix defined in section 4.1. Its explicit form is
given by (C.4), with G and X as defined above ([C.7) in Appendix C. The Bianchi identities

and equations of motion that follow from this Lagrangian are
dH(g) =0 s d*(MH(S)) =0 s (623)
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from which we see that it is consistent to impose the O(5, 5)-covariant truncation

Here Q is an O(5, 5)-invariant metric that again can be considered to be an invariant of
(O(5) x O(5)). One of its indices can be raised with the invariant (identity) metric of the
maximal compact subgroup to obtain Q2 = 1. The subsector of the bosonic Lagrangian for
six-dimensional maximal supergravity that we have obtained here agrees with the results
obtained in [27], where the complete theory was obtained by direct construction, rather

than by dimensional reduction from D = 11.
D=4

The fully-dualised scalar manifold in D = 4 has an F7 global symmetry. The only
additional fields of higher degree are the 28 vectors, comprising 21 A;y;; and 7 A%U. Their
associated field strengths, together with their duals, form the 56-dimensional irreducible
representation of E; [[(J. The associated dilaton vectors, (d;, gi, —0jj, —EZ) are the weight
vectors of the 56, with —br as the highest weight.

The D = 4, N = 8 supergravity with manifest E; global symmetry was obtained by
first dimensionally reducing eleven-dimensional supergravity, and then dualising the seven
2-form potentials A ,; to give rise to additional scalars x* [[Ld]. It is also necessary to dualise
the twenty-one pseudo-vectors A(;y;; to give twenty-one vectors. Together with the seven

Kaluza-Klein vectors, they form a 28-dimensional representation of SL(8,IR). The bosonic

Lagrangian can then be written as [[[]]
Ly =eR+ etr(d,M"M) + te Fﬁfj «GhY (6.25)

where M parameterises the coset SU(8)\ E7, constructed in section 4, and F, ﬁfj, with indices

a,b = (i,8), are the field strengths of the twenty-eight vectors. Gfﬁ is given by

oL
SFah

*Gob = —4 (6.26)

and is therefore a linear combination of F ﬁfj and *F Z?j At the level of the Lagrangian, the
global symmetry is SL(8,IR), which extends to E7 at the level of the equations of motion,

where the twenty-eight F ﬁfj and twenty-eight G, form a 56-dimensional representation

F
H, = (G) , (6.27)
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it was shown that they in fact satisfy the duality relation H , = QMxH ), with [[L0]

a1 6.28
_<—I 0)' (6:28)

This allows us to write down an E7-invariant Lagrangian Lo, where the G fields are regarded

as independent of F'. The Lagrangian is given by

Lo=eR+ tetr(9,M* M) — LHL MH, . (6.29)

6.3 Doubled Lagrangians

We now present a general proof that all the equations of motion following from the even-
dimensional doubled Lagrangians that we have been discussing here, with a doubled set of
potentials for the field strengths of degree n = %D, are indeed the same as the equations
of motion from the original Lagrangians after we impose a universal twisted self-duality
constraint. We have already seen that this is true for the equations of motion for the fields
of degree n themselves; it remains to be established that the equations of motion for the
other fields are the same, we shall now consider them. The structure of the “doubled”
Lagrangians is

Lo=—75 H MH + L(¢) , (6.30)

where ¢ denotes all the remaining fields, including the complete set of scalar fields, the

metric gy, etc. with Lagrangian L(¢), and

H= " 6.31
_<G>, (631

Here F' = dA is written in terms of the original potentials A, while G = dB is written in
terms of the “doubled” potentials B. The fields H satisfy the Bianchi identity dH = 0 and
equations of motion d(Mx*H) = 0. Here the fields are real and the matrix M = VTnV is
symmetrical.

We then impose the twisted self-duality constraint (coined some time ago a silver rule
of supergravity)

H = QMxH . (6.32)

Acting with another *, and using the fact that ** H = (—1)"~! H, this implies that it
squares to a multiple of the unit matrix, (QM)? = (=1)""1I. We also have (n)? =
(—=1)"~1. We may use the constraint (.39) to solve for the field strengths G in terms of F
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and *F, giving G = f(¢) F + g(¢)*xF. We may then write a Lagrangian purely in terms of

the original fields in the form
L1=55F *G+L(¢) , (6.33)

where G is expressed in terms of F' as above. It is obvious that the equations of motion
for the (D/2)-form field strengths are the same for the Lagrangians (f.33) and (f.30). Note
that if the solution for G is substituted into H given in (.3]), it then has the property that
in any even dimension:

H*MH=0. (6.34)

This can be seen by using (.39) to re-express H' MH as the manifestly-vanishing expres-
sion H' A QH.

With these preliminaries, we are in a position to show that the equations of motion for
the other fields ¢ that follow from (f.30), after imposing the constraint (6.32), are the same
as the equations of motion that follow from (f.33). To do this we vary (5.34) with respect
to ¢, to get

oM SHT
1T H+———_MH=0. :
3 50 + 50 M 0 (6.35)
Now, we can use () in the second term, to give
oM SHT 0
I H=—-—""Q«xH =——(F - . .
5 5% 7 * 5¢( *@) (6.36)

It is now evident that 6L1/d¢ = dL2/d¢, and hence the scalar equations of motion from the
two Lagrangians agree.f]

To conclude this subsection, we present some results on duality in even dimensions.
The maximal possible duality symmetry in an even dimension for a given set of N (prior
to doubling) field strengths with degree D/2 depends on whether D = 4k or D = 4k + 2;
they are Sp(2N) and O(N, N) respectively [27]. (This generalises the D = 4 result in [29].)
The maximal coset space for the scalar fields also depends on the spacetime signature. The

cosets for the maximal duality symmetries are summarised below in Table 1.

Lorentzian Euclidean
D =4k U(N)\Sp(2N) GL(N)\Sp(2N)
D=4k+2 | O(N) x O(N)\O(N,N) | O(N,C)\O(N,N)

Tt is possible to add a linear term HTX(¢) to the Lagrangian ) provided that X(¢) satisfies
* X MQX = 0 and we modify the self-duality constraint () The proof is analogous, with appropriate

minor modifications.
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Table 1: Maximal global symmetry and scalar coset for N D/2-form field strengths

In Lorentzian spacetime, the stability group for the scalars is the maximal compact
subgroup of the global symmetry group, whilst in Euclidean space, the denominator group
is non-compact [B(]. Also, in Euclidean space the kinetic terms for the axionic scalars,
which couple to the tensor fields, have the opposite sign.

The introduction of the doubled formalism, where the Lagrangian £ is invariant under
the full duality group, allows us to define conserved Noether currents in the usual way. If
we impose the self-duality constraint (6.34) on the current, it defines conserved currents
for the original Lagrangian £i. In the case of D = 4, this procedure gives rise to the
same currents as defined in [29]. These currents are non-local whenever the dual potentials
appear explicitly in the expression. It is worth noting that even for the subgroup which
leaves the original Lagrangian £ invariant, this procedure does not reproduce the current

defined directly from L£;. They differ by the topological current

JH s DY X (6.37)

6.4 Dualisations of higher-degree fields, and global symmetries

We have seen earlier in the paper that a convenient way to discuss the global symmetries
of the dimensionally-reduced supergravities is to consider first the symmetries of the scalar
manifold. The global symmetries of the scalar sector are themselves dependent on the choice
of dualisations, in the sense that one obtains inequivalent symmetry groups if (D — 2)-form
potentials in the direct reduction are not dualised to scalars, or if existing scalars are
“undualised” to give (D — 2)-form potentials. These differences in the global symmetry
groups persist even at the level of the equations of motion.

One might be tempted to think that the global symmetries of the scalar manifold would
automatically extend to the entire theory, since the higher-degree field strengths transform
linearly. However, this is not in general true. What is true is that in the toroidally dimen-
sionally reduced theories coming from eleven-dimensional supergravity, there always exists
a choice of dualisations for the higher-degree fields such that the global symmetries of the
scalar sector do indeed extend to the full theory. In some cases, this will be true only at the
level of the equations of motion, whilst in other cases, the symmetry is realised also at the
level of the Lagrangian. What is perhaps more surprising is that there are examples where,
even at the level of the equations of motion, the global symmetry of the scalar sector can be

broken as a result of performing, or not performing, certain dualisations of the higher-degree
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fields. The basic reason for this is that it is not in general the case that the field equations
and Bianchi identities involve only field strengths; bare potentials can occur too. In such
cases the global symmetries must clearly be realised on the potentials themselves, which is
possible in terms of local field transformations only if all the potentials associated with a
would-be irreducible multiplet have the same degree.

A simple example arises in six dimensions, where in the direct reduction we have a total
of 15 = 10 + 5 vector potentials A,y;; and Afl), and one 3-form potential A . If the latter
is dualised to a 1-form, then the sixteen vector potentials can form an irreducible 16 of
O(5,5), and the O(5,5) global symmetry of the scalar manifold can then be realised also
in the entire theory. Now let us consider the situation where instead the 3-form potential
is not dualised. The 4-form field strength and the rest of the fifteen vector potentials could
still form a 16-dimensional multiplet if it were the case that the potentials were all covered
by derivatives, so that the symmetry transformations could be implemented on the sixteen
field strengths. However, if the 3-form field strength is not dualised, the corresponding
4-form field strength 13'(4) is given by (A:29). In these original variables, the Lpp4 terms are
trilinear and do not involve the Kaluza-Klein vectors Afl). Thus indeed there are no bare
vector potentials in the equation of motion for the field strength F(4). However, the Bianchi
identity for F, (1) does contain bare Kaluza-Klein potentials. On the other hand, by changing
variables to the hatted potentials, where F,) is given by ([A.20), there will now be no Kaluza-
Klein vectors in the Bianchi identity. Instead, the £Lpp 4 terms now become complicated and
they will involve bare Kaluza-Klein vector potentials. Either way, the occurrence of bare
potentials in the equations of motion or Bianchi identities is unavoidable, and in fact there
is no possible redefinition of fields that can circumvent the problem. Since one is therefore
forced to realise the O(5,5) on the sixteen potentials, rather than their field strengths, it is
necessary to dualise A, to a vector in order to be able to give a realisation of the global
symmetry in terms of local field transformations. Another example of this kind is discussed
in section 9, where we observe that the SL(2,IR) symmetry of the type IIB theory is lost if
one of its 3-form field strengths is dualised to a 7-form.

A contrasting example arises in D = 7. We saw in section 6.1 that the SL(5,IR)
symmetry can be realised in the full theory at the level of the Lagrangian, provided that
the 3-form potential A, arising from the direct reduction from D = 11 is dualised to
yield a 2-form potential. There are then five 2-form potentials in total, which form an
irreducible 5 of SL(5,IR). In fact one can make field redefinitions such that these potentials

appear in the Lagrangian only via their field strengths. This means that one can perform
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arbitrary dualisations of these 3-form field strengths and the resulting theories, at the level
of the equations of motion, will still have the unbroken global SL(5,IR) symmetry. (For
the usual reasons, the symmetry can only be realised as local field transformations on the
field strengths, in dualisation choices where 3-form and 4-form field strengths are to be
assembled into an irreducible multiplet.)

In summary, we note that at the level of the Lagrangian the global symmetries must
necessarily be realised on the potentials, since these are the fundamental fields. Conse-
quently, the global symmetry will be broken if some members of an irreducible multiplet
are dualised to fields of the dual degree, since then a realisation of the symmetry in terms of
local field transformations becomes impossible. At the level of the equations of motion, on
the other hand, the symmetries can instead be realised on the field strengths, provided that
only the field strengths, and not their bare potentials, appear in the equations of motion
and the Bianchi identities. The global symmetry can then be preserved under dualisations,
as long as the dualisation of some members of an irreducible multiplet does not result in
the appearance of bare potentials for any fields in the rest of the multiplet. Otherwise, the

global symmetry will again be broken.

7 R-R dualisation

In the previous sections, we studied the global symmetries of toroidally-compactified eleven-
dimensional supergravity. We have seen that the choice of whether or not to dualise certain
field strengths can affect the global symmetries of the theories. At the level of the La-
grangian, we saw in section 2 that the undualised theories have a global GL(11— D, IR)x R4
symmetry, which can be extended to F1;_p if all field strengths of ranks > %D are dualised.
In all cases where the full dualisation is performed, the GL(11 — D,IR) symmetry is pre-
served, and now forms a subgroup of the enlarged F11_, symmetry.

Of course, if we do not insist on obtaining a formulation of the theory with the Fy1_p
symmetry, then we can selectively perform dualisations on only a subset of the higher-degree
field strengths. In [[J the case was considered where only those fields that correspond to
type IIA string Ramond-Ramond fields were dualised. The motivation for this came from
perturbative string theory, where the NS-NS gauge potentials, namely the two-form and the
metric, couple to the string world-sheet directly, rather than through their field strengths.
Thus in terms of a sigma model action we might not wish to dualise these NS-NS fields,
in order to have global symmetries that act locally on the potentials that couple directly

to the world-sheet. The R-R fields, on the other hand, couple in the world-sheet string
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action only through their field strengths, and hence these can be freely dualised without
compromising the locality of the global symmetry transformations. In fact, the realisation
of the perturbative T-duality symmetry O(10 — D, 10 — D) of the toroidally-compactified
type IIA theory requires only that the R-R fields be dualised, while the NS-NS fields can
be left undualised [[[2].

If we insist that the NS-NS gauge potentials are left undualised, then the supergravity
theories have the symmetries Ey1_p for D = 9, 8 and 7, but O(10 — D, 10 — D)xIR? for
D < 6, where ¢ = 28D [[d]. The global symmetries in D > 7 are the same as in the fully
dualised theories that we discussed previously, since it is only the R-R potential A, that
suffers dualisation in these dimensions.

In D = 6, the usual E5 = O(5,5) symmetry of the fully-dualised theory requires the
dualisation of all of the five 3-form field strengths, since they and their duals together
comprise a 10-dimensional irreducible multiplet under O(5,5). Since one of these 3-forms
is an NS-NS field, the requirement that no NS-NS fields be dualised will break the O(5,5)
symmetry to O(4,4). In fact the full global symmetry is now O(4,4)xIR®. (The fact that
the NS-NS 2-form potential need no longer be covered by a derivative allows a redefinition
of fields in which all 8 R-R axions acquire shift symmetries.) This O(4,4)xIR® symmetry is
actually a subgroup of E5. This can be seen from the fact that the scalar sector in D = 6
is unaffected by the decision not to dualise the NS-NS fields, and that the global symmetry
of the full equations of motion must be equal to or a subgroup of the global symmetry of
the scalar sector.

In D = 5, the story is similar since the 3-form gauge potential that dualises to a scalar is
an R-R field. Thus the scalar Lagrangian with only R-R dualisation is the same as the that
for full dualisation, and hence the O(5,5)xIR'6 is a subgroup of Eg. In both D = 5 and
D =6, the F11_p symmetry of the scalar sectors does not extend to the full theories with
only R-R dualisations, even at the level of the equations of motion. Only the O(4,4)xR3
and O(5,5)xIR'® subgroups remain as global symmetries.

The story changes in D = 4 and D = 3, in that the O(6,6)xR3? and O(7,7)xIR5*
symmetries for the R-R dualisations are not subgroups of F; and Eg. The reason for this
can be seen by looking at the scalar sectors of the theories. In these cases, the scalar
manifolds with only R-R dualisations are different from the scalar manifolds for the full
dualisations, since there are NS-NS (D — 2)-form potentials that will no longer be dualised
to give additional scalars. In fact already in the scalar sectors, one now finds that the global

symmetries are instead the O(6,6)xIR3? and O(7,7)xIR%! groups mentioned above. It is
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easy to see that these cannot be contained in F; and FEjg, since these allow only the smaller
groups IR?” and R3¢ as maximal abelian subgroups.

In the rest of this section, we shall concentrate on studying the scalar sectors of the
D =4 and D = 3 theories obtained by performing only R-R dualisations. First, we show
how to identify the R-R fields and the NS-NS fields. In D dimensions, the field content is
given by (R.4). Now in D = 10 the metric, the dilaton and the 2-form gauge potential A )
are NS-NS fields, while the 3-form gauge potential A and the vector potential A(ll) are
R-R fields. This separation into NS-NS and R-R fields is preserved under the subsequent
steps of dimensional reduction. It follows that in the D-dimensional undualised theory the

breakdown of the fields into NS-NS and R-R is as follows:

NS — NS : A(g)l A(l)la A(O)laﬁ A(();) A%)ﬁ (Z; Guv (71)
R-R: Ay Aga Awas Aoasy Ab Apa (7.2)

where we have decomposed the internal index i as i = (1, ).

In D = 4, there are seven 2-form gauge potentials A),; which could be dualised to
scalars, of which A1 is an NS-NS field while the six remaining potentials A, are R-
R fields. Instead of dualising all seven, as we did in section 3.2, let us now only dualise
the six R-R potentials, and so instead of introducing seven Lagrange multipliers for the
Bianchi identities (), we now introduce only six multipliers x%, for the Bianchi identities
d(¥'oFsi) = 0. Thus we add Lagrange multiplier terms

Linm = —dX* N7 o Flayi (7.3)

to the Lagrangian. We now repeat an analysis analogous to that in section 3.2, except that
now we treat only the six fields F3), as auxiliary. Solving algebraically for these, we find

that Fiz)o = e_aa"gG?;), where

Gh) =% <dX6 + 75 Awykem dAwoynpg Eﬁkzmnpq> : (7.4)
(In deriving this, we made use of the fact that ¥%; = 0.) After substituting back into the
Lagrangian, the resulting theory is invariant under the transformations

5Xa — kO 1 aijklmn

0Awyijk = Cijk =€ Cijk Awyemn (7.5)

together with the usual GL(6,1R) transformations described by A“g, and also those corre-
sponding to the parameters A',. Note that the original GL(7,IR) breaks down to GL(6,1R),

since x(® is invariant under § a1, - This invariance can be seen by considering the variation
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of Lr in (7.d) under the A, transformations. Noting that F3); is invariant, as it is under
all GL(7,IR) transformations (since i here is a tangent-space index), and that from (A.15),

67 o = Aty and 6795 = 0, we see that if x* is invariant then Ly transforms by
SLiyv = —dx® A Fay Ay (7.6)

But Fis); = I Z-F(g)j, implying, since 771 = (5{, that Fiz1 = F(g)l. Hence from ([A.29) we
have that F(31 = dA()1 when the vectors are set to zero (as we are assuming here since we
are simplifying the discussion by focussing on the scalar sector), and consequently, we see
that ([.) is a total derivative. This shows that the fields x® are indeed inert under Al,
transformations.

The non-trivial commutation relations in this case are
1 ij ke /
[(55,501] = 5k N kK = %eaw mn Cijk C tmn - (77)

Putting all this together, we find a maximal abelian symmetry of dimension 32, correspond-
ing to the parameters

Ay, kY capy - (7.8)

Note that this IR??> symmetry corresponds precisely to the shift symmetry of the full set
of R-R scalars, namely six A(l)a, six x“ and twenty A3, Note also that although we
simplified the discussion by setting the vectors to zero, the result remains true in the full
theory [[J]. This is because all the R-R fields can be covered by derivatives simultaneously
in D = 10 already.

From the point of view of the coset construction described in sections 4 and 5, the
generator Dj in the positive-root algebra of E7, which was associated with the axion dual
to the NS-NS potential A1, can be rescaled and the scale factor sent to zero. After
this contraction of the algebra, we can consistently truncate the generator, resulting in a
theory with an O(6,6)xIR32 global symmetry. This procedure of dualisation can be also
understood from point of view of a double coset. With respect to the simple root i = 512,
the 63 positive roots of E; are graded as 1 level-2 root, associated with Dy, 32 level-1 roots
and 30 level-0 roots. Thus the double coset can be denoted by SU(8)\E7/N. 2 implying
that the generator Dy of the Borel group is contracted and truncated out.

The analysis in D = 3 is similar. In the undualised theory we have 28 A);; and 8 Afl)
potentials, which could be dualised to axionic scalars. If we instead dualise only the R-R
subset, namely the A),3 and .A(ll) potentials, then the theory will have an O(7,7)xR%
global symmetry, with a maximal abelian subalgebra IR%* corresponding to the shift sym-

metries of the full set of 64 R-R axionic scalars. In fact the remaining undualised 14 NS-NS
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vectors correspond to the 14 level-2 generators of the Borel group of Eg, with respect to the
simple root 7, and hence the dualisation is equivalent to the double coset SO(16)\Es /N2F2.

Note that in D = 4 and D = 3 the associated O(6, 6)x IR32 and O(7, 7) x IR% symmetries
are perturbative in nature, from the point of view of string theory. In fact these theories,
where only R-R fields have been dualised to give additional axions, do not have any non-
perturbative symmetries. Such symmetries can arise in the scalar Lagrangian only when
some of the NS-NS (D — 2)-form gauge potentials are dualised to scalars, in the process of
which the scalar manifold is changed.

So far in this paper, we have considered the global symmetries of the maximal supergrav-
ities coming directly from the dimensional reduction of eleven-dimensional supergravity. We
have also considered how these symmetries are modified when we dualise either the full set
of higher-rank field strengths, or alternatively just the R-R subset. In particular, in D =4
or D = 3 dimensions various different choices can be made, depending on which set of
(D —2)-form gauge potentials are dualised to give additional axionic scalars. Each different
choice can give rise to a new version of the supergravity, with a different global symmetry,
whose positive-root algebra can be understood from the contraction and truncation of the
F11_p symmetry that arises in the case of full dualisation. In fact a useful way to discuss the
global symmetries in the different dualisations is to begin by considering the fully-dualised
theories with the E11_p symmetries, and then pass to the other cases by “undualising”
certain fields, or in some circumstances, deliberately raising the rank of field strengths by
further dualisations. There are many more possibilities than the no-dualisation, R-R du-
alisation and full-dualisation examples that we have considered so far. Another example
is the following. In D = 4 dimensions all 28 vector potentials in the Lagrangian can be
covered simultaneously by derivatives, implying that there can be a commuting IR?® sym-
metry in D = 3, realised by the the 56 scalars coming from the dimensional reduction of
the 28 vectors in D = 4. (28 arise as scalars already, and the remaining 28 come from
dualising the 28 vectors in D = 3.) In this case, the Kaluza-Klein vector arising from the
metric in the reduction from D = 4 to D = 3 can no longer be dualised. In this version of
D = 3 supergravity we therefore have an E;xIR0 global symmetry, since the dimensional
reduction and the dualisation preserve the E7 symmetry that was already present in D = 4.
In D = 4 the 28 vectors and their duals formed a 56 of Er; in D = 3 they have reduced to

56 axions that again form a 56 of Fx.
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8 Abelian symmetries in maximal supergravities

A global IR symmetry in a toroidally-compactified supergravity corresponds to a constant
shift symmetry of an axion. We can choose a basis where this axion is covered by a derivative
everywhere in the Lagrangian or the equations of motion. A set of abelian IR symmetries
arises when a set of axions can all be covered by derivatives simultaneously. It is of interest
to look for the maximal such sets of commuting IR symmetries. One application is for the
construction of massive supergravities in lower dimensions, which can be obtained by per-
forming a generalised Scherk-Schwarz reduction in which an axion is allowed an additional
linear dependence on the compactification coordinate [BI], B3, B3, B4]. Such reductions can
be simultaneously performed on each of a set of axions that have commuting IR, symmetries,
and thus it is useful to identify the maximal such set.

The dimensions of the maximal abelian subgroups for simple Lie groups are well under-

stood by mathematicians. They are given by [[[7]]

Simply-laced :
Ay [%n(n + 2)] , D,: gn(n—1),
Eg - 16, E;:. 27, FEg: 36.

Non-simply-laced :
B, : 1+ %n(n —1), n>4, with 3 and 5 for Bs and Bjs ,
Cn:  dn(n+1),  Fi: 10, Ga: 3. (8.1)

Thus it straightforward to obtain the maximal IR? symmetries for the fully-dualised max-
imal supergravities which have F11_p global symmetries, namely ¢ = {1, 3,6, 10, 16,27,36}
for dimensions D = {9,8,7,6,5,4,3}. The identification of the sets of axions that realise
these maximal abelian IR symmetries was studied in [2, B], using the method of solvable
Lie algebras. The conclusion is that for D > 4, the maximal IR symmetry can be realised
by all the “new” axions in D dimensions that do not exist in (D + 1) dimensions. In other
words, these are the axions coming from the dimensional reduction of the vectors in (D4 1)
dimensions. This counting for maximal abelian IR symmetries breaks down in D = 3, where
the 36 axions are given by the dualisations of the 36 vectors, as we saw in section 3.

In this section, we shall investigate maximal abelian IR symmetries (but not necessarily
those of maximal dimension) in the toroidal compactifications of eleven-dimensional su-

pergravity. We shall prove that maximal abelian subalgebras of the positive-root algebra
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correspond precisely to sets of axions that can be simultaneously covered by derivatives
everywhere in the Lagrangian. Then the abelian IR symmetries in D-dimensional super-
gravity can be analysed by studying the abelian subalgebras of the associated positive-root

algebra.

81 D>6

First let us consider D > 6, where there is no complication from dualisations involving
scalars. The axions in these cases are given by A, and Agj. The scalar Lagrangian is
given by (A4) with all the higher-forms set to zero. The non-linear Kaluza-Klein modifi-
cations for Fl,);;;, and F, ; are given in (A13). To begin with, we work to bilinear order

in fields:

F(1)ijk = dA(O)ijk - Afo)i dA(O)ij - Af())j dA(O)iék - Afo)k dA(O)z‘jé +e
.7:?1)9' = d-Azo)j — A(o)j dAw + -+ . (8.2)

From these bilinear terms, it is manifest that we cannot cover A, and Afo)i with deriva-
tives simultaneously, implying that their IR symmetries are non-commuting. Similarly, we
cannot cover Ay 1 and .Afo) j with derivatives simultaneously.

The above observation is closely related to the positive-root algebra of the theory. As
we saw in section 3, the positive-root algebra can be translated via the Jacobi identities to
a set of summation rules for the dilaton vectors of the axions, which are the positive roots
of the global symmetry algebra. If the sum of any two dilaton vectors gives rise to a third
one, then the associated generators of the positive-root algebra do not commute; otherwise,
they do commute. The dilaton vectors for A, and Afo) j are d;;, and gij respectively.
Thus we see that the non-commutativities of the shift symmetries of axions in (B.2) are

exactly equivalent to the non-commutativity of the corresponding root vectors, i.e.

gz’j + gjk = gzk ) i + gm = dyjk (8.3)
which is already given in ([.2). Thus in order to have axions with commuting IR symmetries,
we must choose a subset whose dilaton vectors correspond to positive roots that commute.
In other words, since (B-) defines the algebra of the root system, we must choose a subset
of the axions such that their dilaton vectors cannot, using the summation rules in (B.3),
generate any other dilaton vectors for any axions.

The above argument concentrated on the bilinear terms in the non-linear Kaluza-Klein

modifications. However, it is clear from the chain structure of the higher-order terms in
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’yij given in ([A.1J) that any subset of axions that have commuting IR symmetries at the
bilinear level will continue to have commuting IR symmetries when the higher-order terms
are included as well.

We shall now illustrate this with a few examples. The first non-trivial case occurs in
D = 8, where the global symmetry is given by E3 = SL(3,IR) x SL(2,IR). The association

of the dilaton vectors, positive roots and axions is given in the following table:

Dilaton Vectors by by f3 Axions
bis 01 1 Al
b3 00 1 A2 3
b1 010 Aloy2
123 100 Aoy123

Table 2: Dilaton vectors, positive roots and axions in D = 8

The entries in the second column denote the coefficients ¢; in the expressions ), ¢; 7; for
the positive roots. Thus there are two ways to get the maximal abelian commuting R

symmetry, which has three commuting generators:

{b13, b3, d123} {Al3, Al 3, Aoyr23} (8.4)

or
{b13, 012, d123} {Aly3, Algy2, Ay123} - (8.5)

In each case, these sets of three axions can all be covered by derivatives simultaneously in
the Lagrangian. In case 1, given by (B.4), all the three axions carry an index 3, implying
that they are the new ones arising from the reduction from D = 9. In this case, there is
one R-R axion Al 3, while the other two are NS-NS fields. This set of maximal abelian IR
symmetries was also found in [P3, PJ|. In case 2, given by (B.H), we have only one NS-NS
axion, namely A 123, while the other two are R-R fields. This second R? symmetry can
be understood more generally from the fact that the theory has a global R x SL(3,R)
symmetry, which is a subgroup of F3, where R is realised on the axion A,i23, and hence
commutes with SL(3,IR).

Another example that can be presented in detail is in D = 7. The global symmetry is

E,; = SL(5,R); the dilaton vectors, positive roots and axions are summarised in table 3:
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Dilaton Vectors by Uy b3 Ly Axions
234 1111 Aoy234
@134 1011 Agoy134
bia 01 11 Ay
@194 1 00 1 Ay124
boa 0011 A2 4
b1s 0110 A3
b3a 0001 A3 4
b3 00 10 A%
bio 0100 Aloy2
@123 1 000 Apyo3

Table 3: Dilaton vectors, positive roots and axions in D =7

Sets of axions with abelian IR symmetries can be associated with sets of positive roots
that all have a 1 entry in one of the columns of coefficients ¢;. This is because there is
no coefficient 2 = 1 + 1 for any of the positive roots. The maximal abelian symmetry is
IR®, which can be realised in two different ways, namely by looking at the positive roots
with a 1 in column 4 or in column 3. The six axions associated with commuting positive
roots determined by column 4 all have an index 4, implying that these are the new axions
appearing in the reduction from D = 8 to D = 7. This set comprises two R-R and four NS-
NS axions. This set was also obtained in 2, BJ|. The column-3 commuting roots represent
a new, alternative, choice for realising the IR® symmetry. In this case, there are three R-R
axions and three NS-NS axions.

Looking instead at column 1, we see that the four axions A y;j; have a commuting R*
symmetry. This is precisely the R* in GL(4,R)xIR* discussed in section 2. Note that
once all the four A, axions are covered by derivatives everywhere in the Lagrangian, no
further axions can be covered. Although the maximal abelian symmetry is RS, we cannot
extend this R* any further. This can be understood from the fact that IR* is the maximal
abelian subalgebra in G'L(4,IR)xIR*, which itself is a maximal subalgebra of F,. Note that
as we remarked in section 2, the full D = 7 Lagrangian, when the higher-form potentials
are not dualised, has a global GL(4,IR)xIR* symmetry. The extension to an E; symmetry
can be done at the level of the equations of motion, or at the level of the Lagrangian if the

4-form field strength is dualised to a 3-form field strength.
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Finally, looking at column 2, we can see that the four R-R axions, namely A 234
and A(lo)a have commuting IR* symmetries, which also cannot be extended to IR®. This
corresponds to another maximal subalgebra of Ej, namely O(3,3)xIR?* and IR? is the
maximal abelian subalgebra of O(3,3)xIR*. This example follows the general pattern where
only the R-R fields are dualised [[J], which was discussed in section 4.

In D = 6 there are a total of 20 axions, corresponding to the 20 positive roots of the
Es = Dy group. We shall not present the details, because of the large number of axions
that are involved, but the analysis is analogous to the previous two examples. The maximal
abelian symmetry for Ds is IR'?, and can be realised in two ways. One is the set of axions
that all carry an index 5, i.e. the new ones in D = 6. In this case, there are four R-R axions
and six NS-NS axions. Another way to realise the IR'? is by the set of all the 10 axions
Aoyijk, which is also a maximal abelian symmetry of GL(5,R)xIR!. In this case, they
also comprise four R-R axions and six NS-NS axions. We can instead easily read off an IR®
symmetry, realised by all the eight R-R axions. This IR® is the maximal abelian subalgebra
of O(4,4)xIR8.

Another interesting possibility in D = 6 is to dualise one of the original axions, namely
A0)345, to a 4-form potential. By inspecting the list of positive roots and their association
with dilatons, analogous to Tables 2 and 3 in D = 8 and D = 7, one can see that having
removed Ay 345 from the set, the remaining positive roots now have an enlarged maximal
abelian subalgebra, yielding an IR'? symmetry. This is realised as shift symmetries on the
12 axions Ay1a8, A0)208, A(lo)a and A?O)a, where a, 8 = 3,4,5. The abelian symmetry in
this case is larger than the IR® of the R-R dualistion or the IR'? of the no-dualisation or

full-dualisation versions of the theory.

82 3<D<5

In these lower dimensions, the theories contain (D — 2)-form gauge potentials that can
be dualised to give additional axions. We shall show that the abelian IR symmetries in
these cases are also governed by the algebras of the positive-root systems. In D = 5,
let us consider the scalar Lagrangian where the 3-form gauge potential is dualised to a
scalar. It follows from (B.) that the axions Ayije and Agemn cannot be covered by
derivatives simultaneously if ijkfmn are all different, implying that the corresponding shift
symmetries are non-commuting. This non-commutativity is precisely equivalent to the non-
commutativity implied by the sum rules for their associated dilaton vectors, given by (JL.25).
In D = 4, it follows from (B.16) that the non-commutativity of the IR symmetries of the
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axions {Aijk, Awyemn} is described by the sum rules for their associated positive roots,
given by (B.16). The story is similar in D = 3, where the non-commutativity for the axions
{Awyijk, Ayemn} and for {Aijk, Ajr}, which can be seen from (B-31) and (B.39), is also
implied by the sum rules for their dilaton vectors, given by ([£33).

Having established the equivalence of the non-commutativity of the axionic shift sym-
metries and the sum rules for the associated positive roots in 3 < D < 5, the task of
finding the maximal sets of axions that can be simultaneously covered by derivatives be-
comes equivalent to that of finding the maximal numbers of commuting positive roots. It
is straightforward to verify that this leads to exactly the same counting of commuting IR
symmetries as we obtained in section 2, with an identical identification of the axions on
which the symmetries are realised.

The above discussion was focussed on the versions of the supergravities where all the
(D — 2)-form potentials are dualised to scalars. However, the same methods can also be
applied to the non-dualised or partially dualised cases. The key point is that if one of the
(D — 2)-forms is not dualised, then its associated dilaton vector should not be included as
a positive root. For example in D = 5, if the 3-form gauge potential is not dualised, then
—a is not a positive root in the system, and hence the sum rule @;;x + @y = —ad no longer
implies that the sum of d@;;; and @y, gives rise to another positive root. The consequent
commutativity implies that there will be a global IR?® symmetry, which is the maximal
abelian subalgebra of GL(6,IR)xIR?°, the symmetry group of the undualised theory. A
similar analysis applies to D = 4 and D = 3, where the maximal abelian IR symmetries
can be read off from the sum rules for the dilaton vectors for any choice of dualisations,
including for example the no-dualisation or R-R dualisation possibilities.

In summary, we have shown that we can read off the abelian symmetries from the F11_p
positive-root algebra of the fully-dualised theories. The maximal abelian symmetries (of
largest dimension for each particular dualisation choice) of the various versions, including

non-dualised, fully-dualised and R-R dualised cases, are given in Table 4 below.

Dim. 109 8 7 6 5 4 3
Nodual | 1 2 3 4 10 20 35 56
RRdual | 1 2 3 6 8 16 32 64
Fullduval | 1 2 3 6 10 16 27 36

Max. 1 2 3 6 12 21 35 64

Table 4: Maximal IR symmetries
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We have also listed in the row denoted “Max” the largest maximal abelian symmetry that
can be achieved in any of the various versions of the theories. The R and IR?! cases in
D =6 and D = 5 occur in the direct dimensional reduction of type IIB supergravity, which

we shall discuss in the next section.

9 Dimensional reduction of type IIB supergravity

As is well known, the toroidal dimensional reductions of type IIB supergravity are equivalent
to those of the type ITA theory, and are simply related by field redefinitions. In fact there are
two different routes that one can follow in the descent from the type IIB theory to D = 9.
This is because there is a self-dual 5-form field strength in type IIB, which, under Kaluza-
Klein reduction, can give either a 5-form field strength or a 4-form field strength (but not
both) in D = 9, depending upon how the reduction is performed.[] If the latter choice is
made, the fields in D = 9 are precisely those of the D = 9 reduction from D = 11, modulo
simple local field redefinitions. If, on the other hand, the reduction to D = 9 is expressed in
terms of the 5-form field strength, the theory is then related by non-local field redefinitions
involving the 4-form potential. In fact, it is the theory one would get from D = 11 by
choosing to perform an inverse dualisation of the 3-form potential after reduction to D = 9.
Subsequent direct dimensional reductions without any dualisations will then continue to
yield versions of the lower-dimensional supergravities that can be interpreted as specific
inverse dualisations of the supergravities that we discussed in the previous sections.

The global symmetries of these direct type IIB reductions will be (SL(2,IR) x GL(9 —
D,IR))xIR", where the SL(2,R) factor is directly inherited from the SL(2,IR) symmetry of
type IIB in D = 10, the GL(9— D, R) is the usual global symmetry from toroidal reduction
as discussed in section 2. (The symmetry is GL(9 — D,R) rather than GL(10 — D,R)
because of a breaking of the symmetry by the self-duality condition on the 5-form in D =
10.) The abelian factor IR" describes the maximal commuting shift symmetries of the
axions coming from the antisymmetric tensors. The values of r in each dimension are
r = {0,1,3,6,12,21,35,57} in D = {10,9,8,7,6,5,4,3}. We shall discuss the origin of
these IR symmetries later in the section. One reason for looking at these reductions of the
type 1IB theory is that they can sometimes give rise to maximal abelian shift symmetries

that are larger than the ones obtained via the type IIA route. For example, as we mentioned

10More precisely, the self-duality of the 5-form field strength in D = 10 implies that its 5-form and 4-form
reductions are related by Hodge dualisation in D = 9. The Lagrangian in D = 9 can be formulated using

the potential for either one or the other of these as the fundamental field.
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in section 8 there is a version of six-dimensional supergravity in which there are 12 abelian
symmetries, exceeding the 10, 8 and 10 abelian symmetries of the non-dualised, R-R dualised
and fully-dualised versions from D = 11. This new version is in fact nothing but the direct
reduction of the type IIB theory, although it can of course instead be understood as a
specific inverse dualisation of the type ITA reduction.

The bosonic sector of type IIB supergravity comprises the metric, a dilaton ¢, an axion
X, two 2-form potentials Ag, and a 4-form potential whose associated field strength is
self dual. The 4-form potential, x and Ag)) are R-R fields, and the remainder are NS-NS.
Owing to the self-duality of the 5-form field strength, there is no simple way to write a
covariant Lagrangian for these fields alone. However by adding extra degrees of freedom,
namely by removing the self-duality condition, one can write a Lagrangian whose equation of
motion yield the type IIB equations after imposing the self-duality constraint as a consistent
truncation [P§]. (A similar technique was used in section 6 when we constructed Lagrangians

for the higher-degree fields in even dimensions.) Thus our starting point is the Lagrangian

L = eR+ tetr(9M 1 O'M) — 1—12€H£) MH g — 2406H(o)
€ij Buy A dAY) A dAY)

2\/_ @) @ >
= eR— Le(00)* — fee® (9x)? — hee ? (FY))? — Lee? (F))?
24OeH(5) ST 3(4) A dAY) A dAY) (9.1)
where )
e +x%e? —xe? d Ay
—xe e dAG

The field strengths appearing in (D.1) are defined as follows:

AD A dAD) | (9.3)

1 1 2 1
Fy) =dAy) ,  F) =dAl) —xdAy) . He =dBu, +; s Al A dA]

3

The Lagrangian is manifestly SL(2, R)-invariant.

The equations of motion following from (P.1]) are

Ry = 30,0 006 + 562 0,x Ox + 5 (HZ, — 5 HE, gu) (9.4)
1 ((F i = G g) + 5P (FQ N = HFE) g)

dx Hi) = 2—\1/562] F(‘s)) F((aj)) ’ (9.5)
dx (0 F) = e? X FG)) = —dHe AFS) +XF)) (9.6)
dx(e? FY) = Vgﬂg, NES) (9.7)
) LX) = _l e F(l) F@nvp (9.8)
06 = € (0x)° + e (F)) — e (FS))? (9.9)
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where [1¢ = V#* 0,,¢.

Note that the equation (P.H) for H;, implies, since we also have the Bianchi identity
dH(5) = ﬁei
*H . After doing this, the equations (P.4)-(P.g) become precisely the field equations of

5 F((;)) A F(g), that we can consistently impose the self-duality condition H 5, =

type IIB supergravity [BY]. Note also that the self-duality constraint preserves the SL(2,R)
symmetry, since Hj is a singlet under SL(2,IR). The equations of motion for the 3-forms

Féi) can be written more elegantly as

0 1
d* (M H(3)) — _%H(S) /\ QH(g) 5 Q — (_1 0> . (910)

Let us now consider some possible dual formulations of the type IIB theory, and their
global symmetries. One possibility involves replacing the axion x by an 8-form potential.
Such a dualisation is discussed in the context of a pure (¢, x) matter system in Appendix
B, where it is shown that the original global SL(2,IR) symmetry of the scalar manifold is
broken to a global IR symmetry. Another possibility is to consider dualising one or both
of the 2-form potentials Agg These both enter the field equations and Bianchi identities
only via their field strengths F((;)). However, as we discussed earlier in the paper, a set
of fields cannot necessarily be simultaneously dualised merely because they appear in the
equations of motion and Bianchi identities only through their field strengths. Rather, we use
the (sufficient) property that their bare potentials be absent also in the Lagrangian. This
criterion is not satisfied simultaneously by the potentials Ag, on account of the “Chern-
Simons” modification to the field strength Hs), given in (D.3). Although the simultaneous
dualisation of the two potentials Afg is therefore not possible in this way, we can nevertheless
dualise either one or the other. Having done so, the bare potential of the undualised field will
appear in the new equations of motion and Bianchi identities. Consequently, the original
SL(2,IR) global symmetry will be broken, since it can no longer be realised in terms of any
local transformations on the new set of fields. In fact the unbroken global symmetry will be
R if the NS-NS 2-form Ag)) is dualised, or RxIR if instead the R-R 2-form Ag)) is dualised.

We now turn to the toroidal dimensional reduction of the type IIB theory. Normally,
when a field strength of degree n is dimensionally reduced on a circle, it yields two lower-
dimensional field strengths, of degrees n and n — 1. However, in a case such as that of the
5-form H, in the type IIB theory, its reduction on a circle gives just one or the other of
the lower-dimensional fields, on account of the self-duality constraint. (In other words, the

5-form and 4-form field strengths that we would obtain in D = 9 are not independent, once

the self-duality in D = 10 is imposed, but are related by nine-dimensional Hodge duality.
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Either one or the other can be chosen as the independent reduced field in D =9.) We shall
choose the reduction scheme in which the 4-form potential for the 5-form field strength is
taken as the fundamental field in D = 9. The resulting axionic field strength content in
each lower dimension is given in Table 5 below, where F{,, denotes an n-form field strength
coming from the field strengths already present in D = 10, while F,, denotes one coming

from the dimensional reduction of the metric.

D NS-NS R-R

Foy | Foy | Foy | Foo | Foy | Fo | Fu | Fe | Fo | Fo
wf1r|{o0ofo|o |0 |3s]O0|1]0]0O
91t | 1|0 | 1|0 | 1]o0]|1|1]1
8| 1 | 2| 1| 2| 1|1 ]1|1|2]2
701 3] 3|3 ]3] 1]2]2]|3]|4
6|1 | 4|6 | 4|6 | 1|3 | 4|57
501 |5 10| 5 |10 | 4| 7|9 |12
41 1] 6 |15 6 |15 ] | - |11 |16 | 21
3| - | 7|20 | 7 |2t |~ | - | - |27 37

Table 5. Field strengths in the type IIB reductions

First of all, we note that if we fully dualise all higher-degree field strengths to lower-
degree ones, then in D < 9 the counting of fields indeed reduces to that of the fully-dualised
reductions of D = 11 supergravity. In this section, we shall instead study the global
symmetries of the theories whose field contents are given in the table.

Following this reduction scheme, the scalar sectors in D > 7 are identical to those in
the direct type ITA reductions, and thus the scalar manifolds again have global Fi;1_p
symmetries in these dimensions. In D = 6, the total number of scalars resulting from the
direct reduction of the type IIB theory is 24, comprising 5 dilatons and 19 axions. The
Lagrangian has the global symmetry (SL(2,IR) x GL(3,IR))xIR'2, implying in particular
that there are 12 commuting axionic shift symmetries. If we were to dualise the 5-form field
strength in D = 6, we would get one further axion, and the symmetry of the new scalar
manifold would become E5 = O(5,5), which has an R!® maximal abelian symmetry. Note
that the axion dual to the 4-form potential is A 345 in the type IIA notation. It is easy
to verify in the type ITA reductions of the previous sections that if A 345 is dualised in
D = 6, the axions A)108, A©0)208: A}O)a and A(zo)a can indeed all acquire commuting shift

symmetries. (In fact in D = 6 the scalar Lagrangian has an (SL(2,IR) x GL(4,R))xR!?
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symmetry, since Hs, is a singlet under GL(4,IR). However, this GL(4,IR) symmetry is
broken to GL(3,IR) in the full theory, since the three 4-form field strengths can form an
irreducible representation under GL(3,IR) only. If we were to dualise these three 4-forms,
while keeping the 5-form undualised, then we would instead have a global (SL(2,IR) x
GL(4,R))xR'? symmetry in the full theory.)

In D = 5, we see from Table 5 that there are four 4-form field strengths that can be
dualised to give additional scalars. In the notation of the D = 11 reduction, these scalars
would be A gy, Where the indices range over 3,4,5,6. The global symmetry of the type
1IB version can therefore be understood by taking the fully-dualised D = 11 version with its
Eg global symmetry, and then inversely dualising the scalars A)q3y. The maximal abelian
symmetry is then IR?!', realised by the axions A(lo)a, A%O)a, Aoyiass Awy2as and x, where
the last axion is the dual of A, in the D = 11 reduction.

A similar analysis can be given in D = 4 and D = 3. In four dimensions there are twelve
3-form field strengths, which can be viewed as coming from the inverse dualisation of the
axions Ag)agy, x' and x? of the fully-dualised D = 11 reduction. (The axions x* were
themselves the dualisations of the 2-forms A,); in the D = 11 reduction; see section 3.) In
the D = 11 notation, the type IIB version then has a maximal abelian IR?> algebra that
corresponds to simultaneous shift symmetries for the axions A(lo)a, A%O)a, Aonias, Awy2as
and %, where now the indices range over 3,4,5,6,7. Finally, in D = 3 we have 41 2-form
field strengths, which can be viewed in the notation of the D = 11 fully-dualised reduction
as the inverse dualisation of Ag)ag-, X1 %%, x'2, x1, x2 and xo (see section 3). In the
D = 11 notation, the 57 maximal abelian IR symmetries are associated with simultaneous
shifts for A}O)a, A?O)a, Aoias, Aw2a8, X8,

Note that in all dimensions, in the direct reductions of the type IIB theory, the original
SL(2,IR) symmetry acts on the 1 and 2 indices of the D = 11 notation, and leaves invariant
the « indices. The « indices rotate under GL(9 — D,IR). In all cases, the symmetries of
the type IIB reductions are described by deleting the simple roots 7y = di23 and 75 = 523

in the F11_p Dynkin diagram given in Table 1.

10 Conclusions

In this paper, we have studied the global symmetries of the maximal D-dimensional super-
gravities, obtained by toroidal dimensional reduction from D = 11. If one simply performs a
direct dimensional reduction, without dualising any of the gauge fields, the resulting theory

in D dimensions has a global GL(11— D, R)xIR? symmetry, where the first factor has its ori-

65



gin in the general coordinate invariance in D = 11, restricted to the internal compactified di-
mensions. The abelian factor IR? comes from the original local gauge symmetry of the 4-form
field strength in D = 11, and is realised on the ¢ = %(11—D)(10—D)(9—D) axions that come
from the reduction of its 3-form potential. In all dimensions, GL(11 — D, R)xIRY acts on
the various potentials in the theory, and it is a global symmetry of the action. In D = 8 the
equations of motion actually have a larger global symmetry, namely SL(3,IR) x SL(2,R),
where in the case of the 3-form potential, the symmetry is now taken to act instead on its
field strength Fy. In fact the SL(2,IR) factor in the enlarged symmetry group acts as a
kind of electric/magnetic duality symmetry, under which Fy and its dual form a doublet. In
dimensions D < 7, it is natural to consider alternative formulations of the theories, in which
all potentials whose field strengths have degrees greater than %D are dualised to give fields
of lower degrees. If this is done, one obtains theories that can also have enlarged global
symmetries, namely F1;1_p in its maximally non-compact version. In odd dimensions these
are symmetries of the action, while in even dimensions they are symmetries only of the
equations of motion, owing to the need to put the field strengths of degree %D and their
duals into a single irreducible multiplet under E11_p.

It is important to appreciate that the theories obtained by performing dualisations of the
kind described above are non-locally related to their original undualised versions. This is
because the potentials for the dualised fields are related to the potentials for the undualised
fields by non-local field transformations. Thus at least in cases where the global symmetry is
realised at the level of the action, where the potentials are the fundamental fields, it should
come as no surprise that the global symmetries can be affected by the process of dualisation.
More precisely it is the choice of the realisation of the symmetry that dictates its form:;
roughly speaking the Fq1_p group can act more or less faithfully. We discussed a simple
example of this in Appendix B.1, where the global SL(2,IR) symmetry of a dilaton/axion
system was shown to be broken if the axion was dualised to a (D — 2)-form potential; the
SL(2,IR) symmetry acts via non-linear transformations on the dilaton and axion themselves,
and it cannot be realised in terms of local transformations on the dilaton and (D — 2)-form
potential. Similarly even for higher-degree fields, where the global symmetries act linearly,
at the level of the action they must act on the potentials themselves, and so they cannot
be implemented in terms of local field transformations of the fundamental variables if some
members of a would-be irreducible multiplet under the global symmetry are dualised to
have the conjugate degree.

What is perhaps more surprising is that even at the level of the equations of motion,
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the global symmetries can also be affected by the choice of dualisation for the higher-degree
field strengths. In simple situations one can become accustomed to the idea that only field
strengths, and not bare potentials, appear in equations of motion and Bianchi identities.
In theories where such is the case then indeed, provided one views the field strengths
rather than their potentials as the fundamental quantities on which the symmetries act,
the symmetry need not be affected provided that bare potentials are still absent after the
dualisation. In more complicated situations, however, including many of the supergravity
theories that we have been considering, the appearance of bare potentials in the equations
of motion or Bianchi identities can be unavoidable, for certain choices of dualisation. In
cases where this happens, one would then again be forced to realise the symmetry on the
potentials themselves, and this would not be possible in terms of local field transformations
if some of the potentials in a would-be irreducible multiplet had degrees dual to the rest.
Thus in particular it is not always true that the sectors of the theories involving the higher-
degree field strengths, on which the symmetries act linearly, will necessarily respect the
global symmetry of the scalar manifold. We discussed an example in D = 6, where the
failure to dualise the 3-form potential to give another vector leads to a breaking of the
0(5,5) global symmetry of the scalar sector, even at the level of the equations of motion.
The upshot of the above considerations is that in general there is no unique answer for
the global symmetry group of D-dimensional maximal supergravity; it depends upon what
choices of dualisations are made. Put another way, in such cases there is not a unique
maximal supergravity; rather, there exist inequivalent theories, related to one another by
non-local field transformations, which have different global symmetries. In this paper, we
considered some specific choices of dualisations that could, in some sense, be considered
“natural.” As well as the non-dualised versions obtained by direct dimensional reduction,
and the fully-dualised versions with the F71_p symmetries, another natural choice is when
only those fields which from the ten-dimensional type II string point of view are Ramond-
Ramond fields are allowed to be dualised. The motivation for considering this is that in
perturbative string theory the NS-NS fields couple to the worldsheet via their potentials,
whilst the R-R fields have only field-strength couplings. Thus if the global symmetries are
to act locally on the fundamental fields of perturbative string theory, then no dualisations
of NS-NS fields should be permitted. Under these circumstances, we saw that the global
symmetries can be different from either of the previous two possibilities. A final natural class
of theories that we considered were the ones obtained by the direct dimensional reduction of

type IIB supergravity. One has a choice, in the reduction to nine dimensions, as to whether
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the self-dual 5-form in D = 10 will be described in terms of a 3-form or a 4-form potential
in D = 9. If the former is chosen, the theory immediately coincides, after simple local
field transformations, with the reduction of eleven-dimensional supergravity to D = 9. If
instead the latter choice is made, the theory in D = 9 is non-locally related to the direct
reduction of eleven-dimensional supergravity, and it provides a natural starting point for
further dimensional reduction. Of course it, and its lower-dimensional descendants, can all
be viewed as certain specific “inverse dualisations” of the usual D = 11 reductions, but
their natural type IIB origin endows these versions of the supergravities with a preferred
status.

It turns out that the fully-dualised versions of the supergravities, which have Fi;_p
global symmetries, enjoy a preferred role and provide a convenient way of discussing the
global symmetries for all other possible versions, which can then all be viewed as specific
“inverse dualisations.” The reason for this stems from the fact that it is these fully-dualised
versions that maximise the numbers of scalar fields, and while the higher-degree fields in the
theory need not necessarily respect the global symmetry of the scalar manifold, the latter
certainly sets an “upper bound” on the global symmetry of the entire theory. We showed
that in the fully-dualised versions, the axionic scalars are in one-to-one correspondence
with the positive-root generators of Fq1_p. The symmetries of the scalar manifolds in the
various other dualisations can then be understood in terms of the Coxeter-Dynkin diagrams
for the Fq1_p algebras. Inverse dualisations of certain axions implies the removal of the
associated positive roots from the algebra. In particular, we showed that the non-dualised,
R-R dualised and type IIB dualised versions of the supergravities correspond respectively to
the deletion of the simple roots 71, 7 and (7, 73) respectively, as described below Diagram
1. As well as determining the global symmetries of the scalar manifolds, these considerations
also allowed us to find the dimensions of the maximal abelian subalgebras in the various
versions of the supergravities. These determine the number of simultaneous commuting
shift symmetries of the axions in the theories.

In the sense described above, one might think of the fully-dualised versions of the su-
pergravities as having the “largest” symmetries of all the possible versions. However, this
viewpoint should be treated with some caution because versions involving fewer dualisa-
tions can have global symmetry groups that are neither contained in nor contain Eii_p,
and so there is no one version of the theory in a given dimension that could be said to
encompass the others. Perhaps the lesson that should be drawn from these considerations

is that there is a richer variety of supergravities than has sometimes been appreciated, and
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that sometimes the apparently simple sounding question of “what is the symmetry” can

have a rather involved answer.
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A Lagrangian of D-dimensional maximal supergravity

We begin by establishing some notation and conventions. The components of an n’th-rank

antisymmetric tensor Fi,, are related to its expression as an n-form according to

1
Foay = — Fiayopy 2 A - da*™ (A.1)

The Hodge dual operation % in D dimensions is defined by

1
* (dxtt A+ datr) = — Eupey! AN da (A.2)
m!
where m = D —n and €, ..., is the Levi-Civita tensor. From these definitions, it follows

that the components of the m’th rank antisymmetric tensor G,,, dual to F{,, are given by

1
Gy = Esm..,um” “n Fyyey, - (A.3)
Following the discussion and notations of section 2.1, the Lagrangian for the bosonic
D-dimensional toroidal compactification of eleven-dimensional supergravity (with any du-

alisation) then takes the form [[Iq]

L = Le (06) — e ™ F2) —eze‘“’ Fiyi)* = ge Zea” (Fioij)®  (A4)
1<J
e Zeb ¢ (2) 26 Z ea”k (F(l)wk 26 Zeb ¢ (1)] +£FFA )
i<j<k 1<j

where the “dilaton vectors” d, d;, d;j, dijk, bi, bj; are constants that characterise the cou-

plings of the dilatonic scalars gz; to the various gauge fields. They are given by [[Lf]

Funpeg vielbein
4 — form : a=—gq,
3 — forms : ai=fi—7,
2 — forms : ﬁij=ﬁ+ﬁ—§, gz':—ﬁa (A.5)
1 — forms : d’ijk:ﬁ—i-ﬁ—i-ﬁ—ﬁ, 51']':—]?1'4‘]?]'7
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where the vectors ¢ and ﬁ have (11 — D) components in D dimensions, and are given by

ﬁ = 3(81,82,...,811_D),
fi = (Qo,.womlo—ipthhsﬂgw.wsn_D>, (A.6)
i—1

where s; = 1/2/((10 —4)(9 — 4)). It is easy to see that they satisfy

-~ - 2(11-D Y ror
G-§= (D—2)’ 7 fi=1%5, fi fi =20+ 55 - (A7)

Note also that

> fi=37. (A.8)

In fact the vectors f; can be written as f; = v/2¢; + o, where a = (3 — /D — 2)/(11 — D)

and €; are orthonormal vectors, i.e. € - ¢€; = 0;;. It follows from (@) that we have

G=1+/2/(D —2)>", €. A useful identity that follows from (A7) is that

Y (fi- @) =22+ (5-2)° (A.9)
i
where Z is an arbitrary vector. Note that the D-dimensional metric is related to the eleven-

dimensional one by

1,2 L7 .
dst) = e377dsy, + Y ¥ (h1)? (A.10)

(3
where ¥; = %ﬁ— %ﬁ, and
Rt =dz' + Al + A);de7 (A.11)

The naive field strengths are associated with the gauge potentials in the obvious way; for
example F, is the field strength for A, F{;); is the field strength for A,);, etc. In general,
the field strengths appearing in the kinetic terms are not simply the exterior derivatives
of their associated potentials, but have non-linear Kaluza-Klein modifications as well. On
the other hand the terms included in Lzz4, which denotes the dimensional reduction of the
Fuy N Fyy N Agy term in D = 11, are best expressed purely in terms of the potentials and
their exterior derivatives. The complete details of all the field strengths appearing in this
Appendix, in the notation we are using here, were obtained in [Iff]. (We correct some sign

errors here.) The field strengths are given by

5 o - i ,
Fuy = Fuy =" Fai NAL) + 27567V 0 Fayig AN AL AN A,
i § ok ¢
=57 e m Y 0 Fyige N Ay ANAG ANAG

i T i k1 V4 ik {7
F(B)i = ’YJiF(3)j +7]z‘7 ZF(z)jk /\A(1)+%’7ji’7 mY TLF(l)ij/\A?f)/\A?l)7
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Foyj = Y% Fape = Y5755 7™ n Foaykem AN AL (A.12)
F(1)z'jk = ’762‘ ij Vnk F(l)Zmn s
Foy = Floy = Ve Fli NG

7 o 7
Wi = 'Vj]:u)k,

where the tilded quantities represent the unmodified pure exterior derivatives of the corre-

sponding potentials, and ’yij is defined by

77’] = [(1 + AO)_l]ij = 5; - ﬁo)j + A o)k A(O)J RS (A13)

Recalling that Afo) j is defined only for j > i (and vanishes if j <), we see that the series
terminates after a finite number of terms. We also define here the inverse of 7 j» namely
oG j given by

= 5Z + «4(0)] . (A.14)
Note that the upper index on ﬁij is a tangent-space index, while the lower is a world index.
Conversely, the upper index on ~* j is a world index, while the lower is a tangent-space index.

These characteristics reflect themselves in their GL(11 — D, IR) transformations, since these

act only on world indices. Thus from (R.I7) we have that
o'y =Nk, 6 = AR (A.15)

The term Ly, in (B4) is the dimensional reduction of the Fi,) A Fiuy A Ag term in

D =11, and is given in lower dimensions by [[Lq]

D=10:  5FuAFuAAg

D=9 <%F4> A Fay N Ayig = 5Fi A Fgyj A A(3)> ;

D=38: <%F w N FyAwijk = §F9i A Fayg A Aak — 3F0 A Figi A A(l)jk) A

D=7 <% w AN FloiAwint = 1F0i A Faj A Awr + §Feyij A Fam A A<3)> kL

D=6: <1—12F4) N FlayijAymim =15 Fwi A FlojAokim + §Feyi A Fap A A(z)m) ek,

D=5 <% i A FoyjkAyimn + 15 Feyig A Fiakt A Aqymn (A.16)
— 5 Fuyigh A Foaytmn A A(g))ﬁijklm" ,

D=4: <4_18F(2)ij A FyaAwymnp — 75 Fwigie A Fioimn A A(z)p> giaktmnp.

D=3:  —g Fuijk A Fayimn A Agypq €757

D=2:  —5 Fuyijh A Fooyimn Agypgr €750
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Here, and elsewhere in the paper, we commonly omit the Hodge * symbol when writing
the Wess-Zumino terms in the Lagrangian. It is then understood that dA ., A dB,, A C,

represents a contribution

— P11 V1Vt 1 P1-P,
EWZ - € " " g aﬂl AH?"’;U"ULJrl 81/1 BV2"'Vn+1 Cﬁl"'pp . (A17)

m!n!p!

The expressions for the non-linear Kaluza-Klein modified field strengths can be simplified

considerably by introducing redefined potentials A

i

(1> Aijr A and A, given by solving:

T _ i ik
o =7 -A(1) s A(l)ij = A(l)ij + A(O)ijk 'A(l) )
A T T
Ay = Ay — Awyig N Agy + 3400k Ao AAG S (A.18)

Ay = Ay + Ay A Ay + 5 A0y AN AL AN AL + g Awie Any A AL AAG -

The various Kaluza-Klein modified field strengths are given by

Foo = 75l Foig=7"7" Fope
Fai = YiFa;, Fuy=Fu, (A.19)
where 7; is the inverse of 4;, given by (A:14), and
. N . . Ak
Fioy = dAL . Foy = dAwij + Aok Fa)

The non-dualised D-dimensional Lagrangian obtained by the direct reduction of eleven-

dimensional supergravity is then given by
L=eR+ Locatar + Loy + L + Ly +Lrra, (A.21)

where Lgcalar is the kinetic Lagrangian for the scalar sector, L), L) and L, are the
kinetic Lagrangians for the 2-form, 3-form and 4-form field strengths, and Lrpa represents

the remaining Wess-Zumino terms. The kinetic terms are given by [I(]

Localar = —1eg™ g7 0,9ij 0" gre + te (%)2
—%e WQM gjm gkn 0uAwyijr " Awyemn (A.22)
Lo = —tew 9% ¢7 Flij F" 1 — e g fAfw Fri (A.23)
Loy = —fgewg? Fupu FI", (A.24)
Ly = —tgewFup, FFr . (A.25)

The metrics ¢ and g;j are defined by

g7 = Ak, gy
k

Il
=[]
N
>
-
N
>
.
®
|
kol
<1
~—
>
[\
(@)}
S~—
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and

w = (det (g;))5 = e 79 . (A.27)

Note that the summation index k in both of the equations in (A.24) is a tangent-space index.

The first two terms in Lgea1ar come from the dimensional reduction of the eleven-dimensional

1
2 Lui<j

the use of the identity (A.9), and the fact that 4*; and 4°; vanish when i > j. As we shall
show in Appendix C, the first two terms in Lga1ar describe an O(11— D, IR)\GL(11—D,IR)

metric, and are equal to —%(85)2 egij"g(f(il) j)z. The derivation of Lgca)ar involves

coset, which is the scalar manifold of the dimensional reduction of the pure gravity sector
of the eleven-dimensional theory.

A general remark is in order here about the distinction between internal world indices
and tangent-space indices. We have used the same kind of index, 4,5, k..., for both of
these, because in many of the discussions it would have been inconvenient to have to make
the distinction. However, it is useful to take note of which indices are of which kind. Let us
therefore, just within the confines of this paragraph, introduce the notation that 4,7,k ...
represent world indices and a, b, c... represent tangent-space indices. Then the indices on

the various fields we have been using in this paper are as follows:

A(z)i ’ A(l)z’j ’ A(O)z‘jk ’ ((11) ) ‘(lo)z' )
F(3)i 5 F(z)ij 5 F(l)z’jk s ~7'—(ag) s ﬁ)i s
F(S)a ) F(z)ab ’ F(l)abc ) fg) ’ g)b . (A28)

In addition, we have ~%, and 7%.

In terms of the hatted potentials, we saw that the non-linear Kaluza-Klein modifications
(A.20Q) for the higher-degree field strengths became very simple. However, this is achieved
at the price of making the Frpa terms in (JA.16) very much more complicated, with up
to seventh powers of fields arising. In low dimensions, this is not a problem in the fully-
dualised formulations, since in fact these terms conspire to cancel against others arising
from the dualisations. In higher dimensions an intermediate redefinition of fields seems
to be more useful, which does not change the structure of the Lpp4 terms, but which
nonetheless considerably simplifies the non-linear Kaluza-Klein modifications to the various
field strengths. This can be done by again introducing flfl) as in ((A-1§), but now writing
the hatted field strengths defined in ([A.19) in terms of the original gauge potentials A,
Awyi, Aayij and Ak, rather than the hatted potentials defined in (A:I§). In terms of

these potentials we have
i _ 1J ; _ 1k
o = dAw . Flig = dAgy; — dAgige NAG)
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Fay = dAgi+dAuy A AL + 3dAgige N AL A A, (A.29)
Fuy = dAg — dAg A AL + §dAwi A AL NAL = §dAgie A ALy N AL NAR

The kinetic terms in the Lagrangian are still given by ([A:2])), while the Lpp4 terms are
given by (A.14).

B 0O(2)\SL(2,IR) coset manifold

In this appendix, we illustrate the details of the coset construction for the scalar manifolds
in section 4 by considering the example of the two-dimensional SL(2,IR)/O(2) manifold.
We beging by introducing the Cartan generator H, and the raising and lowering operators

FE., which may be taken to be

H__lO E—Ol E—OO B1
_7_<0_1>, +—<00), _—<10>. (B.1)

Then we can parameterise the coset as

5¢ 59
1 ez’ xez
V — 3%H X Er _ ( . 6_%¢) ) (B.2)
Then we see that
1 ¢
dp e?dy
dyyt = (2 . > = Jdo H + e dy B4 (B.3)
0 —3do

Clearly we can now write the Lagrangian as
L= %tr(@M‘l aM)) = —L(09)? — L2 (9y)? (B.4)

where M = VTV, This Lagrangian is obviously invariant under SL(2,IR) transformations

VYV — V"=V U, where U is a constant SL(2,IR) matrix of the form

a b
Uz( > , ad—bc=1. (B.5)
c d

However, it is clear that V" is no longer in the upper triangular gauge (B.3). We can perform
a local compensating transformation, however, to get a V' which is back in upper-triangular
gauge:

V=0V"=0VU, (B.6)
where O is a field-dependent SL(2,IR) matrix in the O(2) subgroup, satisfying OT O = 1.
After a little algebra, we find that O is given by

(cx+a)e? c )

c (cx+a)e? (B.7)

0= (02 + 2 (ex + 0L)2)_1/2 <
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Thus for a given global U, with constant components a,b,c,d, there is a local O, with
field-dependent and U-dependent components, which restores the upper-triangular gauge.

This means that V defined in (B.2) parameterises elements in the coset O(2)\SL(2,IR).

B.1 Dualisation of scalars: an SL(2,R) example

In section 3, we show the dualisation of the (D — 2)-form gauge potentials to scalars in
D = 5, 4, and 3 has the effect of changing the global symmetry GL(11 — D,IR)xIR¢?
of the undualised theory to Eg, E; and FEg respectively. These examples, however, are
rather complicated, and it is difficult to study exactly how the symmetry alters under the
dualisation. We focussed principally on how the maximal abelian IR symmetries are altered
under the dualisations. Here, we shall present a simpler example, namely a D-dimensional
scalar Lagrangian with a global SL(2,IR) symmetry. It contains the metric, a dilaton ¢ and

an axion y. The Lagrangian is given by
e 'L =R—1(08)* — 1% (9x)* . (B.8)

This is precisely of the form of the scalar Lagrangian for type IIB supergravity when D = 10.
The theory has the global SL(2,IR) symmetry

, ar+b
T—T = ,
cT+d

(B.9)

where 7 = y +ie™?, and ad — bc = 1.
Since the axion y appears in the Lagrangian only through its derivative, it follows that
it can be obtained by dualising a (D — 2)-form gauge potential A,_s. Consider a theory

with the metric, a dilaton and such a potential A,_o, with Lagrangian given by

e 'L =R~ 3(00)° — s Fione (B.10)

where Fip_,) = dAp_s. If we dualise the gauge potential A,_,), we recover the scalar
Lagrangian (B.§). However this original undualised Lagrangian ([B.1() has just one scalar,

which has an R global symmetry, namely
qb — QS/ = qb +c 5 A(D*Z) e AED*Q) == €2cA(D,2) . (Bll)

There is also a local gauge symmetry for the gauge field A ,_,).
The SL(2,R) symmetry of the two-scalar system (B.§) involves three nontrivial trans-
formations, namely the shift symmetry x’ = x+const. of the axion; the inversion 7/ = —1/7;

and a shift symmetry ¢’ = ¢ + const. of the dilaton, together with the necessary rescaling
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of the axion. In the original undualised theory (B.1(), only the last of these symmetries
is preserved: The constant shift symmetry of x simply becomes obsolete, since there is no
field on which to realise it. In fact, the global shift symmetry is replaced by the local gauge
symmetry of F,_,) in (B.10). The 7 — —1/7 symmetry in SL(2,IR) also breaks down,
owing to its non-linearity; it can, however, be viewed as an on-shell symmetry in the original
theory (B-10). It should be emphasised here that the SL(2,R) symmetry is absent not only
in the Lagrangian ([B.10]), but also in its equations of motion.

It is of interest to follow the various symmetries in detail in the dualisation procedure,
in order to see when and how they are altered. To dualise the potential in the Lagrangian
(B.10), we introduce the Lagrange multiplier x for the (D — 1)-form field strength F,_1 =
dAp_o, to enforce the Bianchi identity dF,_1; = 0. This leads to the first-order Lagrangian

¢"'L =R~ 5(00)° — gpyn Fione” 2+ x *dFp ) - (B.12)

The relevant equations of motion that follow from this are given by

1

Het+ o

6_2¢F%_1 =0 s dF(Dfl) =0 s *F(Dfl) = ezd)dx . (B13)

Note that in this first-order formalism, the SL(2,IR) symmetry is still present, with the

three transformation rules given by

X—)X—i—c 5 e¢ —)e¢ 5 F(Dfl) —>F(D71) 5 (B14)

e’ — Ne? Fip_1y — )\2F(D71) ;X — AT (B.15)
a? 1 _

T =, #Fpo = o~ <(><2 + e 29) % F (p_y) — 2xd¢ — 2dx> . (B.16)

It is a matter of straightforward computation to verify that the Lagrangian (B.19) is in-
variant under these. At the level of the equations of motion, the invariance under (B.14)
and (B.17) is manifest. The transformation (B.16) is more complicated, sending the third
first-order equation in (B.13) into itself, while transforming the other two equations into
two independent combinations of the original equations of motion.

If we integrate out the auxiliary field F),_1, it gives rise to the two-scalar system (¢, x)
with Lagrangian (B.§), and the SL(2,IR) symmetry is preserved. However, if we instead
integrate x, the resulting theory, whose Lagrangian is given by (B.1(), no longer has an
SL(2,R) global symmetry; but instead only a global IR symmetry. It does, however, have an
additional local gauge symmetry for F, ,,. The reason for the loss of the global SL(2,IR)

symmetry can be seen from (B.16]). This transformation involves the undifferentiated x

field, and thus cannot be implemented in terms of local transformations either for the field
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strength F(,_,, or for its gauge potential. Such a reduction of the global symmetry is not
surprising, since in the first-order formalism there is an auxiliary field, which can allow the
symmetry to be “artificially” enlarged. Integrating out the auxiliary fields then leads to a
reduction of the symmetry. The Lagrangian (B.§) maintains the full global symmetry, while
losing the local gauge invariance. The Lagrangian (B.1(), on the other hand, maintains the
local gauge symmetry but loses part of the global symmetry.

It should be noted that there is more than one way to write down a first-order Lagrangian
that can lead to (B.§) and (B.10). In the first-order formulation (B.12) we chose x and
F 1 as the fundamental fields. We could instead choose B(,_,y and F{;, as the fundamental

fields, with the Lagrangian now talking the form
e 'L =R—1(0¢)* — $F2e* + B s NdEF,) . (B.17)

In this case, even the first-order Lagrangian has only an IR global symmetry, corresponding
to a shift of the dilaton ¢.

Note that the global IR symmetry of the original theory (B.I() is a subgroup of the
SL(2,IR) symmetry of the two-scalar system. This feature will in general be the case if
the Lagrangian has no Lrpa type topological terms. In a supergravity theory, however,
the presence of such an Lrp4 term can have the effect that the global symmetry group for
the theory where an axion is dualised may no longer be contained in the global symmetry

group of the theory where it is left undualised.

C (O(n) x O(n))\O(n,n) coset manifolds
Consider the 2n x 2n matrix
0 1 0 &4
Q= — , (C.1)
10 68 0
which is left invariant by the O(n,n) infinitesimal transformations generated by[]
u Vv Ual v
1% _UT VAB _UBA

where U is an arbitrary real matrix, and V = —V7, V = —VT. There is a manifest

GL(n,R) subgroup of O(n,n) generated by matrices (C.9) with V = V = 0. Also, the

"This formulation is related by a simple change of basis to the more familiar one where the metric is

I 0
(O I) and the O(N) x O(NN) subgroup is manifest.
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maximal compact subgroup O(n) x O(n) is generated by matrices (C.3) with U = —U” and
V = V. We can parameterise the coset (O(n) x O(n))\O(n,n) in terms of upper triangular

S R
V= (0 (s—l)T) : (C.3)

where, in order to satisfy the condition VQ VT = Q, we must have R ST + S RT = 0.

matrices of the form

From V, we may construct the matrix M = VTV, giving

ST 5 ST R (ST S)a (ST R)A"
<RTS (8T 8)~! +RTR) - ((RT S)yhs (T 5)—1)AB+(RTR)AB) '

(C.4)
Defining (S7 S)ap = Gap and (S~! R)AB = — X8 and noting that Gap = Gpa and

XAB — _XBA e can write M as

G -GX GaB ~Gac X8
XG G'-XGX XAYGep G — XAY Gep XPB
The (O(n) x O(n))\O(n,n) coset Lagrangian can then be written as

L = letr(GM'O"M)=tetr(QIMQO"M)
= —leGaoGap <8MGAB GOP + 9, XAB 8“XCD) . (C.6)

Note that if we set the fields X4Z to zero, we get the coset Lagrangian for O(n)\GL(n,R).

The above formalism can be used to describe the scalar Lagrangians of various su-
pergravity theories. For example, the global symmetry of the supergravity describing the
low-energy limit of the heterotic string in D > 4 dimensions is O(10 — D, 10 — D), which
is the perturbative T-duality group. (This supergravity theory is obtained from the type
ITA supergravity by setting all the R-R fields to zero.) Another example, which we shall
study in detail, is the maximal supergravity in D = 6, which has E5 = O(5,5) global
symmetry. The complete scalar Lagrangian coming from the dimensional reduction of
eleven-dimensional supergravity is given in (A:23). Defining G;; and X% by g;; = wGy;

and Agyijr = %Eijkgm Xt we find that (A29) in D = 6 reduces to
Locatar = —2e Gt G (Z?MGU oGk 4 9, X a”XM) , (C.7)

which is precisely of the form (|C.6) with n = 5.

The first two terms in (JA.22) correspond to a scalar coset manifold with a GL(11—D,1R)
symmetry, and could be cast into the form of the GL(n, R)-invariant Lagrangian ([C.6) with
XAB set to zero, by making an appropriate Weyl rescaling of gij- The GL(11 — D,R)
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symmetry is augmented by the inclusion of the third term in (A.29), describing the scalar
Lagrangian for the axions coming from the dimensional reduction of the antisymmetric
tensor in D = 11. We have already seen that in D = 6, the inclusion of the third term
enlarges GL(5,R) to O(5,5). In D = 7, the enlarged symmetry group is SL(5,R). We
can see this from ([A.29) by making the redefinition Ayijk = €ijke X ¢ and defining a 5 x 5

G < L gij L gir X* )
B = )

metric Gap by

%gijk w—l—%gngkXe
ot v
<wg”—|—5X’Xﬂ —5X2>

GAB
_1xi 1
w X w

(C.8)
Note that G 4p has unit determinant. Substituting this into the general GL(n,R)-invariant
Lagrangian ([C.0)) where X AB 5 set to zero, we find that it precisely gives the scalar La-
grangian ([A.23) for D = 7. Thus the SL(5,IR) symmetry is made manifest.

In D = 8, we define Ayijr = €1 x and g;; = wG,j, and substitute these into (A.29).
Noting that G;; has unit determinant here, and making the further redefinition w = e ?,

we find that the complete scalar Lagrangian becomes
Loscalar = —1e G G0 0,G7 9" GF — Le (99)? — Lee® (9x)? . (C.9)

Owing to the fact that G;; has unit determinant we see that the first term describes the
coset O(3)\SL(3,IR), and the remaining two terms describe the coset O(2)\SL(2,IR) as
discussed in Appendix B.
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