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About this Textbook

In the text’s electronic format, the reader is able to navigate throughout the book using hyperlinks. Hyperlinks can
be found in the table of contents, figure and table references, section exercises, and bold example references. In the
text’s pdf format, bookmarks allow for navigation.

Each chapter of the text is formatted in the following manner.
e Each chapter begins with a list of pre-requisite skills the authors believe will help readers fully understand the

topics presented in the chapter.

o Each section begins with a list of the learning objectives the reader will be able to demonstrate upon
completion of the section.

e Definitions, processes, and theorems are highlighted using shaded boxes for easy identification.
o At the end of most subsections, a try-it exists for the reader to check their understanding of the topic discussed.

o The following icons are used:

© denotes pre-requisite skills, also called just-in-time topics
1% denotes discovery based on work in the previous example
® denotes reminders from the authors to the reader

@ denotes common mistakes made

e Each section ends with a comprehensive set of exercises.

e Each chapter ends with a chapter review.

How to Use Each Chapter for Practice and Review

Just-In-Time

As an introduction to each chapter, readers are provided with a list of topics they will need prior knowledge of as
they progress through the chapter. Additional support for these topics can be found in Appendix A of the text.

Try-Its

After most subsections a Try-It provides readers with the opportunity to determine whether or not they can apply the
covered concepts to a new problem. The answers to all section Try-Its can be found at the end of the section and
before the section exercises begin.
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Exercises

Section exercises are broken down into four practice categories: Basic Skills, Intermediate Skills, Mastery, and
Communication.
o Basic Skills Practice — These exercises focus on one step or the building blocks of a concept or learning
objective. Basic Skills exercises are subdivided based on the learning objectives for the section.

o Intermediate Skills Practice — These exercises focus on situations that include a larger variety of real numbers,
as well as multi-step problems. Intermediate Skills exercises are subdivided based on the learning objectives
for the section.

e Mastery Practice — These exercises require critical thinking and are not subdivided by learning objective. If
readers are able to complete these exercises without use of reference materials, it is assumed they have
mastered the learning objectives for the section.

e Communication Practice — These exercises focus on readers explaining concepts in their own words.

Readers are encouraged to begin their practice in a section with the Intermediate Skills Practice. If a reader is
struggling with a group of exercises in the Intermediate Skills Practice, then they should go to the corresponding
group of exercises in the Basic Skills Practice before moving on to the next group of exercises in the Intermediate
Skills Practice. While not every problem in an exercise group needs to be completed by the reader, answers to all
exercises (both odd and even) are provided in the back of the text as Appendix B.

Once a reader feels as though they have a solid grasp of the Intermediate Skills Practice, they can move to the
Mastery Practice to confirm.

Chapter Reviews

At the end of each chapter, readers are provided with a chapter review organized by performance indicator questions.
Each performance indicator question is followed by at least one problem for readers to complete.

Appendix A

Appendix A is an algebra review for readers missing some of the foundational skills necessary to complete the
material covered in the rest of the textbook. Appendix A is broken into five sections: Number Sense, Introduction to
Algebra, Introduction to Algebraic Expressions, Factoring, and Solving Quadratic Equations. Each section includes
Skills Practice exercises for each subsection, whose answers are also included in Appendix B.

Appendix B

Appendix B contains the answers to all exercises in the text.
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In this chapter we are going to discuss matrices and matrix operations.

© The authors recommend all students are comfortable with the topics below prior to beginning this
chapter. If you would like additional support on any of these topics, please refer to the Appendix.

A.1 - Simplifying Fractions

A.1 - Decimals

A.1 - Properties of Real Numbers

A.2 - Using Variables and Algebraic Symbols

A.2 - Simplifying Expressions

A.2 - Translating an English Phrase to an Algebraic Expression or Equation
A.2 - Solving Linear Equations with One Variable

A.2 - Using Problem-Solving Strategies
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1.1

1.1 Basic Matrix Operations

Basic Matrix OPERATIONS

© Photo by Erica Tillman, 2019

A vendor sells hot dogs and corn dogs at three different locations. His total sales (in hundreds) for January and
February from the three locations are given in Table 1.1 below.

January February

Hot Dogs | Corn Dogs | Hot Dogs | Corn Dogs
Location I 10 8 8 7
Location II 8 6 6 7
Location III 6 4 6 5

Table 1.1: Hot Dog and Corn Dog Sales

When large groups of data are given in tabular form we can use matrices to better organize, combine, and represent
the data.

Learning Objectives:
In this section, you will learn basic matrix algebra techniques. Upon completion you will be able to:

e State the dimensions of a matrix.

Identify specific elements of a matrix given the general notation.

Use the properties of matrices and matrix operations to determine the dimensions of a resulting matrix.

Demonstrate addition, subtraction, scalar multiplication, and transposition of matrices.

Create a matrix from a given scenario.

Apply matrix algebra to real-world scenarios.

4 © TAMU



Chapter 1: Matrices

Definition

A matrix is often referred to by its size (or dimensions). A matrix of size mXn has m rows and n columns.
Matrix entries are defined first by row number and then by column number. For example, to locate the entry in
matrix A, identified as a;j, we look for the entry in row 7, column j. In matrix A, shown below, the entry in row
2, column 3 is ap3.

a apz ais

A=| ay axn ax
a1 azx as;3

A square matrix is a matrix with dimensions nX n, meaning that it has the same number of rows as columns.
The 3 x 3 matrix above, A, is an example of a square matrix.

A row matrix is a matrix consisting of one row with dimensions 1 Xn.
B= [ bii bz bis ]

A column matrix is a matrix consisting of one column with dimensions mx 1.

C11
C=| cn
C31
» Example 1 Given matrices A and B below,
a. What are the dimensions of matrix A and matrix B?
b. State the values of entries a3, axn, b1z, and bgy?
2 1 0 -1 0 -2 7
A=2 4 7 and B= 22 6 -3 11
31 =2 58 9 22

Solution:

a. The dimensions of A are 3 X 3, because there are three rows and three columns. The dimensions of B are 3 x4,
because there are 3 rows and 4 columns.

b. Entry a3; is the value in row 3, column 1 of matrix A, which is 3. The entry ay; is the value in row 2, column
2 of matrix A, which is 4. The entry b3 is the value in row 1, column 3 of matrix B, which is —2. The entry
by is the value in row 4, column 2 of matrix B, which does not exist, as matrix B only has three rows.

@ Remember, for matrix dimensions and entry identification, the row number comes first, then the column number.

© TAMU 5



1.1 Basic Matrix Operations

Try It #1:
1 -11
2 0
Given matrix C =3 7 [, state the values of entries ¢y, 52, and cy3, if they exist.
4 8
5 =20

ADDING AND SUBTRACTING MATRICES

We add or subtract matrices by adding or subtracting corresponding entries. In order to do this, the entries must
‘correspond.” Therefore, addition and subtraction of matrices is only possible when the matrices have the same
dimensions. The result of adding or subtracting matrices is a matrix of the same size. We can add or subtract a 3 x 3
matrix and another 3 X 3 matrix, resulting in a 3 X 3 matrix. However, we cannot add or subtract a 2 X 3 matrix and a
3 x 3 matrix, because some entries in one matrix will not have a corresponding entry in the other matrix.

Definition

Given two matrices, A and B, of the same size, the matrix obtained by adding the corresponding entries of the
two matrices is called the sum of the two matrices. The result will be a matrix having the same size as A and B.

A+B=C

such that
a;j + bij = Cij

Definition

Given two matrices, A and B, of the same size, the matrix obtained by subtracting the corresponding entries of
the two matrices is called the difference of the two matrices. The result will be a matrix having the same size as
A and B.

such that

Consider the sum of A and B, given matrices A and B below.

6 © TAMU



Chapter 1: Matrices

Notice both A and B are 2 X 2 matrices. Because the matrices are the same size, we can add corresponding entries
and obtain a resulting matrix of the same size, 2 X 2. For instance, the entry in row 1, column 1 of the matrix A, a;,
will be added to the entry in row 1, column 1 of matrix B, b;;. We will continue this pattern until all entries have
been added.
A+B=[ a b ]+ ¢ f]
c d g h

at+e b+ f
c+g d+h

» Example 2 Given matrices A and B below, compute the sum of A and B, if possible.

4 1 59
A—[3 2} and B—[O 7}

Solution:
Both A and B are 2 x 2 matrices. When the matrices are the same size, we can add corresponding entries. In this
case, the resulting matrix will be a 2 X 2 matrix.

[ 4 1 59
A+B_73 2]+ 0 7]
[ 4+5 1+9
| 3+0 247
[9 10
1309

Consider the difference A — B, given matrices A and B below.

a b ¢ 9 -8 7
A_[d e f] and B_[6 5 —4]

Both A and B are 2 X 3 matrices. Because the matrices are the same size, we can subtract corresponding entries and
the resulting matrix will be a 2 X 3 matrix.

[a b ¢ 9 -8 7
A_Bﬂd e f’]_[6 5 —4]
[a-9 b-(-8) -7
_>d—6 e-5 [f—(-4)

[ a-9 b+8 -7
| d-6 e-5 f+4

Be careful that you can differentiate your letter b’s from your number 6’s. If you are not careful, in the
previous resulting matrix the entry in row 1, column 2 may be improperly written as 14 (6+8, not b+8).
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« Example 3 Given matrices A and B below, compute the difference, A — B, if possible.

2 -10 -2 6 10 -2
A= 14 12 10 and B=| 0 -12 4
4 =2 2 -5 2 =2

Solution:
Notice both A and B are 3 X 3 matrices, so we can subtract the corresponding entries, and the resulting matrix will be

a 3 X 3 matrix.
[ 2 -10 -2 6 10 -2
14 12 10\—[ 0 -12 -4
| 4 -2 2 -5 2 =2
[ 2-6 -10-10 -2+2
= 14-0 12+12 10+4
| 4+5 -2-2 242

=
|

o
Il

[ -4 20 0
=| 14 24 14
9 -4 4

We can verify our results of adding or subtracting matrices by using the TI-84 calculator, as long as all matrix entries
are numerical (i.e. not variables).

Place both matrix A and B into your calculator, as seen in Figures 1.1.2, 1.1.3, and 1.1.4.

NAMES MATH [SaEN} MATRIXLAI 3 X3 MATRIXLBI 3 X3

L w2 1 I

2:[B] y -2 [z | -5 2

3:[C1]

4:[D1]

S5:[E]

6:[F1]

7:LG]

8:[H1]

9ILI1] [A1C3: 3= 2 [Blt:3= -2
Figure 1.1.2: Calculator screen- Figure 1.1.3: Calculator screenshot Figure 1.1.4: Calculator screenshot
shot showing matrix menus including of the input of matrix A. of the input of matrix B.
EDIT.

Next, return to the Home Screen and call and subtract the matrices, as seen in Figure 1.1.5

NORMAL FLOAT AUTO REAL RADIAN MP n
[AI-CB1]
14 24 14

B

Figure 1.1.5: Calculator screenshot of the subtraction of matrix B from matrix A, A — B.
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Addition works in a similar way. For example, we could add A and B from the example above and get the following
result. (See Figure 1.1.6.)

NORMAL FLOAT AUTO REAL RADIAN MFP n

[A1+[B1]

Figure 1.1.6: Calculator screenshot of the the addition of matrix A and matrix B, A + B.

@ Remember we cannot use the calculator if one or more of the matrices contains variable entries.

Similar to addition of real numbers, certain properties hold true for the addition of matrices. A summary of matrix
addition properties is given in Theorem 1.1 below.

Theorem 1.1 Properties of Matrix Addition

e Commutative Property: For all m X n matrices, A+ B = B+ A.
o Associative Property: For all m x n matrices, (A+B)+C=A+(B+C)=A+B+C.

o Identity Property: If 0,, « , is the m X n matrix whose entries are all 0, then 0,, x ,, is called

the m X n additive identity for all m X n matrices A and

A+Om><n:0m><n+A:A

o Inverse Property: For every given m X n matrix A, there is a unique matrix denoted —A, called

the additive inverse of A. The additive inverse of A has the same dimensions as A, but all entries of —A are
the opposite sign of the corresponding entries of A, such that

A+(-A)=(A)+A =0y xn

As with real numbers, matrix subtraction does not hold the same properties as matrix addition. We will leave it to
the reader to explore these properties, some of which can be found in Try It #2.
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Try It # 2:
Given matrices A and B below,
2 d f -2
A=|l1 O and B= 1 c ‘
e -3 -4 3
a. State the dimensions of both A and B.
b. Compute and compare A+ B and B +A.
c¢. Determine and compare A — B and B—A.
[ 1 2] [ 1 2]
d. Evaluate and compare (A+B)+| 3 4 and A+|B+| 3 4
| 5 6 | | 5 6 |
[ 1 2 ] [ 1 2 ]
e. Evaluate and compare (A—-B)+| 3 4 and A-|B+| 3 4
| 5 6 | | 5 6 |
f. Find and compare A +(—A) and (—A) + A.

MuctipLYiNG A MATRIX BY A SCALAR

In the real numbers, the additive inverse of a number, 7, is —1 - n. Similarly, the additive inverse, of a matrix A is —A,
which can be thought of as —1 - A.

Definition

If A is any matrix and k is any number, the scalar multiple kA is the matrix obtained from multiplying each entry
of A by k. This is also known as the scalar product. The resulting matrix, kA, is the same size as matrix A. Given

a a
A= 11 12
ar ax

the scalar multiple kA is

kA:k[ an  an ]
azy an

_ k~a11 k'alz
| keayn kean |

Scalar multiplication is distributive. For matrices A and B, with scalars k, ¢, and d,

k(A+B)=kA+kB
and
(c+d)A=cA+dA
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Consider the scalar product 84, given

K

\}
<N QL
[ S

To determine 8A, multiply each entry in A by the scalar 8.

c d
o 54

[ 8-c 8-d]
8-(-2) 8-(3)
| 8c 8d
| -16 %
3 -1 12 -1
» Example 4 IfA_[2 0 1 andB—[O 3 2},compute
a. 5A
b. 1B
c. 3A-2B
Solution:
3 -1 [53 5:¢-1) 5:4] [15 -5 20
a'SA‘S[z ]‘[52 5-0 5.1]‘[10 0 5}
_ L1 1. l._q 1 _1 —
b%B:%121:22 ():zgzoroslos
0 3 %0 %3 %.2 0 5 1 0 15 1

3 -1 4 1 2 -1
c 3A—2B—3[2 0 1]—2[0 3 2}
33 31 3.4] [2:1 22 2:(-1)
132 3.0 3-1 2.0 2.3 22
9 -3 12 2 4 -2
16 0 3 06 4
[9-2 -3-4 12-(-2)
"1 6-0 0-6 3-4
|7 -7 14
16 -6 -1

Q@  In the solution to part ¢, we worked the problem by multiplying matrix B by 2 and subtracting the result from
matrix 3A. However, it is also true that 3A —2B = 3A + (—2)B. Thus, we could have multiplied matrix B by —2
and then added the result to matrix 3A for the same final matrix. In other words, you can either subtract the
positive scalar multiple or add the negative scalar multiple.
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1.1 Basic Matrix Operations

Because we are only working with matrices containing numerical values in this example, we can verify our results
using the calculator. To multiply by a scalar you multiply the scalar and the matrix on the Home Screen, once the
matrix has been entered into the calculator. (See Figures 1.1.7, 1.1.8, and 1.1.9.)

NORMAL FLOAT AUTO REAL RADIAN HP n NORHMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n

Al [B1 3[A1-2[B]
3 -14 12 -1 7 -7 14
SR PTOROOTOUOOTOPOOTUPROROPO 2.8 100 .32 e 6.76.71L
SLA] (1/2)1B]
15 -5 2@ 8.5 1 -@.5]
10.0.5 @.1.5..1

Figure 1.1.7: Calculator screenshot  Figure 1.1.8: Calculator screenshot  Figure 1.1.9: Calculator screenshot
showing the product SA and the result-  showing the product 1/2B and the re-  showing the difference 3A — 2B and
ing matrix. sulting matrix. the resulting matrix.

When subtracting a matrix product, make sure to keep track of positives and negatives. To avoid careless
errors it is the authors’ recommendation to write out each individual step.

Try It # 3:
1 -2 0 -1 2 1
GivenA=| 0 -1 2 |and B = 0o -3 21,
4 3 -6 0 1 -4
compute each of the following.
a. —4A+9B
b. 1A-6B

We have just discussed multiplication of a matrix by a scalar. Multiplying a matrix by another matrix is more
complicated and will be discussed in the next section.

TRANSPOSING A MATRIX

Sometimes it is necessary to reorganize the entries of an m X n matrix to form a new matrix of size n X m, where the
entries in each row now form each column. The following definition is made with such applications in mind.
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Chapter 1: Matrices

Definition

If A is an m X n matrix, the transpose of A, written as AT | is the 1 x m matrix whose columns are just the rows of
A in the same order.

In other words, the first column of A7 is the first row of A (that is, it consists of the entries of row 1 in order).
Similarly, the second column of A” is the second row of A, and so on. .

« Example 5 Consider matrices A, B,C, and D given below.
a. State the size of each matrix.
b. State the transpose of each matrix.
c. State the size of each transpose.

1 1 2 31 -1
A=3,B:[526], C=|e 4|, and D=| 1 3 2
2 5 f -1 2 1
Solution:

(&)

r 1

A=rmr |3

r3 2

a. A has 3 rows and 1 column, so it is 3 X 1 matrix.

C1 cy C3
b.AT:rl[l 3 2]

c. AT has 1 row and 3 columns, so it is 1 X 3 matrix.

cT Cy (3
B:rl[S 2 6]

a. Bhas 1 row and 3 columns, so it is 1 X 3 matrix.

C1

r 5

b. BTZ r 2
r3 |6

c. BT has 3 rows and 1 column, so it is 3 X 1 matrix.
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1.1 Basic Matrix Operations

c1
rnl|l1l 2
C= rn e 4
3 5 f
a. C has 3 rows and 2 columns, so it is 3 X 2 matrix.
cl] C2 C3
r_n |1 e 5
b'C_r2[2 4 f}
c. CT has 2 rows and 3 columns, so it is 2 X 3 matrix.
C1 ) C3
ry 3 1 -1
D= r 1 3 2
r3 | -1 2 1
a.

1 2 C3

ry 3 1 -1

b. DT = r, 1 3 2
r3 | -1 2 1

e

D has 3 rows and 3 columns, so it is 3 X 3 matrix.

DT has 3 rows and 3 columns, so it is 3 X 3 matrix.

Due to the fact that we have numerical values for A, B, and D, we can use the calculator to verify these transpositions
Again, begin by entering each matrix in your calculator, as seen in Figures 1.1.10, 1.1.11, and 1.1.12.

NORMAL FLOAT AUTO REAL RADIAN MP ]
MATRIXLA] 3 X1
1
3
12
[AN3= 2

Figure 1.1.10: Calculator screenshot
showing matrix A.

14

MATRIXLB]1 1 X3
[ & 2

[BX1,3)= 5

Figure 1.1.11: Calculator screenshot
showing matrix B.

MATRIXLD] 3 %3
L

2
-1 2 l-]

DIz3=1

Figure 1.1.12: Calculator screenshot
showing matrix D.
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Chapter 1: Matrices

To transpose a matrix you will need the Matrix MATH menu. This menu is displayed below. (See Figure 1.1.13)

NORMAL FLOAT AUTO REAL RADIAN MFP n

NAMES EDIT
1:det(

12:

3:dim(

4:Fill(
S:identity(
6:randM(
7:ausment(
8:Matrrlist(
SlListrmatr(

Figure 1.1.13: Calculator screenshot showing matrix menus including MATH.

You will enter the operation on the Home Screen as [matrix name]” . (See Figures 1.1.14, 1.1.15, and 1.1.16.)

NORMAL FLOAT AUTO REAL RADIAN HP n NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN HP n

[A1T [B1T D17

Figure 1.1.14: Calculator screenshot  Figure 1.1.15: Calculator screenshot  Figure 1.1.16: Calculator screenshot
showing the transpose of matrix A. showing the transpose of matrix B. showing the transpose of matrix D.

The following theorem contains some useful properties of matrix transpositions.

Theorem 1.2 Properties of Matrix Transposition

Let A and B denote matrices of the same size, and let k denote a scalar.
1. If A is an m X n matrix, then A7 is an n X m matrix.
T
2. (4T) =4

3. (kAT = kAT

4. (A+BT =AT + BT
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1.1 Basic Matrix Operations

Try It # 4:
State the transpose of matrix C and its dimensions.

217 d
cC=| 6 0 f 3
-5 8 & -11

Marrix EquaLiTy

Two points (x1,y;) and (x2,y7) in the plane are equal if and only if they have the same coordinates, that is x; = x;
and y; = y,. A similar property is true for matrices.

Definition

Two matrices, A and B, are called equal (written A = B) if and only if:

1. They are the same size.
2. Corresponding entries are equal.

In other words, A = B means a;; = b;; for all i and j. .

» Example 6 Given A = [ CCZ b ], B= [ b2 -l ], and C = [ bo ], discuss the possibility that

d 30 -1 -1 2
a. A=B
b. B=C
c. A=C
Solution:
a b |. . ) 1 2 -1]. .
a. A= ¢ d 18 a 2 X 2 matrix, while B = 30 -1 is a 2 X 3 matrix. Because A and B are not the same

size, it is impossible that A = B.

b. Similar to part a, it is impossible that B = C as B is a 2 X 3 matrix and C = [ ] is a 2 X 2 matrix.

-1 2
c¢. Itis possible that A = C considering both A and C are 2 X 2 matrices. If A = C, then
[ a b } 3 [ 1 0 ]
c d -1 2
For this to be true, tthe corresponding entries must be equal. In other words, the following must be true:

a=1,b=0,c=-1,andd =2
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Try It # 5:
Given matrices A and B, determine the values of x,y, and z such that A = B.

{1 4 1 -2
A_[3 7]andB_[y (y—z)}

AprpLYING Basic MaTRIX OPERATIONS

All previously discussed matrix operations can be combined into a single algebraic matrix expression or matrix
equation.

Solving Equations Involving Basic Matrix Operations

« Example 7 Determine the values of a,b, and c, if the following is true.
T
a 15| 1124 =32 | b 7
b+6 -2 8| 64 -8 |11 3¢
Solution:

In order to reduce any careless errors, we will work step-by-step, using the order of operations. (Take note that all
matrices are 2 X 2, and, thus, all matrix operations are possible.)

The first operation we will perform is the transpose.

a IS | 1} 24 64| [ b 7
b+6 -2 8| -32 -8 | |11 3¢
Next, we will multiply the second matrix by the scalar, %.

a 1501 3 8|_| b 7
b+6 -2 -4 —1 | |11 3¢
Now, we will subtract the two matrices on the left.

a-3 15-8 | [ b 7
(b+6)—(~4) —2—(=1) || 11 3¢

Simplification gives us

a-3 71 | b 7
b+10 -1 | | 11 3c

Setting corresponding entries equal and solving where possible results in

a-3=b T=17V b+10=11 -1=3c
1
a=b+3 b=11-10 —gzc
b=1
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Since b=1,thena=b+3=1+3=4.
Thus, for the matrix equation to be true,a =4, b =1, and ¢ = —%.

The reader should verify these values indeed satisfy the original equation.

Try It # 6:
Determinethevaluesofa,b,andc,if[a 5 ¢ ]+[ -1 b c]=[ 3 2 -1 ]

« Example 8 Solve the following matrix equation for matrix X.

3 2 1 0
RS
Solution:

We solve the equation a + x = b for x by subtracting a from both sides of the equals sign to obtain x = b —a (as was
shown in the solution to the previous example). This also works for matrices.

To solve[ 1 ? ]+X =[ _} (2) ], simply subtract the matrix[ _1 ? ]from both sides to get
[ 10 3 2
X‘_—l 2}_[—1 1}
_ 1-3 0-2
| -1-(=D 2-1
[ -2 -2
=57

The solution in the previous example solves the single matrix equation A + X = B for X directly via matrix
subtractions: X = B— A. This ability to work with matrices as a single unit, rather than individual entries, lies at the
heart of matrix algebra.

It is important to note that the sizes of matrices involved in some calculations are often determined by the context.
For example, if

1 3 -1
A+C—[2 0 1]

then A and C must be the same size (so that A + C makes sense), and that size must be 2 X 3 (so that the sum is 2 X 3).
For simplicity we shall often omit reference to such facts when they are clear from the context.
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Trylt#7:
Solve the following matrix equation for matrix X. Assume matrices B, C, D, and X are all the same size.

1
3X-(B+5X)=C+ gD

Using Matrices to Solve Real-World Scenarios

Consider a real-world scenario in which a university needs to add to its inventory of computers, computer tables, and
chairs in two of the campus labs, due to increased enrollment. They estimate that 15% more supplies are needed in
both labs. The school’s current inventory is displayed in Table 1.2.

LabA | LabB
Computers 15 27
Computer Tables 16 34
Chairs 16 34

Table 1.2: School’s Current Inventory

Converting the current inventory data to a matrix, we have

A B
computers |15 27

C = tables l 16 34‘
chairs 16 34

To compute the additional 15% needed, we multiply all of the entries in matrix C by 0.15.

E=(0.15)C
[ (0.15)15 (0.15)27

=1 0.15)16 (0.15)34}
| (0.15)16 (0.15)34

[ 225 4.05
=| 24 5.1
| 24 5.1

Due to the fact that we cannot have a partial piece of a computer, table, or chair, we must round each decimal entry
up to the next integer. Thus, the amount of extra supplies needed in each lab is

A B
computers [3 5

E = tables [ 3 6 ‘
chairs 3 6
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Adding the additional supplies needed to the current inventory, as shown below, gives us the new inventory amounts
for each lab.

N=C+E
[ 15 27 | 35
=116 34 |+| 3 6
| 16 34 | 3 6
[ 18 32 ]
=| 19 40
| 19 40 |
This means
A B
computers |18 32
N = tables 19 40
chairs 19 40

Thus, to accommodate the increased enrollment, Lab A will have 18 computers, 19 computer tables, and 19 chairs;
Lab B will have 32 computers, 40 computer tables, and 40 chairs.

» Example 9 Using the hot dog/corn dog scenario from the beginning of the section, construct two matrices, J and
F, to represent the sales (in hundreds) for each month at each location.

a. Compute J + F, and interpret your results.
b. Compute J — F, and interpret your results.

Solution:
Converting the given data into matrices, based upon monthly sales (in hundreds), we have

HD CD HD CD
1 10 8 I 8 7
J:IIlS 6 and F:II{6 7‘
111 6 4 111 6 5
HD CD
10 8 8 7 I 18 15
a. J+F=| 8 6+67‘:H[14 13‘
6 4 6 5 11 | 12 9

We have added the sales of hot dogs and corn dogs at each location in January to the corresponding sales at each
location in February. The resulting matrix means that over the months of January and February,

1800 hot dogs and 1500 corn dogs were sold at Location 1.
1400 hot dogs and 1300 corn dogs were sold at Location II.

1200 hot dogs and 900 corn dogs were sold at Location III.
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10 8 8 7 2 1
b. J-F=[ 8 6|-]6 7|=2 -1
6 4 6 5 0 -1

We have subtracted the sales of hot dogs and corn dogs at each location in February from the corresponding sales at
each location in January. The resulting matrix gives the change in sales over the two months, with positive values
indicating how many more items were sold in January, negative values indicating how many more items were sold in
February, and values of zero indicating no change in sales over the two months. In other words,

At Location I, 200 more hot dogs and 100 more corn dogs were sold in January than in February.

At Location II, 200 more hot dogs were sold in January than in February, but 100 more corn dogs were sold in
February than in January.

At Location III, the same amount of hot dogs were sold in January and February, but 100 more corn dogs were sold
in February than in January.

Applications of matrices can be used in a more realistic sense with larger sets of data or once matrix multiplication
is defined. We will see real-world situations involving matrix multiplication in the next section.

Try It Answers

1. ¢31 =2,c5 = =20, 13 does not exist

2. a. Aisa3x2 matrix; Bis a3 X2 matrix

[ 2+f d-2
b. A+B= 2 c
| e-4 O
[ f+2 -2+d
B+A= 2 c
| —4+e 0
A+B=B+A
[ 2—f d+2
c. A-B= 0 —c
| e+4 -6
[ f-2 -2-d
B-A= 0 c
| —4-¢ 6

A — B # B— A (Matrix subtraction is NOT commutative.)
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1 2 3+f d
d. A+B)+| 3 4 }: 5 c+4
56 e+1 6
1 2 3+f d
A+[B+ 3 4”: 5 c+4}
5 6 e+1 6
1 2
LetC=| 3 4‘,then(A+B)+C:A+(B+C).
5 6
1 2 3—-f d+4
e. A-B)+ 34}: 3 —c+4
56 e+9 0
1 2 1-f d
5 6 e-1 =12
1 2
LetC=| 3 4‘,then(A—B)+C¢A—(B+C).
5 6
0 0]
f.A+(-A)=|1 0 0
0 0 |
0 0]
(FA)+A=]10 O
|0 O

A+(-A)=(-A)+A =032

-13 26 9
3. -4A+9B = 0 -23 10
-16 -3 =12
13
5 -13 -6
35
%A—6B: 0 5 -11
2 -2 21
2 6 -5
, 1 0 8 . .
4. C' = 7 f % : C! is a 4 x 3 matrix.
2
d 3 -11
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|

EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 7, use the given matrices below.

-6 0

2 4 05 -3 0.15 -4 9
A‘[—7 3] B=[0 -8 1 5] C‘[ 10 -1 -025 b=los =2
17

1. State the dimensions of each matrix.

2. If it exists, state the value of entry ay;.
3. If it exists, state the value of entry by3.
4. If it exists, state the value of entry c;;.
5. If it exists, state the value of entry doq.
6. If it exists, state the value of entry b3;.

7. If it exists, state the value of entry da».

For Exercises 8 - 15, use the given information about the sizes of matrices A, B, C, D, and E to determine the size
of the resulting matrix, if the computation is possible.

Aisa2x3, Bisa2x2, Cisalx2, Disa3x2, Eisa2x2

8. B+E 10. 4C 12. E-B 14. AT—D

9. A-D 1. cT 13. 3C+D 15. 5T + A
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For Exercises 16 - 39, use the given matrices below to compute the indicated operation, if possible.

16.
17.
18.
19.
20.

1
21. >
22,

23.

2
g

A+B
A-B
B+A
B-A

3A

-2A+4B

5SA-B

spoooen s

24.
25.
26.
217.
28.
29.
30.

31.

AT

4BT
A+B)T
AT-B
C+D
Cc-D
D+C

D-C

For Exercises 40 - 43, determine the value of a, b, ¢, and d.

40.

41.

o a

a b
c d

|5 4]

=B

3

o

|

For Exercises 44 - 45, write a matrix that represents the data given.

0.5
0.15

-1 -0.25

32

33.

34.

35.

36.

37.

38.

39.

-3

10 D=

-6 O\
-4 9
03 -2
. 100C

—-6D

10C -10D

D+5C

CT

0.1D7

(D-0)"

10cT +D

44. A nutrition expert publishes an article about the breakdown of a breakfast in each of four fad diets: the Carb
Buster, the Fat Meltway, the Veggie Maximum, and the More Meat. A Carb Buster diet breakfast requires 5
grams of fat, 0 grams of carbohydrates, and 7 grams of protein. A Fat Meltway breakfast requires O grams
of fat, 5 grams of carbohydrates, and 15 grams of protein. The Veggie Maximum breakfast needs 10 grams
of fat, 9 grams of carbohydrates, and 0 grams of protein. The More Meat breakfast has 6 grams of fat, 0
grams of carbohydrates, and 12 grams of protein. Write a 4 X 3 matrix representing the information, as well
as a 3 x4 matrix that also represents the information.

45.

The Bryan-College Station area has 3 HEB stores near the university campus. The Jones Crossing location
stocks 100 Ibs of bananas, 20 lbs of guava fruit, 90 lbs of apples, and 150 Ibs of oranges each week. The
Texas Avenue location stocks 70 lbs, 10 Ibs, 120 1bs, and 75 1lbs of bananas, guava fruit, apples, and oranges
respectively. The Villa Maria location stocks 110 lbs, 35 lbs, 180 Ibs, and 100 1bs of bananas, guava fruit,
apples, and oranges respectively. Write a 3 X4 matrix to represent the weekly stock in all three HEBs, as
well as a 4 X 3 matrix.

24
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INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 46 - 52, use the given matrices below.

2 Z
45 =5
3 X

State the dimensions of each matrix.

w 1
A= B= ty
-9 0

46.

47. If it exists, state the value of entry c».

48. If it exists, state the value of entry dy;.

49. If it exists, state the value of entry as;.

50. If it exists, state the value of entry b;3.
51. If it exists, state the value of entry c;3.

52. If it exists, state the value of entry d;.

(@) 0o Ll N

|
—_

— S~ NI—

D =] 100g |

For Exercises 53 - 67, use the given matrices below to compute the indicated operation, if possible.

1 3
|2 x 3y 12 3 -1 | 1 opa
SR LA I A IS BT P
g 4h
53. 5C 58. 2B-3E 63. (B-2E)T
54. B+D 59. 4A+2B 64. 0.25D
55. A-C 60. A-D 65. B+E+DT
56. 3ET 61. 4AT —3C 66. SET —2D
57. 3A+2C 62. (A+C)T 67. AT +CT
For Exercises 68 - 70, determine the value of a, b, ¢, and d.
0 a 1 0 3 b
s |0 2 o]-5 Y 0]
a 0 6 -2 8 d
RN IE
70.[3 b 2 0]+4[a 31 —2]—[3 11 ¢ 1]:[8 5 3 d]
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1.1 Basic Matrix Operations

For Exercises 71 - 72, solve the matrix equation for matrix A.

71.

1 0 5 2
sa-| 5 3 =33 1)

S HE=H

For Exercises 73 - 74, use the following scenario.

73.

In the small village of Pedimaxus in the country of Sasquatchia, all 150 residents get one of the
two local newspapers. Market research has shown that in any given week, 90% of those who
subscribe to the Pedimaxus Tribune want to keep receiving it, but 10% want to switch to the
Sasquatchia Picayune. Of those who receive the Picayune, 80% want to continue with it and
20% want to switch to the Tribune.

In the context of the scenario, what would the columns of matrix P represent?

p_| 090 020
=] 0.10 0.80

74. If 80 people subscribe to the Tribune and 70 people subscribe to the Picayune, write a 2 X 1 matrix to

represent the number of people who subscribe to each paper.

MASTERY PRACTICE (Answers)

For Exercises 75 - 84, use the given matrices below.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

x 2 0 2 10 e -1
A_[Sy 4} B‘[—s —SW] ¢ [ ] b=

f5 9

State the value of ay; — by + 3d3».
Compute, if possible, 4B —3A, when w = 2.
Compute, if possible, (C T)T.

If E = AT + B, state ey).

State the value of d»y4.

State the value of by;.

State the value of d3;.

If A = B, determine the value of w, x, and y.

Ifct = D, determine the value of ¢, f, g, h, and k.

c 11" 1 -a 7 -8
If[ ’ 1 ] —2[ J 3 ]:[ _s b },determlne the value of a, b, ¢, and d.

26
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Chapter 1: Matrices

For Exercises 85 - 87, solve the matrix equation for matrix X, assuming matrices X, A, and B are all the same size.

85. X+A=3X+2A

86. 2X — B =5(X +2B)

1
87. §A+6X:B+2X

88. A study on teaching methods in Math 140 was conducted over two years in five sections. The first year
traditional teaching methods were used and resulted in class averages in the fall of 78.2, 71.5, 74.3, 73.8,
and 76.9, while the spring semester had averages of 72.2, 70.5, 69.8, 71.8, and 73.4, respectively. The
second year active learning methods were used by the same teachers with resulting averages of 79.4, 73.8,
71.9,75.1, and 76.9 in the fall and 71.6, 72.7, 73.1, 72.8, and 74.9 in the spring, respectively.

(a) Write a 2 x5 matrix for the averages during the first year and a second 2 X 5 matrix for the averages
during the second year.

(b) Use matrix subtraction to find the change in the averages based on the two teaching techniques, from
the first to the second year.

(c) If the study was hoping for a 2% increase in averages after the change in teaching methods, what
should the class averages have been the second year to achieve their goal?
CoOMMUNICATION PRACTICE (Answers)

89. Explain why your answers to Exercises 62 and 67 are equal.

90. Determine the values of a, b, ¢, and d if [ Z Z } = [ Z 2 ], and explain your answer.
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1.2 Matrix Multiplication

1.2 MaAaTtRiX MULTIPLICATION

© Photo provided by MarkyB, 1995

Wildcats | Mud Cats
Goals 6 10
Balls 30 24
Jerseys 14 20

Table 1.3: Soccer Teams’ Equipment Needs

The Wildcats and Mud Cats need new equipment. If a goal costs $300, a ball costs $10, and a jersey costs $30, how
can we find the total cost for the equipment needed for each team? We will discover a method in which the data in
the soccer equipment table can be displayed, as a matrix, and used for calculating other information. Then, we will
be able to calculate the cost of the equipment.

Learning Objectives:
In this section, you will learn matrix multiplication and its proper usage. Upon completion you will be able to:

e State whether or not the product of two matrices is defined.
e Demonstrate matrix multiplication.

e Apply multiplication of matrices to real-world applications.

MuLtipLyiNg MATRICES

In addition to multiplying a matrix by a scalar, we can multiply two matrices. Finding the product of two matrices,
AB, is only possible when the inner dimensions are the same, meaning that the number of columns of the first
matrix, A, is equal to the number of rows of the second matrix, B. If A is an m X r matrix and B is an r X n matrix,
then the product matrix AB is defined and is an m X n matrix.

A : B = AB

(mXr) (rxn) (mxn)

=V
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Chapter 1: Matrices

« Example 1 If A is a 2 x4 matrix, B is a 2 X 3 matrix, and C is a 4 X 3 matrix, determine whether or not the
following matrix products are defined. If so, give the size of the resulting matrix, and if not show why not.
a. AC

b. AB
c. CA
d. CB"
Solution:
a.
A : C
2x4) (4%x3) = AC is a2 x3 matrix
I — |
=V
b.
A B
2x4) (2x3) = ABis not defined (the inner dimensions do not match)
|
+*
c.
C : A
(4x3) (2x4) = CAis not defined (the inner dimensions do not match)
|
+*
d.
C : BT
(4x3) (3%2) = CB" is a4 x2 matrix
I — |
=V

Recall that transposing a matrix interchanges rows and columns. Because B is a 2 X 3 matrix, its transpose,
BT is a 3 x 2 matrix.

Q  In the example above, the matrix product AC was defined, but the matrix product CA was not defined. The order
you multiply matrices is important. Matrix multiplication is NOT commutative!

To actually find the matrix product AB, we multiply entries of A with entries of B according to a specific pattern, as
outlined below.

If D = AB, then to compute the entry d;; proceed as follows:

Going across row i of A, the left matrix, and down column j of B, the right matrix, multiply
corresponding entries, and add the results.

A B D=AB

Cj
AB = ri lﬁl l = dlj

rowi column j
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1.2 Matrix Multiplication

The process of matrix multiplication requires that the rows of A must be the same length as the columns of B,
which is why the inner dimensions must be the same for the matrix product to be defined.

Matrix Multiplication Process

Given matrices A and B, where the dimensions of A are 2 X 3 and the dimensions of B are 3 X 3, the product of A
and B will be a 2 X 3 matrix.

. . . bll b]2 b13
A:[ 1 a2 13] and B=| by by b
a1 ap ax; b31 b3 bss
A : B
(2%3) (3x3) :>[
L
=V

To obtain each entry in row i of AB, we multiply the entries in row i of A by the corresponding entries in column
j of B, and add the products.

1. To obtain the entry in row 1, column 1 of AB, multiply the entries in the first row of A by the corresponding
entries in the first column of B, and add, as shown below.

b1y
[an an 6113] by1 |=ai11-bi1+ax-by+aiz-b3
b1

2. To obtain the entry in row 1, column 2 of AB, multiply the entries in the first row of A by the corresponding
entries in the second column of B, and add, as shown below.

b1»
[011 ap 013] by |=ai-bia+ain-byn+aiz-by
b3

3. To obtain the entry in row 1, column 3 of AB, multiply the entries in the first row of A by the corresponding
entries in the third column of B, and add, as shown below.

b1z
[6111 an a13] bys |=ai-biz+aiz-byz+aiz-bss
b33

We proceed the same way to obtain the second row of AB. In other words, row 2 of A times column 1 of B; row 2
of A times column 2 of B; row 2 of A times column 3 of B. When complete, the product matrix will be

ai -bii+ain-bryy+aiz-by1 ain-bip+an-bpn+aiz-byn an-biz+an-by+a- by

AB =
ax1-bii+ax by +ax-by1 ax-bip+an-bn+axy-byn ax-biz+taxn-by+axy- b3

The notation above can be overwhelming to the reader. We will now provide several numerical examples to help the
reader understand this process.
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Chapter 1: Matrices

« Example 2 Given matrices A and B, determine AB, if possible.

1 2 5 6
A—[3 4] and B—[7 8]

Solution:
First, we check the dimensions of the matrices.
A : B
2x2) 2x2)

|

=V

The inner dimensions are the same so we can perform the multiplication. The product will be a 2 X 2 matrix.

We perform the operations outlined previously.

c1 ¢
AB = rn |l 2 5 6
mn |3 4 7 8
3 rici rica
rCi rco

[1(5)+2(7) 1(6)+2(8)
3(5)+4(7)  3(6) +4(8)
19 22
- 143 50

» Example 3 Given A and B, below

5
-1 2 3
A—[ 40 5] and B=| -4
2
calculate the following, if possible.
a. AB
b. BA
Solution:
a. First, we check the dimensions of the matrices.
A : B
2x3) (3x2)
|
=V

© TAMU
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Matrix Multiplication

The inner dimensions are the same so we can perform the multiplication; the result is a 2 X 2 matrix.

We perform the operations outlined previously.

[&] 2

12 3] 0 !

AB=""|" 4 0
n| 4 05

2 3

_ ricy ric2

mncy ey

(D) +2(-4)+3(2) (=1)(=1)+2(0)+3(3)
| 4(5)+0(=4)+5(2) 4(=1)+0(0)+5(3)

[ -7 10
| 30 11

b. First, we check the dimensions of the matrices.

B . A
(3x2) (2x3)

|

=V

The inner dimensions are the same so we can perform the multiplication. The product will have dimensions
3x3.

We perform the operations outlined previously.

(& cy2 C3
no S sl g
BA = rn |-4 0
4 0 5
r3 2 3
ricy rica rics
| na nea R
| 3er e res |

5D+ (DA 52)+(=DO0) 563)+(=1)(5)
= |=HED+0E) (=H(2)+00)  (=H(3)+005)
[ 2(-D+3@)  2)+30)  2(3)+3(5)

(-9 10 10
= | 4 -8 -12
10 4 21
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Chapter 1: Matrices

@ In this example the products AB and BA are not equal.

-9 10 10
AB:[_;O ﬂ;& 4 -8 -—12|=BA
10 4 21

This, again, illustrates the fact that matrix multiplication is not commutative.

@ When performing matrix multiplication, each entry in the product matrix will be found by adding multiplied
terms. The number of terms added together for each entry is equal to the matched inner dimensions. For
instance, when finding AB above, the inner matched dimension was 3, and three terms were added together to
find each entry. However, with BA, the inner dimension was 2 which is equal to the number of terms added to

find each entry of the product.

We can verify our results of matrix multiplication by using the TI-84 calculator, as long as all entries are numerical.

Using the matrices from the previous example, enter matrices A and B into the calculator. (See Figures 1.2.2 and
1.2.3)

NORHAL FLOAT AUTO REAL RADIAN MP i) NORHAL FLOAT AUTO REAL RADIAN MP fn
MATRIXLAI 2 %3 MATRIXIB] 3 X2
-1 2 3 5 -1
y [] [ £ | M L
2 .
=5 [B1(3,:2)= 3

Figure 1.2.3: Calculator screenshot of the input of

Figure 1.2.2: Calculator screenshot of the input of
matrix B.

matrix A.

Return to the Home Screen, and call up and multiply the matrices, as seen in Figures 1.2.4 and 1.2.5.

NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN HP n

[AILB] [BILA]
-7 18 -9 10 1@
....................................... [S@..ll.].. [4 -8 -12]

Figure 1.2.5: Calculator screenshot of the matrix

Figure 1.2.4: Calculator screenshot of the matrix
product BA.

product AB.
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1.2 Matrix Multiplication

» Example 4 Determine BA, using technology, if

Solution:

1 5 =2
A‘[g 3 0] and B=| -4

We can begin by entering the matrices A and B in the calculator. The product BA is given below in Figure 1.2.6.

NORMAL FLOAT AUTO REAL RADIAN MP n

ERROR: DIMENSION MISMATCH
Uit
2:Goto

Check size (dim) of lists
or matrices.

Tip: Set PlotsOff:
2nd STAT PLOT; PlotsOff
Check list size.

Figure 1.2.6: Calculator screenshot, including a dimension mismatch error, when the product BA is entered.

“Dimension mismatch” means the inner dimensions are not equal. Therefore, the product, BA, is not defined.

Q@ To save the time used when entering matrices into the calculator, the authors would encourage the readers to

begin by checking the sizes of the matrices, by hand, before trying matrix multiplication on the calculator.

» Example 5 Determine the product AB given

Solution:

Checking the dimensions first, we notice the product is defined and the result will be a 1 X 2 matrix.

7

A:[l a 4] and B=| —11

A

(1x3) 3x2) = |

L 1

=V

10

B

0
b
-4

34
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Chapter 1: Matrices

Because these matrices do not both contain all numerical values, we must find AB by hand. So, using the rows of A

and columns of B, we obtain
C1
7
AB = [1 a 4] ln
10

2
0
b

—4

rica rea

[(1)(7) +a(=11)+4(10) (1)(0) +a(b) +4(-4)]
[7-11a+40 0+ab—16]

47-1la ab—16]

Try lt#1:
Determine the matrix products below, if possible, given
2 35 &8 9
A=|1 4 7| and B=|7 2|.
01 8 6 1
a. AB
b. BA

Similar to real number multiplication, matrix multiplication, when defined, has the following properties.

Theorem 1.3 Properties of Matrix Multiplication
For matrices A, B, and C, the following properties hold.
e Matrix multiplication is associative: (AB)C = A(BC)

e Matrix multiplication is distributive: C(A+B)=CA+CB
and

(A+B)C = AC+BC

Remember, matrix multiplication is not commutative.

© TAMU
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1.2

Matrix Multiplication

= Ex
oper.

a
b
c
d

ample 6 Use the stated matrices and corresponding dimensions to determine the dimensions of each
ation, if possible.

Ais2x2, Bis3x4, Cis2x3, Dis4x2

. CB+DT

. 4A—-DC

. (3BA-6A)C
. CBA

Solution:

The

following properties must be remembered when determining whether or not the given operations are defined:

o In order to multiply matrices, inner dimensions must be the same.

The resulting matrix product has size equal to the outer dimensions.

e In order to add or subtract matrices, matrices must be the same size.

The resulting sum or difference is also the same size.

e Transposing a matrix interchanges the number of rows and the number of columns.
e Multiplying a matrix by a scalar changes all entries in a matrix, but does not change the size of a matrix.

Start by determining if the matrix product, CB, exists.

C : B CB
2x3) (3x4) 2x4)

|

=V
Because the matrix product exists, we continue and determine the size of the transposition, D7 .
D = DT
4x2) 2x4)
Now, we determine if it is possible to add the two resulting matrices.
CB+DT = (2x4)+(2x4)

— 2x4

. Start by determining the size of the matrix resulting from the scalar multiplication and if the matrix product,
DC, exists.

4A 4A D ) C DC
4(2x2) 2x2) (4x%2) (2x3) (4x3)

e —
=
Next, we determine if it is possible to subtract the two matrices.
4A-DC = (2x2)—(4x3)

— The operation is not defined, because you can only subtract matrices of the same size.

36
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Chapter 1: Matrices

c. Start by subtracting 3A and 6A.
(BA-6A)C = (-3A)C
— -3AC, since scalar multiplication is associative.

Due to the fact that scalar multiplication is possible, no matter the size of the matrix, we will check if the
matrix product, AC, exists.

A : C AC
(2%2) (2x3) (2%3)

|

=V

Thus, we have, -3AC — -3(2x3)

— 2X3

d. Start by organizing the product.
CBA = (CB)A

Next, we determine if the first product, CB, exists. If so, we then determine if the remaining product exists.

C : B CB
—
2x3) (3x4) 2x4)
I —
=V
CB : A
CBA — (2x4) (2x2)
I —
#

— The operation is not defined, because the inner dimensions of CB and A are not the same.

AppLYING MATRIX MuLTiPLICATION TO REAL-WORLD SCENARIOS

Let’s return to the problem presented at the opening of this section. We have Table 1.4, representing the equipment
needs of two soccer teams.

Wildcats | Mud Cats
Goals 6 10
Balls 30 24
Jerseys 14 20

Table 1.4: Soccer Teams’ Equipment Needs
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1.2 Matrix Multiplication

We were also given the costs of the equipment: a goal costs $300; a ball costs $10; a jersey costs $30.
Our goal is to determine the total costs of the equipment needed for each team.

For convenience we will convert the given data to matrices. The matrix representing the equipment needed could be
written as a 3 X 2 matrix, with the rows representing the different equipment and the columns representing the teams.

W MC

G|[6 10

E =B |30 24‘
J [14 20

To calculate the total costs of each team, we need to multiply the quantities needed by their corresponding costs. We
will need the costs listed in a matrix in such a way that it will make sense to multiply with matrix E to give the total
costs for each team. We will place the costs in a 1 X 3 matrix, where each column represents the specific equipment
costs. The itemized cost matrix will be written as

G B J
C=[3oo 10 30]

We can then perform the only logical matrix multiplication from our defined matrices, CE, to obtain the total costs
for the equipment of each team. When performing the matrix multiplication the quantity needed is multiplied by its
corresponding cost, and each entry of the product is the sum of all costs for a particular team.

6 10
CE=[300 10 30] 30 24
14 20

= [300(6) +10(30)+30(14)  300(10)+10(24) + 30(20)]

W MC
=$ [2520 3840

The total cost of new equipment for the Wildcats is $2520, and the total cost of new equipment for the Mud Cats is
$3840.

» Example 7 Recall the scenario from the opening in Section 1.1.

A vendor sells hot dogs and corn dogs at three different locations. His total sales (in hundreds) for
January and February from the three locations are given in Table 1.5 below.

January February

Hot Dogs | Corn Dogs | Hot Dogs | Corn Dogs
Location I 10 8 8 7
Location II 8 6 6 7
Location III 6 4 6 5

Table 1.5: Hot Dog and Corn Dog Sales
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Chapter 1: Matrices

If at each location hot dogs sell for $3 and corn dogs for $2, find the total revenue from the sale of hot dogs and corn
dogs over both months at all three locations.

Solution:
The table gives the quantities sold (in hundreds) of hot dogs and corn dogs in three locations for two months. In the
previous section we converted the data from the table into two matrices, J and F, as shown below.

HD CD HD CD
1 10 8 1 8 7
J:IIl8 6‘andF:IIl6 7}
11 | 6 4 1l | 6 5

We then added the two matrices to find the total number of hot dogs and corn dogs sold (in hundreds) at each
location during the two months.

HD CD HD CD HD CD
I 10 8 I 8 7 I 18 15
O=J+F=11 '8 6 |+ 11 l6 7‘:1[ [14 13}
11 | 6 4 11 | 6 5 mar 12 9

Revenue is found by multiplying price times quantity. Thus, we need to input the price information into a matrix in
such a way that it will make sense to multiply with the total sales matrix, Q, to give the total revenue.

As Q is already given as a 3 X 2 matrix, we will list the prices in a 2 X 1 column matrix, P, as shown below.

$
HD |3
P=cp [2]

Performing the only matrix multiplication which is possible, QP, we obtain

HD CD

$
I 18 15 b |3
QP= g1 14 13 l}
CD |2
Ir | 12 9
18(3)+15(2)
= [14(3)+13(2)
12(3)+9(2)
$
I 84
=11 |68
111 |54

Because the quantity matrix Q was given in hundreds, we multiply matrix QP by the scalar 100. Thus, the total
revenue at Location I is $8400, at Location II is $6800, and at Location III is $5400.
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1.2 Matrix Multiplication

When multiplying matrices that represent real-world data, there are many ways to set up the product. It is
important to ensure the labels on the columns of the first matrix match the labels on the rows of the second
matrix and that the entries that result from the product are logical.

Try It # 2:
Refer to the table given at the start of the last example.

In March sales are projected to increase from February by 10%, 15%, and 20% at Location I, Location II, and
Location III, respectively. Use matrix multiplication to find the expected total number of hot dogs and corn dogs
to be sold in March.

|
Try It Answers

67 29
1. a AB=| 78 24
55 10

b. BA is not defined.
2. 2290 hot dogs and 2175 corn dogs.
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Chapter 1: Matrices

. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 8, use the given information about matrices A, B, C, D, and E to determine the size of the
resulting matrix product, if the product is possible.

Ais2x3, Bis2x2, Cis1x2, Dis3x2, Eis2x2

1. AB 3. AC 5. EB 7. ATD

2. BA 4. CB 6. CDT 8. EC

For Exercises 9 - 13, compute the following matrix products, by hand. Check your answers using technology.

o]

4
10. 2[059]
| -7
i 3
50 -7
_1_
1 312 -1
12 0—2][01
i 2 3 1
13.é_(1)ﬂ 1 9 7
-1 0 2

INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 14 - 21, use the given information about matrices A, B, C, D, and E to determine the size of the
resulting matrix operation, if the operation is possible.

Ais2x3, Bis2x2, Cis1x2, Dis3x2, Eis2Xx2

14. BAD 16. ATE 18. (E-B)A 20. AD+3B

15. ACE \7. BEAT 19. (D+AT)E 21, %E—CA

© TAMU 41



1.2 Matrix Multiplication

For Exercises 22 - 29, use the given matrices below to compute each matrix product, if possible.

2 w 1 Z e %
A=| 4s B=| ty -5 c=|1 f D= 100g |
3 -9 0 6 —11
22. BA 24. AC 26. DTA 28. BAD
23. AD 25. BC 27. ATB 29. ADAT

For Exercises 30 - 37, use the given matrices below to compute the indicated operation, if possible.

1 3
|2 x 3y 12 3 -1 e 1 opo
A_[O—l] B_[z14} C‘[z k] b=-10 E‘[010]
g 4h
30. 5AB 32. AC-3A 34. DT +4B 36. BD—AC
1 1
31. 5DE 33. CB—gE 35. DA-3B' 37. ED+AB

MASTERY PRACTICE (Answers)

38. If matrix A is size 5 X ¢ and matrix B is size d X 4, then what are the values of ¢ and d such that the product
AB is defined?

-1 0 2d 17 11 -9 0 h
39. GivenA=| 8 -4 g landB=| -6 k -3 1 m
-7 0 2 4 6 10 8 -4

a. If E = AB, determine e;s.

156 70 -70 -20 -24 | and
-111 -65 83 32 -15

-17 -11 9 0 -1
b. Find the value of each variable (d,g,h,k,m,p) given C =

AB=C.

40. Use the following scenario to answer parts a and b.

In the small village of Pedimaxus in the country of Sasquatchia, all 150 residents get one of
the two local newspapers. Market research has show that in any given week, 90% of those
who subscribe to the Pedimaxus Tribune want to keep getting it, but 10% want to switch to the
Sasquatchia Picayune. Of those who receive the Picayune, 80% want to continue with it and
20% want to switch to the Tribune.

p_| 090 020
=] 0.10 0.80

a. Let’s assume that when Pedimaxus was founded, all 150 residents got the Tribune. Write a 2 x 1
matrix, S, to represent the number of people who subscribe to each paper at the founding.

b. Compute PS and describe the meaning of each entry in the resulting product matrix.
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Chapter 1: Matrices

COMMUNICATION PRACTICE (Answers)

41. Explain, in your own words, why the inner dimensions of two matrices which are multiplied must be equal.

42. Explain why C? only exists if matrix C is a square matrix.
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1.2 Matrix Multiplication

CHAPTER REVIEW

Directions: Read each reflection question. If you are able to answer the question, then move on to the next question.

If not, use the mathematical questions included to help you review. (Answers)
1. Given a matrix A, can you list its dimensions and any element, a;;?

a. State the dimensions of A and the value of the element a3,.

A= 3 0 19 -1

-1 17 2 0

7 11 =8 2‘

b. State the dimensions of B and the value of the element b»3.

4 3 -1
B_[IO -6 0]

c. Write the 3 X 3 matrix with a 2 in entry d33 and O’s in all other entries.

2. How would you use a matrix to organize information?

a. Set up the following information as a 3 X2 matrix: A campus store stocks two brands of soup, Earth
Rite and Campus Discount. According to the store database there are 24 cans of Earth Rite chicken
noodle, 30 cans of Earth Rite vegan vegetable, and 10 cans of Earth Rite butternut squash, while there
are 2, 11, and 18 cans of Campus Discount butternut squash, Campus Discount vegan vegetable, and

Campus Discount chicken noodle, respectively.

b. Set up the following information as a 1 x4 matrix: A local food truck sells waffles, chicken tenders,

fries, and bottles of soda for $5, $6, $2.50, and $1.75, respectively.

3. Can you perform appropriate matrix algebra operations on two or more matrices, without the use of

technology?
10
. 4 2 b 3 -3 40
leenA—[ a (b-o) ],B—[ ) s ],C—[ s -3 1 ],andD— 1(2)
if possible. If not possible, explain why not.
a. 3A-B c. D' +C e. DACT
b. DB-AC d cD-1p f. (AB)
2

g. Determine the values of a, b, and ¢, such that B —AT = 4[ (1) :g ]

}, compute the following,

44
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Chapter 1: Matrices

4. How would you construct matrices and apply matrix algebra to solve a real-world application?

An auto parts manufacturer makes fenders, doors, and hoods. Each part requires assembly and packaging
which can be carried out at three different plants: Plant 1, Plant 2, and Plant 3. Matrix A, below, gives the total
number of hours for assembly and packaging for each part, and matrix B gives the cost per hour for assembly
and packaging at each of the three plants.

Assembly  Packaging Plant 1 Plant2 Plant 3

Fenders 12 2 Assembly 21 18 20
A = Doors 21 3 = Puckaci 14 10 13
Hoods 10 2 ackaging

a. Compute 2B and explain the meaning of 2B in the context of the application.
b. Would it be logical to compute A + B? Why or why not?
5. Can you describe what steps are taken to multiply two matrices by hand or explain why the multiplication is
not possible?
a. Suppose A is a 2 X2 matrix, B is a 3 X2 matrix, C is a 2 X 3 matrix, and D is a 3 X 4 matrix.
i. Is the product CD possible? If so, what are the dimensions of the product matrix?

ii. Explain why the product AC is possible, but the product CA is not possible.

T
iii. Is the product (DT) B possible? If so, what are the dimensions of the product matrix?

8 -2
b. Given A = [ -4 2 x ] and B=| y 4 [, for the product C = AB, what is the value of the entry c1,?
0 1
-1 A
c. Given E = [ _‘§ 3 ] and F = X _g , determine the product FE, if possible. If the product is not
0
possible, explain why not.
2 0 4 X 17
d IfA=| -1 3 -5 X=|y|,andB= 20 |, compute the matrix product AX, and write the
0 6 10 Z -12

system (list) of equations resulting from AX = B.
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6. How would you determine the meaning of a matrix multiplication, if possible, in a real-world application?

a. An auto parts manufacturer makes fenders, doors, and hoods. Each part requires assembly and

packaging which can be carried out at three different plants: Plant 1, Plant 2, and Plant 3. Matrix A,
below, gives the total number of hours for assembly and packaging for each part, and matrix B gives the
cost per hour for assembly and packaging at each of the three plants.

. Ass:gably Packggmg Plant1 Plant2 Plant 3
enaers Assembly 21 18 20
A = Doors 21 3 = Packagin 14 10 13
Hoods 10 2 derastns

i. Compute the product, P = AB. Make sure to include row and column labels in the resulting product

matrix.
ii. Explain the meaning of the entry ps; in the matrix P.

iii. Which plant is the most economical to operate? Explain your reasoning.

. In the fall semester, 3400 students enroll in Math 140, while 2900 students enroll in Math 151. If 40%

of Math 140 students are first generation students and 25% of Math 151 students are first generation
students, use matrix multiplication to compute the total number of first generation students enrolled in
these mathematics classes in the fall semester.
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2.1 Review of Lines

2.2  Modeling with Linear Functions

2.3  Systems of Two Equations in Two Unknowns

2.4  Setting Up and Solving Systems of Linear Equations
Chapter Review






In this chapter we are going to discuss lines, linear models, and systems of linear equations in two variables.

© The authors recommend all students are comfortable with the topics below prior to beginning this
chapter. If you would like additional support on any of these topics, please refer to the Appendix.

A.1 - Integers

A.1 - Fractions

A.2 - Simplifying Expressions

A.1 - Decimals

A.1 - Properties of Real Numbers

A.1 - Systems of Time Measurement

A.2 - Using Variables and Algebraic Symbols

A.2 - Simplifying Expressions

A.2 - Evaluating an Expression

A.2 - Translating an English Phrase to an Algebraic Expression or Equation
A.2 - Solving Linear Equations with One Variable)

A.2 - Using Problem-Solving Strategies
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2.1

2.1 Review of Lines
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Figure 2.1.1: Google Map of a portion of the Texas A&M Campus in College Station

Haley is rushing across campus from her lab in Heldenfels Hall to her lecture in the Blocker Building, both shown in
Figure 2.1.1 above. Laying a rectangular coordinate grid over the map, we can see that each stop aligns with an
intersection of grid lines, and we could use the grid to track her movements.

Learning Objectives:
In this section, you will review concepts of lines, including writing the equation of a line and graphing in the
coordinate plane. Upon completion you will be able to:

e Derive an equation of a line given two points or a point and a slope.
e Graph a line, by hand, using any appropriate technique.

e Describe the change in the coordinates of points on a line by applying the definition of slope.

PLoTtTiNG ORDERED PAIRS IN THE CARTESIAN COORDINATE SYSTEM

An old story describes how seventeenth-century philosopher/mathematician René Descartes invented the system that
has become the foundation of algebraic geometry while sick in bed. According to the story, Descartes was staring at
a fly crawling on the ceiling when he realized that he could describe the fly’s location in relation to the perpendicular
lines formed by the adjacent walls of his room. He viewed the perpendicular lines as horizontal and vertical axes.
Further, by dividing each axis into equal unit lengths, Descartes saw that it was possible to locate any object in a
two-dimensional plane using just two numbers—the displacement from the horizontal axis and the displacement
from the vertical axis.

While there is evidence that ideas similar to Descartes’ grid system existed centuries earlier, it was Descartes who
introduced the components that comprise the Cartesian coordinate system, a grid system having perpendicular
axes. Descartes named the horizontal axis the x-axis and the vertical axis the y-axis.
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Chapter 2: Linear Models and Systems of Linear Equations

The Cartesian coordinate system, also called the rectangular coordinate system, is based on a two-dimensional plane
consisting of the x-axis and the y-axis. Perpendicular to each other, the axes divide the plane into four sections. Each
section is called a quadrant; the quadrants are numbered counterclockwise. The center of the plane is the point at
which the two axes cross and is known as the origin. (See Figure 2.1.2).

y — awis

Quadrant |1 Quadrant |

Origin = — azis

Quadrant 11 Quadrant IV

Figure 2.1.2: The coordinate plane with axes, quadrants, and origin labeled.

The two axes are similar to number lines, with positive increasing numbers to the right and above the origin and
negative decreasing numbers to the left and below the origin. The axes extend to positive and negative infinity as
shown by the arrowheads in Figure 2.1.3 below. Each point in the plane is identified first by its x-coordinate, or
horizontal displacement from the origin, and second by its y-coordinate, or vertical displacement from the origin.
Together, we write them as an ordered pair indicating the combined distance from the origin, (0,0), in the form
(X, ).

Figure 2.1.3: The coordinate plane with axes labeled as unit number lines and the origin given with coordinates.

The point (3,—-2) is represented in the plane by moving three units to the right of the origin in the horizontal
direction, and then two units down in the vertical direction. (See Figure 2.1.4.)

Figure 2.1.4: The coordinate plane with axes labeled and the ordered pair (3,—-2) labeled.
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When dividing the axes into equally spaced increments the x-axis may be considered separately from the y-axis. In
other words, while the x-axis may be divided and labeled according to consecutive integers, the y-axis may be
divided and labeled by increments of 2, or 10, or 100. In fact, the axes may represent specific and different units,
such as years against the balance in a savings account, or quantity against cost, and so on. Therefore, it is imperative
to label both axes with proper units to convey the meaning of the graph. Consider the rectangular coordinate system
primarily as a method for showing the relationship between two quantities.

« Example 1 Plot the points (-2,4), (3,3), and (0,—3) in the coordinate plane.

Solution:
To plot the point (—2,4), begin at the origin. The x-coordinate is —2, so move two units to the left. The y-coordinate
is 4, so then move four units up in the positive y direction.

To plot the point (3,3), begin again at the origin. The x-coordinate is 3, so move three units to the right. The
y-coordinate is also 3, so then move three units up in the positive y direction.

To plot the point (0, —3), begin again at the origin. The x-coordinate is 0. This tells us not to move in either direction
along the x-axis. The y-coordinate is —3, so then move three units down in the negative y direction.

See the points plotted in Figure 2.1.5, below.

Figure 2.1.5: The coordinate plane with ordered pairs (-2,4), (3,3), and (0,—3) labeled.

@ When either coordinate of a point is zero, the point must be on an axis. If the x-coordinate is zero, the point is on
the y-axis. If the y-coordinate is zero, the point is on the x-axis.

GRAPHING LINEAR EquaTiONs BY PLoOTTING POINTS

We can plot a set of points to represent an equation. When such an equation contains both an x and a y variable, it is
called an equation in two variables; its graph is called a graph in two variables. Any graph on a two-dimensional
plane is a graph in two variables.
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Suppose we want to graph the equation y = 2x— 1. We can begin by substituting a value for x into the equation and
determining the resulting value of y. Each pair of x- and y-values is an ordered pair that can be plotted. Table 2.1
lists integer values of x from —3 to 3 and the resulting values for y, when y = 2x—1.

X y=2x-1 (x,y)

=3 |y=2(-3)-1=-7] (-3,-7)
2 |y=2(-2)-1=-5] (-2,-5)
-1 |y=2(-)-1==-3| (-1,-3)
0| y=200-1=-1 (0,-1)
1 y=2()-1=1 1,1
2 y=2(2)—-1=3 2,3)
3 y=23)-1=5 (3,5)

Table 2.1: A table of x-values and corresponding y-values for y = 2x— 1.

We can plot the points from the table on the coordinate plane. The selected points for this particular equation appear
to form a line, as shown in Figure 2.1.6. While only a few ordered pairs from the equation, y = 2x — 1, were plotted,
by connecting these points the line represents all ordered pairs that would satisfy this equation. The arrows on each
end of the line indicate there are points outside of the graphed area. Not all equations form a line when the
corresponding points are plotted, but we will shortly discuss how to recognize, before plotting points, when the
equation will represent a line.

A
/1234567809
! ! 7(0\ _1)1 ' ' ' ' ' '

Figure 2.1.6: The coordinate plane with points on the line y = 2x— 1 labeled.

It is important to know that, when plotting points to graph an equation, the x-values chosen are arbitrary, regardless
of the type of equation we are graphing. Of course, some situations may require particular values of x to be plotted
in order to see a particular characteristic. Otherwise, it is logical to choose values that can be easily calculated with,
and it is always a good idea to choose values that are both negative and positive. There is no rule dictating how many
points to plot, although we need at least two points to graph a line (a concept that will become clear shortly). Keep
in mind, however, that the more points we plot, the more accurately we can sketch the graph.
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« Example 2 Graph the equation y = —x + 2, by plotting points.

Solution:
First, choose x-values at random, calculate the corresponding y-values, and construct a table similar to Table 2.1.

X ‘ y=-x+2 ‘ (x,y)

5| y==(=5)+2=7| (-5.7)
3| y=—(=3)+2=5 | (-3,5)
1| y==(-D+2=3 | (-1,3)
0| y=—(0)+2=2 | (0,2)
1| y==()+2=1 | 1,1
3 | y=-@)+2=-1 (3,-1)
5 |y=—(5)+2=-3 | (5,-3)

Table 2.2: A table of x-values and corresponding y-values for y = —x + 2.

Now, we plot the points and connect them to see they form a line, as shown in Figure 2.1.7.

,,,,,,,,,

M2
- \na
| | | | | €

-9 -8-7-6-5-4 456789

Figure 2.1.7: The coordinate plane with points on the line y = —x + 2 labeled.

Try It #1:
Construct a table and graph the equation y = %x+ 2, by plotting points.

GRAPHING LINEAR EqQuATIONS USING TECHNOLOGY

Most graphing calculators allow you to graph an equation without plotting points, but may instead require the
equation to be manipulated so it is written in the style y = . The TI-84, and many other calculator makes
and models have a window function, which allows the window (the screen for viewing the graph) to be altered so the
pertinent parts of a graph can be seen.
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Chapter 2: Linear Models and Systems of Linear Equations

For example, the equation y = 2x — 20 has been entered in the TI-84, as shown in Figure 2.1.8. The standard viewing
window on the TI-84 shows —10 < x < 10 and —10 <y < 10. (See Figure 2.1.9) In Figure 2.1.10, the resulting
graph is shown in the standard window. Notice that we cannot see on the screen where the graph crosses the axes.

FUNCTION TRACE YALUES

Plotl Plot2  FPlots WINDOW

INY182X-20 Xmin=-1@

INY2=0 Xmax=10

B\Y3= ¥scl=1

B\Y4= Ymin=-10

EI\Ys= Ymax=10

\Ye= Yscl=1

E\Y?= Xres=1

ENYg= aX=0.875757575757576

I\Yg= TraceSter=0.151515151515..
Figure 2.1.8: Calculator Figure 2.1.9: Calculator screenshot Figure 2.1.10:  Calculator
screenshot showing the equa- showing the standard window settings. screenshot showing the graph
tion y = 2x — 20 entered as of Y7 in the standard window.
Y.

By changing the window to show more of the positive x-axis and more of the negative y-axis, we have a much better
view of the graph and where the graph crosses the axes. (See Figure 2.1.11 and Figure 2.1.12.)

NORMAL FLOAT AUTO REAL RADIAN HP n NORMAL FLOAT AUTO REAL RADIAN HP n

HINDOW

Amin=-5 §
Kmax=15

Xscl=1

Ymin=-30

Ymax=1@

¥scl=1

Ares=1
aX=0.,875757575757576
TraceSter=@.151515151515..

Figure 2.1.11: Calculator screenshot showing the Figure 2.1.12: Calculator screenshot showing the
new adjusted window settings, with a larger range graph in the new window, including where the
of x- and y-values. graph crosses each axis.

Thus far, we have discussed techniques for graphing a line given its equation. Now we will turn our attention to
representing a line algebraically by writing the equation which describes the relationship between the x- and
corresponding y-values.

WRITING A LINEAR EQUATION

When writing the equation of a line, we describe both its ‘steepness’ and the set of points that define the line.
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Slope

To get a sense of the ‘steepness’ of a line, we compute the slope of the line by simply using any two ordered pairs
on the line and the formula below.

Definition

The slope, m, of the line containing the points P(x1,y;) and Q(x;,y>) is given by

Xp—x1 Ax run

provided x; # xp.

When x; = x;, the slope of the line between the two points P and Q is undefined.

When y; = y,, the slope of the line between the two points P and Q is 0. .

A couple of comments about the above definition are in order. First, don’t ask why we use the letter ‘m’ to
represent slope; there are many explanations out there, but apparently no one really knows for sure. Secondly,
the stipulation x| # xy ensures that we aren’t trying to divide by zero. The reader is invited to pause and think
about what is happening geometrically.

« Example 3 Compute the slope of the line that passes through the points (2,—1) and (-5, 3).

Solution:
Let (x1,y1) = (2,—1) and (x3,y2) = (=5, 3). Then, we can substitute the y-values and the x-values into the slope
formula, as follows.

= Y2—=Jyi1
X2 —X1
_3-(-1
S -5-2
3 4
-7
4
7

4
The slope of the line through the given points is —7

It does not matter which point is called (x1,y1) or (x2,y2). As long as we are consistent with the order of the
y-terms and the order of the x-terms in the numerator and denominator, the calculation will yield the same
result.
y2=Jy1 _Y1=)2
m=—

X2 — X1 X1 — X2
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Try It # 2:
Compute the slope of the line that passes through the points (2,3) and (2.1,4).

Whether we are given the coordinates of two points on a line, as ordered pairs, or only given a visual representation
of the line, we can still determine the slope of the line using the slope formula.

» Example 4 Using Figure 2.1.13, determine the slope of each line: A, B, C, and D.

o I A I U
7654321 A 234567809100

Figure 2.1.13: The graph of four different lines.

Solution:

We can compute the slope of each line by selecting any two points on the line. Considering we can choose any two
points, we will choose points with “nice” integer coordinates.

A. For line A, we can identify two points: (0,—2) and (6,—-2). The slope can then be computed using the formula.

© TAMU 57



2.1 Review of Lines

C. For line C, we can identify two points: (—4,—4) and (0,—1). The slope can then be computed using the
formula.

_-1-(-4)

D. For line D, we can identify two points: (3,—2) and (3,0). Notice x; = xp, which would also be true for any
two points on line D. Thus, by the definition, the slope of line D is undefined.

If we would have substituted the coordinates of the two points, (3,—2) and (3,0), into the slope formula, the
result would have included a denominator of zero. Because we cannot divide by zero, we would have again
concluded the slope of line D is undefined.

@ If the slope of a line is positive (as with line C), the line slants to the right. This means positive (negative)
changes in x result in positive (negative) changes in y. If the slope of a line is negative (as with line B), the line
slants to the left. This means positive (negative) changes in x result in negative (positive) changes in y. If the
slope of a line is zero (as with line A), the line has no slant and is horizontal. If the slope of a line is undefined
(as with line D), the line again has no slant, but is vertical.

Horizontal and Vertical Lines

Notice in the previous example that every point on the horizontal line (line A) has the same y-coordinate. In general,
the y-coordinate of every point on a horizontal line is the same, b. Therefore, the common equation of a horizontal
line is y = b.

Then notice again in the previous example that every point on the vertical line (line D) has the same x-coordinate. In
general, the x-coordinate of every point on a vertical line is the same, a. Therefore, the common equation of a
vertical line is x = a.

Definition

e The equation of a horizontal line through the point (a,b) is y = b.

e The equation of a vertical line through the point (a,b) is x = a.

@ The x-axis is the horizontal line y = 0, and the y-axis is the vertical line x = 0.
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» Example 5 Write the equation of line A and line D, from the previous example.

Solution:
Line A is horizontal, and every point on the line has a y-coordinate of —2. Thus, the equation of line A is y = —2.

Line D is vertical, and every point on the line has an x-coordinate of 3. Thus, the equation of line D is x = 3.

Point-Slope Form

We have discussed the equations of vertical and horizontal lines. Using the concept of slope, we can develop
equations for the other varieties of lines. Suppose a line has a slope of m and contains the point (x1,y;). Let (x,y) be
an arbitrary point on the line, as indicated in Figure 2.1.14.

/{
(z1,91)

Figure 2.1.14: A line drawn with points (x1,y;) and (x,y) labeled on the line.

The slope between these two points yields
YN
X—X|
m(x—x1) =y—yi
y—y1 =m(x—xi)

m=

After manipulating the slope formula, we have just derived one form of the equation of a line, known as the
point-slope form of a line.

Definition

The point-slope form of the line, with slope m and containing the point (x1,y;), is the equation

y=y1 =m(x—x1)

When using the point-slope form of the line, any point on the line can be used to determine the equation. If done
correctly, equivalent equations will be obtained.
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« Example 6 Write the equation of the line with slope m = —3 and passing through the point (4, 8), using the
point-slope form of a line.

Solution:
Using the point-slope form, substitute —3 for m and the point (4, 8) for (x1,y1).

y=y1 =m(x—xp)
y=8=-3(x-4)

« Example 7 Write the equation of the line containing the points (—1,3) and (2, 1), using the point-slope form of a

line.
Solution:
First, we need to determine the slope of the line in question. Using the given points and slope formula, we have
Ay
m=—
Ax
_1-3
S 2-(-D
E

We can use either point in the point-slope form, but we’ll use (—1,3) as (x,y;) and leave it to the reader to check
that using (2, 1) results in an equivalent equation. Substituting into the point-slope form of the line, we get

y=y1 =m(x—xp)
2
y—3=—§ﬁv%—D)

2
y=3=-3(+1D)

Recall that slope can be described as the ratio % We found the slope in the previous example to be —% = ‘?2 We
can interpret this as a ‘rise’ of 2 units downward for every 3 unit ‘run’ to the right, as we travel along the line to the
right. This interpretation is shown in the graph of the line, y—3 = —%(x +1), in Figure 2.1.15 below. (Notice both of
the given points are on the line.)

5| y-3=—2(@+1)

down 2 4 3
’ right 3
2
xr
-8-7-6-5-4-3-2-1 12 3 56 7 8

Figure 2.1.15: A line drawn on the coordinate plane, with the ‘rise’ and ‘run’ of the slope labeled.

iy

hohdbd s
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Mathematically the slope —% = —?2 is also equal to _% the slope can be interpreted as a ‘rise’ of 2 units upward

for every 3 unit ‘run’ to the left, as you travel along the line to the left.

Slope-Intercept Form

We can further simplify the equation of the line in the previous example, to produce another form of a line called the
slope-intercept form. This is the familiar y = mx+ b form you have probably seen in algebra. The “intercept” in
the slope-intercept form comes from the fact that if we set x = 0, we get y = b. This point, (0,b), is the y-intercept
of the line y = mx + b. Intercepts of a line will be discussed in more detail later in this section.

Definition

The slope-intercept form of the line, with slope m and y-intercept (0, b), is the equation

y=mx+b

When using the slope-intercept form of a line, if we have slope m = 0, we get the equation y = b which matches
our formula for a horizontal line. The slope-intercept form of a line can be used to describe all lines except
vertical lines.

Further simplification of the resulting line in the previous example gives us

2
y-3 =—§(x+1)

2 2
_3=_Z,_Z
Y 373
2.7

= ——x+ -
Y=T34T3

In this format, y = mx + b, we can verify the slope of the line is m = —%, and we now know the y-intercept of the line
is (0,).

« Example 8 Write the equation of the line passing through the points (3,4) and (0,—-3), using slope-intercept
form.

Solution:
First, we calculate the slope using the slope formula and the given two points.
_—3-4
03
=7
T3
7
"3
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Next, we use the point-slope form with the slope of Z, and either point. Let’s pick the point (3,4) for (x1,y1).
7
—4=—(x-3
y 7(=3)

To write the equation in slope-intercept form, we start by distributing the %, and then simplify.

. . S 7
In slope-intercept form, the equation of the line is written as y = 3%~ 3.

To prove that either point can be used, when using the point-slope form, let us use the second point, (0,-3), and
show that we get the same the equation in slope-intercept form.

7
Y—(—3)=§(x—0)
7
y+3= §x
7
y= gx—3

We see that the same line will be obtained using either point. This makes sense because we used both points to
calculate the slope.

Also, notice we were given the y-intercept, (0,—3), as our second point. We could have skipped substitution into
the point-slope form and substituted directly into the slope-intercept form of a line.

Try It # 3:
Write the equation of the line passing through the points (2,3) and (2.1,4), in both point-slope form and
slope-intercept form.

Standard Form

Another way that we can represent the equation of a line is in standard form.

Definition

The standard form of a line is given as Ax+ By = C, where A, B, and C are integers. "

When a line is written in standard form, the x- and y-terms are on one side of the equals sign and the constant
term is on the other side.
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1
« Example 9 Write the equation of the line with a slope of —6 which passes through the point (4_1’ —2) in standard

form.

Solution:
We begin by using the point-slope form of a line.

1
(=)= -6[x-=
y=(=2) (x 4)
We next simplify to the slope-intercept form of a line.

3
+2=—-6x+=
y 3
1
= —6x——
y *=3

We can then rearrange terms and multiply both sides of the equation by 2, the least common denominator, to obtain
integers coeflicients and an integer constant term.

1
bx+y=—=
xX+y 3

12x+2y=-1

This equation is now written in standard form, 12x+2y = —1.

There is a flow to the forms of equations of a line. We often begin with substituting into the point-slope form,
then transition into slope-intercept form, and conclude with standard form. Throughout this course you will see
each form and its usefulness.

FINDING X-INTERCEPTS AND Y-INTERCEPTS

Previously, the y-intercept of a line was mentioned in our discussion of the slope-intercept form of a line. In general,
the intercepts of any graph, including that of a line, are the points at which the graph crosses/touches the axes.

Definition

e A y-intercept is a point at which the graph crosses/touches the y-axis, (0, y).

e An x-intercept is a point at which the graph crosses/touches the x-axis, (x,0).

To determine a y-intercept, we set x equal to zero and solve for y. Similarly, to determine an x-intercept, we set y
equal to zero and solve for x. In the case of lines, there will be at most one y-intercept.
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For example, let’s determine the intercepts of the line 12x+ 2y = —1 from the previous example.

To solve for the y-intercept, set x = 0.

12x+2y=-1
1200)+2y=-1
2y=-1

1

)

(O ——) is the y —intercept

To solve for the x-intercept, set y = 0.

12x+2y=-1
12x+2(0) = -1
12x=-1
1
x=
( ) is the x —intercept

@ The intercepts are easily identifiable points that can be used to graph a line.

We can confirm that our results make sense by observing a graph of 12x + 2y = —1, as shown in Figure 2.1.16.
Notice the graph crosses the axes where we predicted it would.

T N

[ A A A B NG [ T

Figure 2.1.16: The coordinate plane with the line 12x+2y = —1.

» Example 10 State the intercepts of the line y = —3x —4. Then, sketch a graph of the line, using only the

intercepts.

Solution:

Set x = 0 to solve for the y-intercept. y=-3x—4
y=-30)-4
y=-4

(0,—4) is the y —intercept
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Set y = 0 to solve for the x-intercept.

y=-3x-4

0=-3x-4

4=-3x
—3=x

4
(—g, O) is the x — intercept

To sketch a graph of the line, plot both intercepts on the coordinate plane, and draw a line passing through them, as
in Figure 2.1.17.

Figure 2.1.17: The coordinate plane with the line through the points (—%,0) and (0,—4).

Another method for graphing a line, using a known point on the line and the slope of the line, is to plot the point and
use the understanding of slope in terms of ‘rise’ and ‘run.” Starting at the given point, move the appropriate number
of units up/down and then right/left, according to the slope, to plot another point on the line. You can now draw your
line through the two points.

INTERPRETING SLOPE

11
Given the line y = —gx + 17, if we know x increases by 3 units as you move along the line, how can we find the
corresponding change in y?

As the slope of the line is negative, we know the graph of the line will slant to the left and that a positive change in x
(increase) should produce a negative change in y (decrease). From its definition, we know slope can be written as

Ay
m=—
Ax

which shows the constant relationship between changes in the x-coordinates of points on a line and changes in the
y-coordinates of points on a line.

11 A
From the given equation we have m = e A—y If x increases by 3 units, then Ax = 3. Using substitution we have
X
11 Ay
8 3
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Through multiplication and simplification we can find the corresponding change in y, Ay.

~11(3) = 8(Ay)

—33 = 8(Ay)
33
A
g = Ay

33
Thus, y decreases by 3 units when x increases by 3 units.

@ When the change in a variable is negative, this corresponds to a decrease in the variable value, while a
positive change corresponds to an increase in the variable value.

« Example 11 You have a line which passes through the points (2,—1) and (-5, 3).
a. If x decreases by 9 units, what is the corresponding change in y?
b. If y increases by 5 units, what is the corresponding change in x?

Solution:
First, we calculate the slope using the slope formula with the given two points.

_ Ay

m=
Ax

Because the slope is negative, we should recognize that an increase in one variable will produce a decrease in the
other and vice versa.
a. If x decreases by 9 units, then Ax = -9. So,

4_Ay
7 -9

Through multiplication and simplification we can find the corresponding change in y.

—4(=9) =7(Ay)
36 = 7(Ay)
36
7 =AY

36
Thus, y increases by - units when x decreases by 9 units.

b. If y increases by 5 units, then Ay = 5. So,

66 © TAMU



Chapter 2: Linear Models and Systems of Linear Equations

Through multiplication and simplification we can find the corresponding change in x, Ax.

—4(Ax) =7(5)
—4(Ax) =35
35
T4
35
4

Ax

Ax =

35 .
Thus, x decreases by T units when y increases by 5 units.

<> Watch your signs when simplifying fractions. For example, —g = %a = ib but —g # _—Z.

Try It # 4:
Given the line —7x+ 3y = -9, if y decreases by 2 units, what is the corresponding change in x?

Try It Answers

1. A table of points and corresponding graph are given below.

x |y= %x+ 2 | (x,y)

-8 -2 A=(-8,-2)
-6 -1 B=(-6,-1)
-4 0 C=(-4,0)
-2 1 D=(-2,1)
0 2 E =(0,2)

2 3 F=02,3)

4 4 G=4,4)

6 5 H=(6,5)

2. m=10
3. Point-Slope Form: y—3=10(x—-2) ory—4 = 10(x—2.1)

Slope-Intercept Form: y = 10x—17

6
4. x decreases by 7 units
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 4, determine the slope of the line passing through the given points.

1. (0,0) and (3,5) 3. (5,0) and (0,-8)

2. (6,1)and (9,11) 4. (3,-5) and (-7,-4)
For Exercises 5 - 8, determine the x- and y-intercept, without graphing. Write each intercept as an ordered pair.

5. y=-3x+6 7. 3x-2y=6

6. y=5x-14 8. 4x+8y=9

For Exercises 9 - 12, write the equation of the line with the given slope which passes through the given point, in
both point-slope form and slope-intercept form, if possible.

9. m=3and (3,-1) 11. m=-2 and (-5,8)

2 1
10. m= 3 and (-2,1) 12. m= -3 and (10,4)

For Exercises, 13 - 16, write the equation of the line which passes through the given points.

13. (=3,10) and (5,-6). 15. (=6,—-15) and (-2,-7).

14. (1,3) and (5,5). 16. (4,-9) and (-14,20).

For Exercises 17 - 21, graph the line, without the use of technology, using the given information.

4
17. The line has a slope of m = 7 and passes through the origin.
18. y=-3x+2
2
19. y-5==-(x-8)
3
20. y=7

21. x=-2
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For Exercise 22, describe the changes in x or y, using the given information.

3
22. Given a line has a slope of m = T

a. If x increases by 4 units, what is the corresponding change in y?
b. If y increases by 3 units, what is the corresponding change in x?
c. If x decreases by 4 units, what is the corresponding change in y?

d. If y decreases by 3 units, what is the corresponding change in x?

INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 23 - 26, determine the slope of the line passing through the given points.
13 5 7 11 11
23. =, -, —= 25. |— -—,—4
3 (2,4)and(2, 4) 5 (5,7)and( 5 )
24. (-1,-2) and (3,-2) 26. (8,1) and (8,2)
For Exercises 27 - 30, determine the x- and y-intercept without graphing.

27. dy=-2x—1 29. 21 -6y =Tx

28. 4x-3=2y 30. 2x=5y-8

For Exercises 31 - 34, write the equation of the line with the given slope which passes through the given point, in
both point-slope form and slope-intercept form, if possible.

31. m=0and (3,117) 33. m=1.75 and (-4, 8)

32. mis undefined and (10,6) 34. m=-0.1and (0.2,0.9)

For Exercises 35 - 38, write the equation of the line which passes through the given points.

35. (1,7)and (3,7) 37. (-2,6) and an x-intercept of (1,0)

36. (—6,10) and (-6, 16) 38. (4,-1) and a y-intercept of (0,2)
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For Exercises 39 - 43, graph the line, without the use of technology, using the given information.

39, y=2(x+1)-4

1
40. y= §(x—3)+1

4
41. y+7 = g(x+2)
42. The line has a slope of zero and passes through the point (-5, 3).

43. The line has an undefined slope and passes through the point (-3, —4).

For Exercise 44, describe the changes in x or y, using the given information.

9
44. Given the line y = —§x— 1,

a. If x increases by 1 unit, what is the corresponding change in y?
b. If y increases by 3 units, what is the corresponding change in x?
c. If x decreases by 10 units, what is the corresponding change in y?

d. If y decreases by 1 unit, what is the corresponding change in x?

MASTERY PRACTICE (Answers)

45. Determine the slope of the line passing through the points (a,—5) and (4,2a), in terms of a. For what
value(s) of a is the slope of the line undefined?

1—-x
2

46. Determine the slope, y-intercept and x-intercept, if any exist, for y =
47. Write the equation of the line with a slope of 3 which passes through the point (¢ —5,—4), in point-slope
and slope-intercept form, where ¢ is any real number.
48. Write the equation of the line which intersects the x-axis when x = —10 and intersects the y-axis when
7
y= TR
49. Graph the line 5x— 7y = 70, by finding and using the x- and y-intercepts.

50. Given the line 6x+ 11y =19,
a. If x increases by 1 unit, what is the corresponding change in y?

b. If y increases by 6 units, what is the corresponding change in x?
c. If x decreases by 7 units, what is the corresponding change in y?

d. If y decreases by 11 units, what is the corresponding change in x?
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51. If when x decreases by 9 units, y decreases by 2 units, what is the slope of the line containing any point
(x,)?
CoMMUNICATION PRACTICE (Answers)
52. Describe, in your own words, what the y-intercept of a line is.
53. Describe the process for finding the x-intercept and y-intercept of a line, algebraically.
54. If a point is located on the y-axis, what is the x-coordinate and why does it have this value?

55. If a point is located on the x-axis, what is the y-coordinate and why does it have this value?
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2.2 MobeLINg wWiITH LINEAR FuNcTIONS

© Photo by Texas A&M University, 2020

Josh is hoping to get an A in his college math class. He has scores of 75, 82, 95, 91, and 94 on his first five exams.
Only the final exam remains, and the maximum number of points that can be earned is 100. Is it possible for Josh to
end the course with an A, if all exams are weighted equally? A simple linear equation will give Josh his answer.

Many real-world applications we come across every day can be modeled by linear equations. For example, a cell
phone package may include a monthly service fee plus a charge per minute of talk-time; it costs a widget
manufacturer a certain amount to produce x widgets per month plus monthly operating costs; a car rental company
charges a daily fee plus an amount per mile driven.

Learning Objectives:

In this section, you will learn about concepts related to linear depreciation, cost, revenue, profit, supply, and
demand. Upon completion you will be able to:

e Formulate the equation for a linear depreciation, cost, revenue, profit, supply, and demand function.

Solve problems involving linear depreciation, including the rate of depreciation, initial value, and scrap
value.

Describe the relationships between the cost, revenue, and profit functions, graphically and verbally.

Describe the differences between a supply and demand function.

DeriNING A LINEAR FuNncTION

The natural world is full of relationships between quantities that change. When we see these relationships, it is
natural for us to ask “If I know one quantity, can I then determine the other?” This establishes the idea of an input
quantity, or independent variable, and a corresponding output quantity, or dependent variable. From this we get the
notion of a functional relationship in which the output can be determined from the input.

For some quantities, like height and age, there are certainly relationships between these quantities. Given a specific
person and their age, it is easy enough to determine their height.
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A function is a rule for a relationship between an input, or independent, quantity and an output, or dependent,
quantity in which each input value uniquely determines one output value. We say “the output is a function of the
input.”

To simplify writing out expressions and equations involving functions, an algebraic notation is often used. We also
use descriptive variables to help us remember the meaning of the quantities in the problem.

Rather than write “height is a function of age,” we could use the descriptive variables 4 to represent height, a to
represent age, and if we name the function f we could then write:

“his fofa” or h=f(a)
We could instead name the function # and more simply write:

h(a)

For example, consider a 20-year old who is 5 feet 7 inches tall. Then according to our notation, we say

h = f(20) =5 feet 7 inches
or
h(20) = 5 feet 7 inches

The notation h(a) is read “h of a”’. Remember we can use any variable to name the function; the notation s(a) shows
us that & depends on a. The value ‘a’ must be put into the function ‘A’ to get a result. Be careful when reading
function notation.

Do not confuse the parentheses in function notation with multiplication! In the last scenario, the parentheses
indicate that age is input into the function.

For any function,
e The set of all values which can be put into the function is known as the domain of the function.
o The resulting outputs from the function are known as the range of the function.

Definition

A linear function is a function whose graph produces a line. Linear functions can always be written in the form
fx)=mx+b or f(x)=b+mx (they're equivalent)

where

b is the initial or starting value of the function (when input, x, is zero),

and

m is the constant rate of change of the function. .
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MobELING WITH LINEAR FUNCTIONS

A linear model is a linear function that helps explain real-world scenarios involving quantities changing linearly.
Because we are modeling real-world applications, we use descriptive variables appropriate for the scenario, rather
than the standard x and y discussed in the previous section. Due to this change, the independent variable values will
replace the x-values on the horizontal axis, while the dependent variable values will replace the y-values on the
vertical axis. Also, when looking at linear models, domain constraints will be dependent on the problem.

For the purposes of this text, we will focus on economic and business scenarios such as depreciation, cost, revenue,
profit, supply, and demand.

Linear Depreciation
Definition

Linear depreciation models the loss in value of an asset over time. It can be represented by

V() =mt+b,
where
V represents the value of the asset at time ¢,
b represents the initial value of the asset,
and
. . . AV
m represents the constant rate of change in value of the asset with respect to time, N "

A general graph of a linear depreciation function is given below in Figure 2.2.2.

V(t)=mt+b
b -

Figure 2.2.2: The first quadrant of the coordinate plane with a line segment sloping in the downward
direction. The line segment starts on the V-axis at (0,b) and ends when it reaches the #-axis.

Here, we will restrict our discussion to situations where the value of the asset decreases (depreciates) linearly
over time. Thus, the slope of a linear depreciation model should always be negative.
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« Example 1 A company purchased $120,000 of new office equipment and expects the value of the equipment to
depreciate by $16,000 per year.

a. Construct a linear model for the value of the equipment as a function of time.

b. What is the rate of depreciation of the equipment?

c. Compute and interpret the horizontal intercept.

d. Determine a reasonable domain and range for this function.

Solution:

a. In the problem, there are two changing quantities: time and value. The remaining value of the equipment
depends on how long the company has owned it. We can start by defining our variables, including units.

Let the outputs, V, and inputs, 7, be defined as follows:
V := the value of the equipment, in dollars

t := the time, in years, since purchase

Reading the problem, we identify two important values. The first, $120,000, is the initial value for V (the
value of b in a linear depreciation model). The other value, $16,000 per year, appears to be a rate of change —
the units of dollars per year match the units of our output variable divided by our input variable. The value of
the equipment is depreciating, so we know that the value remaining is decreasing each year and the rate of
change will produce a negative slope (the value of m in a linear depreciation model).

Using the information provided in the problem, we can write the following linear depreciation model:

V(t) = —16000z + 120000

b. The slope represents the rate of change in value with respect to time, and is equal to —16000 in this problem,
which represents a loss of $16,000 per year. By definition the slope of a linear depreciation model will always
be negative, so the rate of depreciation is the rate at which the value decreases and is defined to be |m|, with
units included. Thus, the rate of depreciation for the equipment is $16,000/year.

c¢. Here the horizontal intercept is the #-intercept, as ¢ is the independent variable. To solve for the #-intercept, we
set the dependent variable, V, to zero, and solve for ¢:

0 = —160007 + 120000
~ 120000

16000
1=175

The horizontal intercept is (7.5,0); this represents the input value where the output will be zero. Interpreting
this, we could say: “The equipment will be worth $0, or will have no remaining value, after 7.5 years.”

d. When modeling any real-world scenario with functions, there is typically a limited domain over which the
model will be valid — almost no trend continues indefinitely. In this problem, it certainly doesn’t make sense
to talk about input values less than zero. This model is also not valid after the horizontal intercept, as it does
not make sense to talk about the equipment having a negative value.

Domain represents the set of input values. The reasonable domain for this function is 0 < < 7.5. Range
represents the set of output values; the value starts at $120,000 and ends with $0 after 7.5 years. So, the
corresponding range is 0 < V(r) < 120,000.
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Most importantly remember that domain and range are tied together, and whatever you decide is most
appropriate for the domain (the independent variable) will dictate the requirements for the range (the
dependent variable).

In the previous example, we discussed the rate of depreciation and the restricted domain. Related formal definitions
can be found below.

Definition

Rate of depreciation is the amount of value an asset loses per time unit. It can be represented by |m|, with
specified units. .

Definition

Scrap value is the lowest value an asset obtains. Once an asset reaches scrap value, it remains at that value
indefinitely. "

The scrap value is assumed to be zero, unless given other information regarding the actual scrap value or the time
when scrap value is reached.

In the previous example, the horizontal intercept is (7.5, 0), which means the equipment has no value after 7.5 years.
This signifies the scrap value is $0, and it occurs after 7.5 years.

Try It #1:
A refrigerator has a value (in dollars) given by V() = —400¢ + 5000, where ¢ represents the number of years
since the refrigerator was purchased. Determine and interpret

a. The rate of depreciation.

b. V(0) and V(3)

¢. The amount of time before the refrigerator reaches scrap value.

In the previous example, we were given the initial value and rate of depreciation. Oftentimes, this is not the case, but
instead you may be given different, yet sufficient, information to determine the linear model. In the next example,
we will demonstrate how to use skills learned about lines in the previous section to construct a linear model.

« Example 2 A new phone is purchased for $839 and is worth $543 two years later. Assuming the value of the
phone decreases at a constant rate, answer the following.
a. Determine the value (in dollars) of the phone, V, as a function of the number of years since its purchase, .
b. Determine the value of the phone after 18 months.
c. If the scrap value of the phone is $10, what is the phone worth after 15 years?
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Solution:

a. Because the value of the phone decreases at a constant rate, we are trying to find a linear function of the form
V(t)=mt+b

From the information given, we know that (0,839) and (2,543) are two points defined by the function. Thus,

AV
T At
_ 543-839
T 2-0
_ -296
T2
m=—148

The purchase value of $839 not only gives us the point (0, 839), but also tells us that b = 839. Therefore,

V(t) = -148¢+ 839

b. In our function, f represents the amount of years since the phone was purchased. Due to the fact that there are
12 months in 1 year, then
18 months

months
12—y o

18 months =

= 1.5 years
Thus, the value after 18 months can be found by evaluating our function when ¢ = 1.5.

V(1.5)

—148(1.5)+ 839
617

So, after 18 months, the phone is worth $617.

c. First, we need to determine how long it takes the phone to reach a scrap value of $10. To do this we set the

value, V, equal to 10 and solve for #:
10 = —148¢+ 839

148t = 829
(=829
"~ 148

t ~ 5.6 years

As the scrap value is the lowest value an item obtains, at any time after approximately 5.6 years, the phone
will have a value of $10. Thus, after 15 years the phone is still worth $10.

@ The actual value at time t may differ from the calculated function value at time t, V(t), for any time after an item
reaches scrap value. Here, if we compute V(15) = —148(15) + 839 = —1381, we see the actual value, $ 10, and
the function value, —$1381, differ greatly. Notice that, in the context of our problem, it is not possible for the
phone to have a value of negative $1381. This would mean that instead of someone paying $10 for the phone
after 15 years, you would have to pay them $1381 to take the phone from you.
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Cost, Revenue, and Profit

Businesses must keep track of and manage their expenditures, their sales, and the profits they realize. In this text, we
will first examine what happens if these transactions are linear in nature.

Definition

When a company produces x items, the total cost function, C(x), models the total cost of producing those items.
The total cost includes both fixed costs, which are startup costs (like equipment and buildings), and variable
costs, which are costs that depend on the number of items produced (like materials and labor).

In the most simple case,

Total Cost = (Variable Costs) + (Fixed Costs)
= (production cost per item)(quantity) + (fixed costs)
C(x)=mx+F,

where x is the number of items (quantity) produced. .

A general graph of a linear total cost function is given below in Figure 2.2.3. Notice that even when 0 items are
produced, the company still has fixed costs of $F'.

(o

Figure 2.2.3: The first quadrant of the coordinate plane with a line sloping in the upward direction.
The line starts on the C-axis at (0, F).

« Example 3 It costs a company a total of $1900 to manufacture 60 items, and the company has fixed costs of
$700. If x represents the number of items manufactured, write the company’s linear total cost function.

Solution:
We are looking for a function of the form C(x) = mx + F. From the information given, we know that (60, 1900) and
(0,700) are two points defined by the function. Thus,

AC

m=—

AX
_700- 1900
T 0-60
_ —1200

—-60
m=20
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With the fixed costs being $700, the linear total cost function then becomes

C(x) =20x+700

It is important to remember that total costs include both variable and fixed costs. Thus, it is not correct to
divide total costs by quantity to obtain the slope. In the previous example, m # 1900/60.

Definition

Revenue, R(x), is the amount of money a company brings in from sales. In the most simple case,

Revenue = (price per item)(quantity)

R(x) = px,

where x is the number of items (quantity) sold. .

A general graph of a linear revenue function is given below in Figure 2.2.4. Notice that when 0 items are sold, the
company brings in $0 of revenue.

R(x) = px

Figure 2.2.4: The first quadrant of the coordinate plane with a line sloping in the upward direction,
starting from the origin.

» Example 4 What is the revenue function from selling the items in the previous example, if each item sells for
$35?

Solution:
By definition revenue is found by multiplying price per item times quantity sold, so we have

R(x)=p-x=35x

where x represents the number of items sold.
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Definition

Profit, P(x), is the amount of money a company brings in, after expenses.

Profit = Revenue — Total Cost
P(x) = R(x) - C(x),

where x is the number of items (quantity) made and sold. .

A general graph of a linear profit function is given below in Figure 2.2.5. Notice that when 0 items are produced
and sold, the company will take a loss, due to the fixed costs.

/

P(z) = R(xz) — C(x)

Figure 2.2.5: The first quadrant of the coordinate plane with a line sloping in the upward direction.
The line starts on the P-axis at (0,—F).

»« Example 5 What is the profit function for the manufacturing and selling of the items produced in the previous
examples?

Solution:

P(x) =R(x)-C(x)
=35x—-(20x+700)
=35x-20x-700

P(x)=15x-700

Always subtract ALL costs; remember to distribute the negative. In the previous example,

P(x) #35x—20x+700.

When modeling a cost, revenue, or profit function of a company, we must use the appropriate information. At times
this requires us to differentiate between types of costs to the company and money received by the company.
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« Example 6 To manufacture 100 items, it costs a company a total of $32,000, and to manufacture 200 of these
items, it costs the company a total of $40,000. If each of these items sells for $150, determine the profit function for
the company making and selling these items. (Assume linear cost and revenue functions.)

Solution:
To determine the company’s profit function, we first need to find the cost and revenue functions.

For total cost, we have the points (100,32000) and (200,40000) defined by the function. We can now calculate the
slope:

B AC
T Ax
B 40000 - 32000

200100
_ 8000

~ 100
m =80

m

Then, using the point (100,32000) and the point-slope form of a line, C — C| = m(x — x;), we get

C —32000 = 80(x—100)
C —32000 = 80x — 8000
C(x) = 80x+ 24000

Because each item sells for $150, the revenue function is given by R(x) = 150x.

Therefore, the profit function will be

P(x) = R(x) - C(x)
= 150x — (80x +24000)
= 150x — 80x — 24000
P(x) =70x-24000

Previously we mentioned that domain constraints of linear models are dependent on the scenario being modeled. As
shown in the general graphs of cost, revenue, and profit, the domain of each of these functions is restricted to
non-negative values, as x always represents a quantity of items. One could logically say “it is not possible to
produce/sell a negative number of items.”

Try It # 2:

A donut shop estimates their fixed daily expenses are $600. If each donut costs about $0.05 to make and sells
for $0.60, determine the shop’s daily total cost, revenue, and profit functions. Then, sketch all three functions on
the same graph.
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Supply and Demand

In economics, there are models for how prices are determined in a free market which state that supply and demand
for a product are related to price. For the purposes of this text, we will assume supply and demand are linear.

Definition

Demand, D(x), shows the relationship between the quantity of a certain product consumers desire and the price,
p, they are willing to pay per item. Typically, as the number of items a consumer needs to purchase increases, the
price the consumer is willing to pay per item decreases.

D(x) = price
D(x) = p
or
p(x) =mx+b,
where x is the number of items purchased. .

A general graph of a linear demand function is given below in Figure 2.2.6. In the graph, the x-intercept represents
the maximum number of items taken by consumers, if the item is free. Moreover, the p-intercept represents the price
above which the item will not be purchased by consumers.

D(z) =p(x) =mx+b

Figure 2.2.6: The first quadrant of the coordinate plane with a line segment sloping in the downward
direction. The line segment starts on the p-axis at (0,b) and ends when it reaches the x-axis.

@ Due to consumers’ purchasing habits, all linear demand functions will have a negative slope.

« Example 7 It has been determined that at a price of $2 a store can sell 2400 of a particular type of toy doll, and
for a price of $8 the store can sell 600 such dolls. Determine the price of a doll, p, as a linear function of the number
of dolls demanded, x.

82 © TAMU



Chapter 2: Linear Models and Systems of Linear Equations

Solution:
We are trying to find a demand function, D(x), of the form p(x) = mx+b.

With the information given, we have the points (2400,2) and (600, 8) defined by the function. Calculating the slope:

Ap
m=—
AX
. 8-2
~ 600 — 2400
6
~ -1800
1

300

Then, using the point (2400,2) and the point-slope form of a line: p — p; = m(x — x1), we have demand of

1
p—2=——(x-2400)

300
2 | +8
P=2=7300™
1
p(x)——ﬁx+10

@ We can double check our demand function by substituting the other given point, (x, p) = (600, 8).

9 1

I 1
8.2 —555(600)+ 10
82410
8 =8v

Definition

Supply, S (x), shows the relationship between the quantity of a certain product producers are willing to supply
based on the price per item, p, that is being offered. Typically, the more items a producer has to sell, the higher
the price the producer desires to sell each item.

S (x) = price
Sx)=p
or
p(x) =mx+b,
where x is the number of items being sold. .
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A general graph of a linear supply function is given below in Figure 2.2.7. In the graph, the p-intercept represents
the price below which no items will be supplied to the market.

b+ S(x) =p(x) =mx+Db

Figure 2.2.7: The first quadrant of the coordinate plane with a line sloping in the upward direction,
starting on the p-axis at (0,0).

Due to producers wanting the most money possible for the sale of their product, all linear supply functions will
have a positive slope.

« Example 8 A manufacturer of toy dolls can supply 3000 dolls if the dolls are sold for $8 each, but can supply
only 1000 dolls if the dolls are sold for $4 each. Determine the price per doll, p, as a linear function of the number
of dolls supplied, x.

Solution:
We are trying to find a function of the form p(x) = mx+b.

With the information given, we have the points (3000, 8) and (1000, 4) defined by the function. Calculating the slope:

_op
e
_ 4-8
= T000-3000
4
= 53000

1

"= 500

m

Then, using the point (3000, 8) and the point-slope form of a line, we have supply of

1
p—8=——(x—3000)

500
p—8= L)c—6
500
1
p(x) = %x+2
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Often we want to study both supply and demand simultaneously to compare the desires of both the consumers and
producers.

« Example 9 At a price of $2.50 per gallon, there is a demand in a certain town for 42.5 thousand gallons of gas
and a supply of 20 thousand gallons. At a price of $3.50, there is demand for 25.5 thousand gallons and a supply of
28 thousand gallons. Determine the linear supply and demand functions.

Solution:
We will use price, p (in dollars), as the output and quantity, x (in thousands of gallons of gas), as the input for both
functions.

For supply, we have the points (20,2.50) and (28,3.50) defined by the function.
Calculating the slope:
Ap
m=—
AX
_3.50-2.50
-~ 28-20

m=0.125
Then, using the point (20,2.50) and the point-slope form of a line,
p—2.50=0.125(x—-20)
p—25=0.125x-2.5
p(x)=0.125x (Supply)

For demand, we have the points (42.5,2.50) and (25.5,3.50) defined by the function.
Calculating the slope:
Ap
m=—X£
AX
_3.50-2.50
©255-425
1
T
1

mz—ﬁ

Then, using the point (42.5,2.50) and the point-slope form of a line,

1
-250=-—(x-42.
p 50 7 (x 5)

1
p—25= —ﬁx+2.5

1
p(x) = —ﬁx +5 (Demand)
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Try It # 3:
At a price of $3, consumers will purchase 600 mechanical pencils. For every 50 cent decrease in price, consumers
will purchase an additional 75 pencils. Determine the linear demand function, p(x).

Try It # 4:

The producers of mechanical pencils will not supply pencils to the market if the price is below $1, but for
every 25 cent increase above $1 the producers will supply an additional 25 pencils. Determine the linear supply
function, p(x).

Try It Answers

1. a. The rate of depreciation equals $400/year = the refrigerator’s value decreases by $400 each year.

b. V(0) = 5000 = The refrigerator is initially worth $5000.
V(3) = 3800 = After 3 years, the refrigerator is worth $3800.

c. 12.5 years = After 12.5 years, the refrigerator has no value. Moreover, at any point in time after 12.5
years, the refrigerator will continue to have zero value.

2. Cost: C(x) = 0.05x+ 600, x := the number of donuts produced
Revenue: R(x) = 0.60x, x := the number of donuts sold
Profit: P(x) = 0.55x— 600, x := the number of donuts made and sold.

1
3. p(x)= —Ex + 7, where x := the number of pencils demanded, and p := the price of a pencil (in dollars).

1
4. p(x) = mx+ 1, where x := the number of pencils supplied, and p := the price of a pencil (in dollars).
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

Writing a linear depreciation function.

1. An item is worth $500 when it is purchased. After 3 years, it is worth $320. Assuming the item is
depreciating linearly with time, write the value of the item (in dollars) as a function of time (in years since
purchase).

2. Anitem is bought and 7 years later is worth $1000. The same item is worth $200 fifteen years after purchase.
Assuming the item is depreciating linearly with time, write the value of the item (in dollars) as a function of
time (in years since purchase).

3. Anitem purchased for $850 reaches scrap value after 8 years. Assuming the item is depreciating linearly

with time, write the value of the item (in dollars) as a function of time (in years since purchase).

For Exercises 4 - 8, the value of an item is given to be V() = —25¢+ 1250, where ¢ is the number of years since the
item was purchased and V is given in dollars.

4. What was the purchase price of the item?

5. After how many years will the item be worth only $1000?
6. After how many years will the item achieve scrap value?
7. What was the item worth after 30 years?

8. What is rate of depreciation?

Writing a linear total cost, revenue, or profit function.
9. A company has monthly fixed costs of $10,000 and a production cost of $25 for each item it produces.

What is the company’s monthly linear total cost function?

10. A company sells an item it produces to the public for $150 each. What is the company’s linear revenue
function?

11. A company has a total cost function of C(x) = 5x + 800 and revenue function of R(x) = 22x. What is the
company’s profit function?
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Linear supply and demand functions.

1
12. Given a demand function of p(x) = —Ex +40, where x represents the number of items demanded and p(x)
represents the price/item (in dollars),

a. At what price will 50 items be demanded?

b. Above what price will consumers not buy this item?

c. How many items will consumers demand if the items are priced at $20?
d. How many items will consumers demand if the items are free?

13. Given a supply function of p(x) =3x+ 15, where x represents the number of items supplied and p(x)
represents the price/item (in dollars),

a. At what price will producers supply 100 items to the market?
b. Producers will only supply the items if the price is above what value?
¢. How many items will producers provide to the market at a price of $45?

Writing a linear supply or demand function.
14. At a price of $20 per item, 100 items are demanded by consumers, but at a price of $50 per item, only 20

items are demanded. Construct the linear demand function, p(x), for this item.

15. At a price of $40/item, producers will provide 125 items to the market. At a price of $80/item, producers
will provide 325 items. Construct the linear supply function, p(x), for this item.

INTERMEDIATE SKILLS PRACTICE (Answers)

Writing a linear depreciation function.

16. An item is worth $10 when it is purchased. After 10 years, it is worth 50 cents. Assuming the item is
depreciating linearly with time, write the value of the item (in dollars) as a function of time (in years since
purchase).

17. An item is purchased in 1996 for $400,000 and in 2010 it is worth $120,000. Assuming the item is
depreciating linearly with time, write the value of the item (in dollars) as a function of time (in years since
1996).

18. An item purchased for $3500 has a scrap value of $200 after 11 years. Assuming the item is depreciating

linearly with time, write the value of the item (in dollars) as a function of time (in years since purchase).

For Exercises 19 - 23, the value of an item is given to be V(¢) = —85000¢ + 1000000, where ¢ is the number of
years since the item was purchased and V is given in dollars.

19. What was the purchase price of the item?
20. How many years will it take the item to reach a scrap value of $150,000?

21. What was the item worth after 5 years?
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22. What is the value of the item after 12 years?

23. What is rate of depreciation?

Writing a linear total cost, revenue, or profit function.
24. A company has fixed costs of $15,000 each month and production costs of $1/item. If each of these items is
sold to the public for $5, determine the company’s monthly linear profit function.

25. A company can produce 20 items for a total cost of $795. If the company has fixed costs of $495, determine
the company’s linear total cost function.

26. A company has production costs of $20 per item. If the company can produce 100 items for a total cost of
$2850, determine the company’s linear cost function.

27. A company brings in a total of $1275 in revenue from selling 85 items. What is the company’s linear

revenue function?

Writing a linear supply or demand function.

28. Consumers will demand 500 items at a price of $2/item. For every $2 increase in price per item, 4 fewer
items will be demanded. Construct the linear demand function, p(x), for this item.

29. Consumers will demand 1000 items at a price of $3.50 per item. When the price per item increases to $4,
the number of items demanded will decrease by 50. Construct the linear demand function, p(x), for this
item.

30. Producers will supply 50 items at a price of $10 per item. For every $5 increase in price per item, 500 more
items will be provided. Construct the linear supply function, p(x), for this item.

31. A producer will not supply any items when the price is $475 or lower, but when the price per item is $500,
the producer is willing to supply 800 items. Construct the linear supply function, p(x), for this item.

32. Consumers will buy 8000 items at a price of $20/item. If the price goes up to $25/item, they they will only
buy 6000 items. Manufacturers will not market this item below $10, but for every $5 increase in price per
item, 2000 more items will be provided to the market.

a. Construct the linear demand function, p(x).

b. Construct the linear supply function, p(x).

MASTERY PRACTICE (Answers)

33. Anitem is bought and after 2 years has a value $5000. Ten years after its purchase, the item is worth $4500.
Assuming the item is depreciating linearly, what was the purchase price of the item?

34. An item purchased for $500 has a scrap value of $150 after 14 years. Compute the value of the item after
36 months, assuming the item depreciates linearly.
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35. Given the graph below, identify the total cost function, C(x), the revenue function, R(x), and the profit

function, P(x).

36. A company finds the total cost of producing 30 items is $9150, while they can produce 55 items for a total

37.

38.

cost of $10,775. Each of these items is sold to the public for $80.
a. Compute the production cost per item.
b. Write the company’s linear profit function.

A manufacturer has fixed costs of $180 and a production cost of $30 per item manufactured. What is the
selling price of the item, if the company has a profit of $4320 when selling 100 items? (Assume total cost
and revenue are linear.)

Given x represents the number of items supplied or demanded each month, p represents the unit price of the
items (in dollars), Equation A is =5x+2p = 60 and Equation B is 3x +2p = 300, answer the following.

a. Which equation is the demand equation? Why?
b. How many items will consumers purchase if the items are free?
c. Above what price will consumers not buy the item?

d. Producers will only provide the items if the price is above what value?

COMMUNICATION PRACTICE (Answers)

39.

40.

41.

42.

43.

Explain, in your own words, the meaning of the rate of depreciation.

If a linear depreciation function, V(¢), is given for 0 < ¢ < 20, explain how you determine the value of the
item for values of ¢ > 20.

Illustrate the relationships between linear total cost, revenue, and profit functions, graphically.
Explain, in your own words, why the linear supply function p(x) has a positive slope.

Explain, in your own words, why the linear demand function p(x) has a negative slope.
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2.3 Svystems oF Two Equations IN Two UNKNOWNS

© Photo by Texas A&M University, 2020

A water sports equipment manufacturer introduces a new line of kayaks. The manufacturer tracks its costs, which is
the amount it spends to produce the kayak, and its revenue, which is the amount it earns through sales of its kayaks.
How can the company determine if it is making a profit with its new line? How many kayaks must be produced and
sold before a profit is possible?

Learning Objectives:
In this section, you will learn techniques for solving systems of two linear equations in two unknowns and their
applications. Upon completion you will be able to:

e Specify the number of solutions to a system of two linear equations in two unknowns.

o Use algebraic techniques to determine the solution, if one exists, of a system of two linear equations in two
unknowns.

Use technology to graph and determine the solution, if one exists, of a system of two linear equations in
two unknowns

Compute break-even points for business related applications.

Compute equilibrium points for applications relating to supply and demand scenarios.

IDENTIFYING SoLuTioNs To LINEAR EQuATIONS

In order to investigate situations such as that of the water sports manufacturer, we need to recognize that we are
dealing with more than one variable and, likely, more than one equation. A system of linear equations consists of
two or more linear equations made up of two or more variables, such that all equations in the system are considered
simultaneously.

In this section, we will look at systems of linear equations in two variables, which consist of two equations that
contain two different variables. For example, consider the following system of linear equations in two variables.

2x+y=15
3x-y=5
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To determine the unique solution to a system of linear equations, we must find a numerical value for each variable in
the system that will satisfy all equations in the system at the same time.

The solution to a system of linear equations in two variables is any ordered pair that satisfies each equation
independently. In this example, the ordered pair (x,y) = (4,7) is the solution to the system of linear equations. We
can verify the solution by substituting the values into each equation to see if the ordered pair satisfies both equations.

2(4)+(7) = 157
34)- (1) =57

Shortly, we will investigate methods of finding such a solution, if it exists.

« Example 1 Determine whether the ordered pair (5,1) is a solution to the given system of linear equations.

x+3y=28
2x-9=y

Solution:
Substitute x = 5 and y = 1 into both equations.

(5)+3(1) = 8

8=8v
,
25)-9=1
1=1v

The ordered pair (x,y) = (5, 1) satisfies both equations, so it is a solution to the system.

@ By plotting the graph of each equation, we can see the solution to a system of two linear equations. Because the
solution is an ordered pair that satisfies both equations, it is a point that lies on both of the lines, and, thus, the
point of intersection of the two lines. (See Figure 2.3.2)

Figure 2.3.2: The coordinate plane with the lines 2x —9 =y and x + 3y = 8 and the intersection point,
(5,1), graphed.

92 © TAMU



Chapter 2: Linear Models and Systems of Linear Equations

Try It #1:
Determine whether the ordered pair (8,5) is a solution to the following system.

Sx—4y =20
2x+1 =73y

Types of Solutions

While some linear systems have one solution, some linear systems may not have a solution and others may have an
infinite number of solutions. In order for a linear system to have a unique solution, there must be at least as many
equations as there are variables. Even so, this does not guarantee a unique solution.

In addition to considering the number of equations and variables, we can categorize systems of linear equations by
the number of solutions. A consistent system of equations has at least one solution. A consistent system is
considered to be an independent system if it has a single solution, such as the example we just explored. The two
lines have different slopes (m; # m;) and intersect at one point in the plane. A consistent system is considered to be
a dependent system if the equations have the same slope and the same y-coordinate of the y-intercept (m; = my and
b1 = by). In other words, the lines coincide so the equations represent the same line. Every point on the line
represents a coordinate pair that satisfies the system. Thus, there are an infinite number of solutions.

Another type of system of linear equations is an inconsistent system. Here the equations represent two parallel
lines, where the lines have the same slope and different y-coordinates of the y-intercepts (m; = m, and by # by).
There are no points common to both lines; hence, there is no solution to the system.

Definition
There are three types of systems of two linear equations in two variables, each with a different type of solutions.

¢ An independent system has exactly one solution, the coordinate pair (x,y).
The point where the two lines intersect is the only solution.

e An inconsistent system has no solution.
The two lines are parallel and will never intersect.

o A dependent system has infinitely many solutions.
The lines are coincident; they are the same line.
Every coordinate pair on the line is a solution to both equations.

Given the system of linear equations

V1 = m1x+b1

Y2 =mpx+by,
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Figures 2.3.3, 2.3.4, and 2.3.5 below show graphical representations of each type of system.

Independent System Inconsistent System Dependent System
mp #mp my =my and by # by my =my and by = by

Figure 2.3.3: The coordinate plane Figure 2.3.4: The coordinate plane Figure 2.3.5: The coordinate plane
with two lines drawn, and the one in- with two lines drawn. The lines never with two lines drawn. The graph ap-
intersect. pears to only have one line, as the two

tersection point labeled.
lines are layered on top of each other.

We can use the above conditions on slopes and y-intercepts to determine the type of linear system we are working
with.

» Example 2 How many solutions do the following systems of linear equations have? Justify your answer without
graphing or actually calculating a solution.

x = 9 - 2
x + 2y = 13

b x + 3y = 2
“13x + 9 = 6

c2x+3y:—16
"1 5x - 10y = 30

Solution:
To determine the number of solutions to a system of two linear equations in two unknowns, we can write each

equation in slope-intercept form and compare slopes and y-intercepts.

a.
x=9-2y x+2y=13
2y=-x+9 2y=-x+13

1 +9 1 +13
Y= YT

1 9 1 13

= — — b = — = — — b = —
r=L0=2) o=t

Notice that m| = my, but by # by, which means the lines are parallel and the system is inconsistent. Thus, the

system has no solution.
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b.
x+3y=2 3x+9y=6
3y=—x+2 9y =-3x+6
1 2 3 6
=T33 Y=g
1 2
=T33
O I e

Notice that m; = my and b; = by, which means the lines coincide and are the same line. Thus, the system is
dependent and the system has infinitely many solutions.

c.
2x+3y=-16 5x-10y =30
3y=-2x-16 —10y =-5x+30
2 16 5 30
=——x—— =—x—-—
YT Y107 10
1
y:Ex—3
2 16 1
(ml =73 by = 3 (I’I’lz =5 by = —3)

Notice that m; # my, which means that the system is independent and has exactly one solution.

Try It # 2:

How many solutions do the following systems of linear equations have? Justify your answer without graphing
or actually calculating a solution.

a 2y-2x =2
"l 2y-2x =6

b y—2x =5
|l -3y+6x =-15
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Finding an Unknown Coefficient

Knowledge of the number of solutions a system has can help identify any unknown coefficients.

« Example 3 State the value(s) of k such that the following system of linear equations has no solution.

2x+ky=15
-3x+8y=24

Solution:
If a system of two linear equations in two unknowns has no solution, then the lines must be parallel, meaning

mp =ny AND by # bs.

To find and compare the values of m; to m; and b; to by, we must first write each equation is slope-intercept form.

2x+ky=15 —3x+8y=24
ky=-2x+15 8y=3x+24
2 +15 3 +24
YT Tk YTRYTR
3
y:§x+3
2 15 3
=—Z p=— =—,b=3
mi JRE R (mz 3 2 )
For the slopes of the lines to be equal, then
mp; =my
2 3
k 8
-2(8) =3k
-16 =3k
16
=k
3

This means that if k = —13—6, the slopes will be equal.

We must now check that this value of k gives different y-intercepts. For k = —
15 15 3 45
b = —_—= = 15 = .
Tk (-2 ( 16) 16
3

Considering by = 3, we know b # by, when k = —13—6.

16
3

1
Thus, if k = —?6, the system will have no solution.
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« Example 4 State the value(s) of k such that the following system of linear equations has infinitely many
solutions.

kx+8y =36
x+2y=9

Solution:

If a system of two linear equations in two unknowns has infinitely many solutions, then the lines must be the same,
meaning

mp =my AND by = bs.

To find and compare the value of m; to m, and b to b, we must first write each equation is slope-intercept form.

kx+8y =136 x+2y=9
8y =—kx+36 2y=—x+9
k 36 1 9
yESgEt Y y=5%ts
kK 9
=T
(mlz—g, blzg) (mzz—%,bzzg)

Upon inspection, it is clear by = b;.

For the slopes of the lines to be equal,

mp =nmy
ko1
82
—k(2) = -38(1)
—k=—4
k=4

Thus, if k = 4, then the slopes are the same and the y-intercepts are the same, so the system will have infinitely many
solutions.

Try It # 3:
State the value(s) of k such that the following system of linear equations has exactly one solution.
1 1
—x+ky=——
4TTYETg
=TIx+7y=21
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SowviNg SysTems oF Two LINEAR EquaTions IN Two UNKNOWNS

Graphical Methods

There are multiple methods of solving systems of linear equations. For a system of linear equations in two variables,
we can determine both the type of system and the solution(s), if they exist, by graphing the system of linear
equations on the same set of axes.

« Example 5 Solve the following system of linear equations, by graphing. Then, identify the type of system.

2x+y=-8
x-y=-1

Solution:
To graph each equation, by hand, we need two points that lie on each line. As the lines were both given in standard
form, the two easiest points to compute are the x- and y-intercepts.

For the first equation, we have intercepts of (—4,0) and (0, —8), as calculated below.

2x+y=-8 2x+y=-8

2x+(0) = -8 20)+y=-8

2x=-8 y=-8
x=-4

For the second equation, we have intercepts of (—1,0) and (0, 1), as calculated below.

x—-y=-1 x—-y=-1

x=(0)=-1 0)-y=-1

x=-1 —-y=-1
y=1

Using the intercepts of each line, we can graph both equations on the same set of axes, as shown in Figure 2.3.6.

Figure 2.3.6: The coordinate plane with the lines 2x+y = —8 and x—y = —1 graphed.
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Upon inspection of the graph above, the lines appear to intersect at the point (—3,—2). We can check to make sure
that this is indeed the solution to the system, by substituting the ordered pair into both original equations.

2=3)+(-2) = -8 (=3)=(=2) = -1
8= -8/ 1=-1v

Thus, the solution to the system is the ordered pair (x,y) = (=3,-2), so the system is independent.

Not all systems have integer solutions and graphing equations by hand may not be precise enough to identify the
exact solution. An easier way to determine a graphical solution to a system of two linear equations in two unknowns
is through the use of a graphing calculator.

Previously in this chapter, we graphed equations in the TI-84 if they were written in the style y = . Fora
system of two linear equations you can graph both equations in the same window and identify the point(s) of
intersection, if any exist. We will demonstrate this process in the following example.

« Example 6 Solve the following system of linear equations, by graphing with the use of technology. Also,
identify the type of system.

2x+5y=-4
Tx+2y=9

Solution:
First, we will write each linear equation in slope-intercept form.

2x+5y=-4 Tx+2y=9
Sy=-2x—-4 2y =-Tx+9
2 4 7 9
y=-5as yEoyihy

Looking at the slopes, we see that they are different (m; # my). Thus, we know we will have exactly one solution to
the system and that the system is independent.

To find this solution, we will enter each equation into the calculator, as seen in Figure 2.3.7. Next, we will graph the
lines on the same set of axes, as shown in Figure 2.3.8.

Plotl Plot2 Plot3

INY1E(-2/5)X-(4/5)

ENY2B(-7/2)X+(9/2)

ENY 3=

ENY 4=

ENYs=

\Ye=

ENY 7=

ENY 8=

ENY 9=
Figure 2.3.7: Calculator screenshot showing the equa- Figure 2.3.8: Calculator screenshot of the graphs of the
tions as Y; and Y>. lines in the standard window.
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2.3 Systems of Two Equations in Two Unknowns

The graph in Figure 2.3.8 is graphed in the standard window. In order to proceed and find the solution, the point of
intersection must be visible in the window. If you cannot see the point of intersection on your calculator screen,
remember to adjust your window.

Once you have graphed both equations and the point of intersection is shown in your window, we use the intersect
operation (press ‘ 2ND|,| TRACE |, and scroll down to S:intersect), as in Figure 2.3.9.

>

NORMAL FLOAT AUTO REAL RADIAN MP n

CALCULATE
1:value
2:zero
3:iminimum
4:maximum
FHintersect
6:dardx
7:0f(x)dx

Figure 2.3.9: Calculator screenshot showing the CALC menu, with the intersect operation.

This function will prompt you to choose the lines you would like to intersect, as shown in Figures 2.3.10 and 2.3.11.
When the correct first line is listed at the top of the screen, press | ENTER |to be able to choose the second line.

NORMAL FLOAT AUTO REAL RADIAN HP n NORHMAL FLOAT AUTO REAL RADIAN HP n
CALC INTERSECT CALC INTERSECT
Y¥1=(-2/5)K-(4/5) Ya2=(-7/2)8+(9/2)

Firstcurue? Secondcurue?
®=8 ¥=-0.8 %=0 ¥=4.5

Figure 2.3.10: Calculator screenshot focused on the first Figure 2.3.11: Calculator screenshot focused on the sec-
curve. ond curve.

Finally, you will be asked to “Guess” the solution, as shown in Figure 2.3.12. You can move your cursor to the
point of intersection using the arrow buttons and press | ENTER | Afterwards, the coordinates of the intersection
point will be displayed at the bottom of the screen, as shown in Figure 2.3.13.

NORMAL FLOAT AUTO REAL RADIAN HP n NORHMAL FLOAT AUTO REAL RADIAN HP n
CALC INTERSECT CALC INTERSECT
Ya=(-7/2)K+(9/2) Ya2=(-7/2)8+(9/2)
Guess? Intersection
®=1.8181818 ¥="1.863636 X=1.7096774 ¥="1.483871
Figure 2.3.12: Calculator screenshot showing the guess. Figure 2.3.13: Calculator screenshot showing the approx-

imate values of the coordinates of the intersection.
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The coordinates of the intersection point shown in Figure 2.3.13 are approximately (x,y) = (1.710,—1.484), but are
not exact. To find the exact coordinates, return to the home screen. Then recall the x-coordinate of the intersection

point (press and then | ENTER ), as in Figure 2.3.14. Convert to a exact fraction (press | MATH |, choose
1:Frac, and press | ENTER ), as in Figure 2.3.15.

b X
.............................. 1.783677413. e b TORET 7412,
AnsrFrac
53
Figure 2.3.14: Calculator screenshot showing the x-value Figure 2.3.15: Calculator screenshot with X converted
saved in the calculator. to a fraction.

To find the exact y-value, you can manually calculate its value using the exact x-coordinate or use function notation

on your calculator (press | VARS |, cursor right to Y-Vars, choose 1:Function, select Y, and then press , ,

and ) and convert to an exact value, as shown in Figure 2.3.16.

NORMAL FLOAT AUTO REAL RADIAN MP n

.............................. 1.709677419,
Ans*Frac

53
e 3 1.
Y1(X)
............................. 71.483870968
AnsPFrac

Figure 2.3.16: Calculator screenshot with the y-value converted to a fraction.

4
Thus, the solution to the system is the ordered pair (x,y) = (3—1 ~37

53 46
), and the system is independent.

@ In inconsistent or dependent cases we can still graph the system to determine the existence of a solution and
type of system. If the two lines are parallel, the system has no solution and is inconsistent. If the two lines are
identical, the system has infinitely many solutions and is a dependent system. The solution to a dependent
system will be explained shortly.

Try It # 4:
Solve the following system of linear equations, by graphing.
2x—5y=-25
—4x+5y =35
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Algebraic Methods

Solving a linear system in two variables through graphing by hand works well when the solution consists of integer
values, but if our solution contains decimals or fractions, it is not the most precise method, as illustrated in the
previous example. Instead of using technology to graph the system, we will consider two algebraic methods of
solving a system of linear equations.

One such method is solving a system of equations by the Substitution Method, in which we solve one of the
equations for one variable and then substitute the result into the second equation to solve for the second variable.

Suppose we are looking for the solution to the system

-x+y=-5
2x—-5y=1

First, we will solve the first equation for y, because its coefficient is 1.

-x+y=-5
y=x-5

Next, we can substitute the expression x — 5 for y in the second equation, and solve for x.

2x-5y=1

2x=5(x-5)=1

2x-5x+25=1
-3x=-24

x=38

Now, we substitute x = 8 into the first equation and solve for y.

-8)+y=-5
y=3

Our solution is (x,y) = (8,3).

Check the solution by substituting (8, 3) into both of the original equations.

—X+y=-5 2x-5y=1
-®)+@B3)=-5v 28)-5(3)=1v

The Substitution Method for solving a system of linear equations in two variables is generalized, as follows.

Substitution Method

1. Solve one equation for one of the variables.
2. Substitute the result into the second equation to solve for the remaining variable, if possible.

3. Then substitute the result of Step 2 back into the equation found in Step 1, and solve for the variable value
not known.
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When no variable has a coefficient of 1, it is often easier to solve both equations for y. The Substitution Method then

results in ‘setting the two y-values equal to each other,” solving for x, and continuing with the process discussed
above to determine the solution.

» Example 7 Solve the following system of linear equations, by substitution.

3x+6y=27
2x+4y =26

Solution:

As none of the variables have a coefficient of 1, first manipulate the equations so that they are both in slope-intercept
form.

3x+6y=27 2x+4y =26
6y = -3x+27 4y = -2x+26
3 27 2 26
Y=gty yESINt T
1 9 1 13
Y= A

Now, we can substitute the expression —%x + % from the second equation for y into the first equation, setting the

y-values equal to each other:

1
y=-3Es
1 13 1 9
—§x+7=—§x+§
13 9 1 1
2727
2=0KX

Clearly this statement is a contradiction, because 2 # 0. Therefore, the system has no solution and is inconsistent.

@ In general when searching for an algebraic solution to an inconsistent system, the result will be a contradiction.

Comparing the slope-intercept equations, we see that they have the same slope, but different y-intercepts. Therefore,
the lines are parallel and do not intersect, which confirms the result found algebraically through substitution, and the
existence of an inconsistent system. The graphs of the linear equations in this example are shown in Figure 2.3.17.
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2.3 Systems of Two Equations in Two Unknowns

Figure 2.3.17: The coordinate plane with lines y = —Jx+3 andy = —1x+ 2.

» Example 8 Solve the following system of linear equations, by substitution.
2x-4y=6
3x-6y=9

Solution:

Again we have no coefficients of 1, so we first manipulate the equations so that they are both in slope-intercept form.

2x-4y=6 3x-6y=9
—4y=-2x+6 —6y =-3x+9
-2 -3
y=_—4x+:l y=_—6x+_—6
1 3 1 3
y=2%5 y=3%3

Now, we can substitute the expression %x - % from the second equation for y into the first equation, setting the
y-values equal to each other:

=
|

N W e
= N =

|
=
|
|
=
Il
|

=
+ |
L W W

—_
N | —

(e}

1]

S

 NIw

Clearly this statement is always true, no matter the values of x and y. Therefore, the system has infinitely many
solutions and is dependent.

In general when searching for an algebraic solution to a dependent system, the result will be an identity, often
0=0.
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We can also notice both equations are equivalent to y = %x -3

5, once we have written both equations in
slope-intercept form and simplified. Thus, graphing both on the same axes will produce overlapping lines showing

every point on ‘the line’ will be a solution to the system. (See Figure 2.3.18)

Figure 2.3.18: The coordinate plane with lines 2x—4y = 6 and 3x— 6y = 9.

In other words, if an ordered pair (x,y) satisfies the equation 2x —4y = 6, it automatically satisfies the equation

3x—6y =9. One way to describe the solution set to this dependent system is using what is called a parametric
solution to a system.

For each value of x, the formula y = %x - % determines the corresponding y-value of a solution. Because we have no
restrictions on x, it is called a free variable. We define the free variable, x, with a parameter, often ¢, so that x = ¢
and then y = %t— %

Our set of solutions can then be described as (x,y) = (t, %t — %), where ¢ is any real number.

For specific values of ¢, we can generate specific (particular) solutions. For example, ¢ = 0 gives us the solution
(0, —%), while r = 117 gives us (117,57), and we could readily check each of these particular solutions satisfy both
equations.

Try It # 5:
Solve the following system of linear equations, by substitution. If the system is dependent, write the parametric
solution.

y—2x=5
-3y+6x=-15

Another algebraic method of solving systems of linear equations is the Addition Method. In this method, we add
two terms with the same variable, but opposite coefficients, so that the sum is zero and a variable is eliminated. Of
course, not all systems are set up with the two terms of one variable having opposite coefficients. Often we must
adjust one or both of the equations using multiplication, so that one variable will be eliminated by addition.
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Suppose we are looking for the solution to the system:

x+2y=-1
-x+ y= 3

It is important to note all variables are on the same side of the equals sign and both equations are already set equal to
a constant. Notice that the coefficient of x in the second equation, —1, is the opposite of the coefficient of x in the first
equation, 1. We can add the two equations to eliminate x, without needing to multiply either equation by a constant.

x+2y=-1
+ (=x+ y= 3)

3y=2
Now that we have eliminated x, we can solve the resulting equation for y.
3y =

y:

Wl

Then, we can substitute this value for y into one of the original equations and solve for x.

—x+y=3
2
-x+=-=3
T3
2
—x=3-2
!
7
—X=—
3
7
xX=—-—=
3

72
The solution to this system is (x,y) = (_5’ 3)

We can verify the solution by substituting the solution in the first equation.

N

-1

=
+

g
I

SN —
Il
|
—_

7+4l 1
33
3
21
3
“1==1v

« Example 9 Solve the given system of linear equations, using the Addition Method.

2x+3y=-16
5x—-10y =30
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Solution:

Because none of the variables have coeflicients which are additive inverses, we will need to multiply at least one
equation by a constant in order to eliminate one variable. Let’s choose to eliminate x. The least common multiple
between 2x and Sx is 10x, so we will multiply the first equation by —5 and the second equation by 2. (The final
result would be the same if we chose to multiply the first equation by 5 and the second by —2. We leave it to the
reader to verify.)

~5(2x+3y) = —5(—16) 2(5x— 10y) = 2(30)
~10x— 15y = 80 10x —20y = 60

Then, we will add the two resulting equations, and solve for y.

—10x—-15y =80
+ (10x-20y = 60)
-35y =140

y=-4

Substituting y = —4 into the original first equation, we can solve for x.

2x+3(-4)=-16

2x—-12=-16
2x=-4
x==-2

The solution is (x,y) = (-2,—4).
We can verify by substituting the solution into the other original equation.
S5x—-10y =30
5(~2) - 10(4) £ 30

10440230
30=30 v

The solution to the system, (—2,—4), is also seen graphically in Figure 2.3.19.

Figure 2.3.19: The coordinate plane with the solution to the given system identified.
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In the previous example, we chose to eliminate the variable x by multiplying each equation by an appropriate
constant. We could have easily decided to eliminate the variable y instead. Different constants would have been
used, but the final solution to the system would have been the same.

The Addition Method for solving a system of linear equations in two variables is generalized, step-by-step, as
follows.

Addition Method for Solving a System of Linear Equations

1. Write both equations so the variable terms are on the left-hand side and the constant term is on the
right-hand side of the equals sign.

2. Multiply one or both equations by the necessary constants so that coefficients of one of the variables are
the same, but have opposite signs (additive inverses).

3. Add the two equations; the resulting equation should have at most one variable.
4. Solve the resulting equation from Step 3 for the remaining variable, if one exists.

5. Substitute the result of Step 4 back into one of the original equations and solve for the variable value not
known.

» Example 10 Solve the following system of linear equations, using the Addition Method.

6x+3y=9

4x+2y=12
Solution:
While there is no need to reformat either equation, we need to multiply both equations by a constant in order to
eliminate one variable. Let’s choose to eliminate y. The least common multiple between 3y and 2y is 6y, so we will
multiply the first equation by —2 and the second equation by 3.

=2(6x+3y) =-209) 3(4x+2y) =3(12)
—-12x—-6y=-18 12x+ 6y =36

Then, we will add the two resulting equations.

-12x-6y=-18
+ (12x+ 6y =36)

0=18 X

Clearly this statement is a contradiction, because 0 # 18. Therefore, the system is inconsistent and has no solution.

» Example 11 Solve the following system of linear equations, using the Addition Method.

x+3y=2
3x+9y=6
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Solution:

Again, no reformatting of the equations is necessary. In this case, let’s focus on eliminating x. If we multiply both
sides of the first equation by —3, then we will be able to eliminate the x-variable. Multiplying the first equation by
-3, we have

x+3y=2
(=3)(x+3y) = (=3)(2)
—-3x-9y=-6

Now, we can add the result to the second equation.

—-3x-9y=-6
+ Bx+9y=06)

0=0
From the resulting identity we can see that we have a dependent system, and there will be an infinite number of

solutions that satisfy both equations. If we rewrite both equations in slope-intercept form, we will know what the
solution looks like.

x+3y=2 3x+9y=6
3Jy=—x+2 9y=-3x+6
1 2 3 6
y:—§x+§ y=—§x+§
1 2
=T33

For each value of x, the formula y = —%x + % determines the corresponding y-value of a solution. We let x =t and
gety = —%t + %

1 2
Our set of solutions can be then described as (x,y) = (t, _§t + 5), where ¢ is any real number.

Try It # 6:

Solve the following system of linear equations, using the Addition Method.
2x+3y=8
3x+5y=10

REeLATING SoLuTIONS OF SYsTEMS To BUSINESS APPLICATIONS

In the last section we discussed cost, revenue, and profit of a company and supply and demand for an item in the
market place. The relationships between these functions makes it necessary to solve a system of linear equations at
times. The water sports equipment manufacturer discussion at the beginning of this section is one such instance.
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Break-Even Points

When talking about a company’s profit, it is common to hear the terminology “a company is in the black/red.” When
we say a company is “in the red,” we mean the company’s costs for producing an item are greater than the revenue
generated from the sales of the item. On the other hand, when we say a company is “in the black,” we mean the
company’s costs for producing an item are less than the revenue generated from the sales of the item. When the
company’s costs are equal to its revenue (its profit is zero), then we say the company ‘breaks even.’

Definition

The break-even point is the ordered pair (break-even quantity, break-even revenue), where a company’s
revenue equals its costs.

A general graph of a break-even point is shown below in Figure 2.3.20. Notice, when the sales are equal to the
break-even quantity the profit of the company is zero. Any sales below the break-even quantity result in a loss for
the company. Any sales above the break-even quantity result in a profit gain for the company. Thus, the break-even
quantity is typically the minimum level of sales necessary for the company to make a profit.

Figure 2.3.20: The coordinate plane with profit, P(x), total cost, C(x), and revenue, R(x), functions
drawn. The break-even point is labeled.

Depending upon the product being sold, the break-even point may or may not be realistically attainable.
Suppose the break-even quantity is 500.25. If the product being sold is lamps, then it is impossible to sell a
fraction of a lamp. Rounding down to 500 lamps would result in a small loss for the company, and rounding up
to 501 lamps would result in a small profit gain for the company. This means the company would never truly
have a profit of exactly zero and would never truly break-even. However, if the product being sold was ounces of
granola, then it would be possible to sell 500.25 oz of granola and the company would be able to have exactly
zero profit and truly break-even.

110 © TAMU



Chapter 2: Linear Models and Systems of Linear Equations

« Example 12 Given the cost function C(x) = 0.85x + 35000 and the revenue function R(x) = 1.55x for a company
(both in dollars), calculate the company’s break-even point.

Solution:
Write the system of equations using y to replace the function notation, C(x) and R(x).

y = 0.85x+ 35000
y=1.55x

Substitute the expression 0.85x 4+ 35000 from the first equation into the second equation for y, and solve for x.

0.85x+35000 = 1.55x
35000 = 0.7x
50000 = x

Then, we substitute x = 50000 into either the total cost function or the revenue function to find the corresponding
‘y’-value.

0.85(50000) + 35000 = 77500 or  1.55(50000) = 77500

Therefore, the break-even point is (50000, 77500).

This means the cost to produce 50,000 units is $77,500, and the revenue from the sale of the 50,000 units is also
$77,500. Thus, the revenue completely covers the total costs, and the company has zero profit. To make a profit, the
business must produce and sell more than 50,000 units. (See Figure 2.3.21.)

42000008 bbbl A Profit]
12000018 ¢§—1551 : ml‘
SR N S ,;,Q,@),i@,%??i?ﬂ@@?,,,J,,,
Lo Do (50000,77500) | | | |
~160000| -7 /7 iBreak-EvenPoint/ [T

P(w) = - 0. 75@ - 35000

31‘00900‘33150‘?00

Figure 2.3.21: A first quadrant graph of the cost, revenue, and profit functions with the break-even
point labeled.

Trylt#7:

A firm producing computer diskettes has fixed costs of $10,725, and a variable cost of 20 cents a diskette.
Determine the break-even point, if the diskettes sell for $1.50 each. Explain the meaning of the values in the
context of the problem.
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Market Equilibrium Points

Economic theory says that supply and demand will interact, and the market will adjust until both consumer and
producer are happy and the market is in ‘equilibrium.’

Definition

The equilibrium point is the ordered pair (xp, po), where supply and demand intersect. The quantity produced
at this point, xp, is called the equilibrium quantity, and the corresponding price, po, is called the equilibrium
price. .

A general graph of an equilibrium point is shown below in Figure 2.3.22.

S(x)

Equilibrium Point
(z0; Po)

Figure 2.3.22: The coordinate plane with the supply function, S (x), the demand function, D(x), and
the equilibrium point labeled.

» Example 13 Compute the equilibrium point for the sale of toy dolls described in examples from the previous
section in this chapter.

1
Recall: Demand for the toy dolls is given by p(x) = —ﬁx + 10 and supply of the toy dolls is given by

1
p(x) = ——x+2, both in dollars.

500
Solution:
Substitute the expression ﬁx + 2 from the supply equation into the demand equation for p(x), and solve for x.
1 1
4=
500" + 300 x+10
1 1
—x+—x=10-2
500" " 300"
2
=~ x=8
375"
375
—g(===
(%)
x=1500
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Then, we substitute x = 1500 into either the demand or supply function, to solve for p.

1 1
p(1500) = (—ﬁ)OSOO) +10 p(1500) = (%)(ISOO) +2

Thus, the equilibrium point is (1500,5). At a price of $5.00, 1500 toy dolls will be supplied to the market and at the
same price, all 1500 toy dolls will be bought by consumers.

Try It # 8:

A company estimates that at a price of $140 there will be demand for 4000 computer monitors, and for each $5
increase in price the demand will drop by 200 monitors. The supply for the monitors is given by p(x) = %x.
Assuming linear demand, calculate the equilibrium point for the computer monitor market, and explain the
meaning of the values in the context of the problem.

|
Try It Answers
1. (8,5) is NOT a solution to the system.

2. a. No solution = m; =my (1 =1) AND b; £by (1 #3)
b. Infinitely many solutions = m; =my (2=2) AND by =b, (5§ =5)

1
3. k can be any value except ~7
4. (x,y)=(-5,3)
5. (x,y) = (t,2t+5), where ¢ = any real number
6’ (X,}’) = (107 _4)
7.

Break-Even Point: (8250, 12375)

Meaning: The cost to produce 8250 diskettes is $12,375 and the revenue from the sale of 8250 diskettes is
also $12,375. Thus, revenue completely covers the costs when the firm makes and sells 8250 diskettes, and
the firm has zero profit.

8. Equilibrium Point: (3200, 160)

Meaning: At a price of $160, 3200 monitors will be supplied to the market, and at the same price, all 3200
monitors will be bought by consumers.
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 3, determine if the given ordered pair is a solution to the given system of equations.

(13 -y =5 and (L0 3 [2x + 5y =7 and (-1D)
’ x + 6y = 2 ) 2x + 9y = 7

) 3x + 7y = 1 and (2,3)

1 2x + 4 =0

For Exercises 4 - 9, state the type of linear system given (independent, inconsistent, or dependent), without
graphing or actually computing the solution. Then, state the number of solutions (1, 0, or infinitely many).

4 1Y = 2x + 4 7 2y = -x + 9
“ly = 2x - 3 ' y = —-05x + 45
s ]y = -5x - 8 g 3y = 12x - 14
“ly = 3x - 10 ) y = 4x - 14
3 6
y=-3x+2 = =x + 8
6. ! 0.1 > T 7
y=-0.75x+2 S5y = 1lx — 6

For Exercises 10 - 13, use the Graphical Method to solve each system of two linear equations. Write any solutions
as ordered pairs with exact values. For parametric solutions use ¢ as your parameter.

1
y=-53x+10 3x - 2y = 18
10'{y—1x 2 0sx + 10y = —10
~ 6
= 3, - 1 x + 2y = 7
11_{y ng 1; 13'{2x + o6y = 12
y = 05x - 1.

For Exercises 14 - 17, use the Substitution Method to solve each system of two linear equations. Write any
solutions as ordered pairs with exact values. For parametric solutions use ¢ as your parameter.
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For Exercises 18 - 21, use the Addition Method to solve each system of two linear equations. Write any solutions
as ordered pairs with exact values. For parametric solutions use  as your parameter.

3x + 2y = 2 -x + 2y = -1
18. { -12x - 2y = 1 20. { 5 = 10y = 6
" Tx - 4y = 1 21‘{ 7x + 6y = 2
Nox + 4y = ! —28x — 24y = -8

Determining Break-Even Points

22. A stuffed animal business has a total production cost of C(x) = 5x+ 30 and a revenue function R(x) = 20x,
where x represents the number of stuffed animals made or sold. Compute the break-even point for this
business.

23. A cell phone factory has a total production cost of C(x) = 150x + 10000 and a revenue function R(x) = 200x,
where x represents the number of cell phones made or sold. Determine the break-even point for this factory.

24. A hair bow company has a total production cost of C(x) = 5x+ 120 and a revenue function R(x) = 11x,

where x represents the number of hair bows made or sold. Calculate the break-even point for this company.

Determining Equilibrium Points

25. A company is willing to supply x items for a price, in dollars, of p(x) = 3x+ 29, while consumers are willing
to buy x items at a price, in dollars, of p(x) = =5x+ 125. Compute the market equilibrium point.

26. A company is willing to supply x items for a price, in dollars, of p(x) = 2x+ 10, while consumers are willing
to buy x items at a price, in dollars, of p(x) = —4x + 94. Determine the market equilibrium point.

27. A company is willing to supply x items for a price, in dollars, of p(x) = 5x+ 140, while consumers are
willing to buy x items at a price, in dollars, of p(x) = =7x+500. Calculate the market equilibrium point.

INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 28 - 30, determine if the given ordered pair is a solution to the given system of equations.

Ix = 3y = 8 and 4,8 4x + 2y and (~0.25,-1.75)
28. 1 30.

2
2
—%x + 1y = -3 2

8x + y =

- 7.5
"0, 6x — 9y = 29 and (5,—5)
x - y = 4
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For Exercises 31 - 36, state the type of linear system given, without graphing or actually computing the solution,
and then state the number of solutions.

x + 3y =5 -0.1x + 02y = 0.6

31 { 2x + 3y = 4 34. { S5x - 10y = 1
50— y = 1 3y + by = 0
32. { 100x — 2y = =5 35. { 1 1, _ 43
g%~ 2 = 1

> { _3)6 : 1jy _ 2? 36, 0 =y = =3

A A "1 03x + 06y = 1.8

For Exercises 37 - 40, use the Graphical Method to solve each system of two linear equations. Write any solutions
as ordered pairs with exact values. For parametric solutions use ¢ as your parameter.

2x + 4y = -38 6x — 8 = -1
37. { 9% - S5y = 13 39. { 3x + 2y = 0.7

3x + S5y = 9 -x + 2y = 4
38. { 30x + 50y = -90 40. { 2x — 4y =1

For Exercises 41 - 44, use the Substitution Method to solve each system of two linear equations. Write any
solutions as ordered pairs with exact values. For parametric solutions use ¢ as your parameter.

41 %x + %y = 16 13 x - %y = —%
gy o= 0 e o+ 3y = B
-2x + 3y = 12 3x + 6y = 11

42. { -3x - 6y = 1.8 44 { 2x + 4y =

For Exercises 45 - 48, use the Addition Method to solve each system of two linear equations. Write any solutions
as ordered pairs with exact values. For parametric solutions use f as your parameter.

-2x + S5y = -42 -4x + 8y = -12
45. { 7x + 2y = 30 47 { 3x — 6y = 9
2x + 6y = 5 6x — 5y = -34
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Break-Even Points

49. A guitar factory has a cost of production given by C(x) = 75x+ 50000, where x represents the number of
guitars produced. If the company needs to break even after 400 units are sold, at what price should they sell
each guitar? Write the revenue function.

50. The cost for a venue to hold a concert is given by C(x) = 64x+ 20,000, where x is the total number of
attendees at the concert. The venue charges $80 per ticket. After how many people buy tickets does the
venue break even, and what is the value of the total tickets sold at that point?

51. The start-up cost for a restaurant is $120,000, and each meal costs $10 for the restaurant to make. If each
meal is then sold for $15, after how many meals does the restaurant break even?

Equilibrium Points

52. Ataprice of $20 per item, 100 items are demanded by consumers, but at a price of $50 per item, only 20
items are demanded. If the supplier is willing to supply x items for a price, in dollars, of p(x) =0.125x+5.5,
what is the market equilibrium point?

53. At a price of $40 per item, producers will provide 125 items to the market. At a price of $80 per
item, producers will provide 325 items. If the consumers demand x items at a price, in dollars, of
p(x) = —0.4x+ 90, what is the market equilibrium point?

54. Consumers will demand 500 items at a price of $2 per item. For every $2 increase in price per item, 4 fewer
items will be demanded. If the supplier is willing to supply x item for a price, in dollars, of p(x) = 1.5x+40,
what is the market equilibrium point?

MASTERY PRACTICE (Answers)
55. State the value(s) of k such that the following system of linear equations has exactly one solution, if possible.

Sx+ky=16
x+2y=4

56. State the value(s) of k such that the following system of linear equations has infinitely many solutions, if
possible.
3x-2y=5
kx+6y=-15

57. Given 3x—4y = 8, write an equation such that the system consisting of this equation and your equation
would be inconsistent.

© TAMU 17



2.3 Systems of Two Equations in Two Unknowns

8.

59.

60.

61.

62.

Use the Graphical Method to solve the following system of two linear equations. Write the solution, if one
exists, as an ordered pair with exact values. For parametric solutions use ¢ as your parameter.

A company selling DVDs has fixed costs of $10,500 and sells the DVDs for $5 each. If the company breaks
even when making and selling 3500 DVDs, what is the company’s break-even point?

The profit function for a company selling x mini projectors is P(x) = 150x —12000. Each mini projector
sells for $200. Determine the company’s break-even point.

A company finds the daily total cost of producing 200 items is $28,000. It also finds if no items are produced,
the company still has daily total costs of $24,000. Each item is sold to the public for $50. How many items
must be sold for the company to turn a profit?

At a price of $27.50, producers will provide 10 items, while at a price of $38.75, they will provide 25 items.
Consumers will purchase 50 of these items if the price is $97.50, but will purchase 125 items if the price
decreases to $93.75. Calculate the market equilibrium point.

CoOMMUNICATION PRACTICE (Answers)

63.

64.

65.

66.

67.

68.

You are asked to solve a system of two linear equations with two unknowns. Give a reason when each of
the methods discussed (graphical, substitution, and addition) is best used.

If when using the Substitution Method to solve a system of two linear equations with two unknowns, all
variables cancel leaving you with the equation 0 = 0, how many solutions does the system you are solving
have? Explain your answer.

If when using the Addition Method to solve a system of two linear equations with two unknowns, all
variables cancel leaving you with the equation 0 = 5, how many solutions does the system you are solving
have? Explain your answer.

A company specializes in making gluten-free flour, sold by the pound. The company sells this flour for $8
per pound and has a break-even point of (360.5,2884). Interpret the meaning of the break-even point in the
context of the situation and include in your interpretation whether the company can truly break even.

If a company’s break-even point is (315,45675), what point do you know will be on the graph of the
company’s profit function?

13
The equilibrium point for a leisure boat market is (?,4.89), where x represents the quantity of boats (in

thousands) and p(x) represents the price per boat (in hundreds of dollars). Write a sentence expressing the
meaning of this point in the context of the situation.
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2.4 Setning Upr AND SoLviNng SysTeEms oF LINEAR EQUATIONS

© Photo by Vanessa Coffelt, 2020

John received an inheritance of $12,000 that he divided into three parts and invested in three ways: in a
money-market fund paying 3% annual interest; in municipal bonds paying 4% annual interest; and in mutual funds
paying 7% annual interest. John invested three times as much in mutual funds as in municipal bonds. He earned
$670 in total interest the first year. How much did John invest in each type of account?

Understanding the correct approach to setting up problems such as this one makes finding a solution a matter of
following a pattern. We will solve this and similar problems involving two or more linear equations and two or more
variables in this section. Doing so uses similar techniques as those we have previously discussed. However, finding
solutions to systems of three or more linear equations requires a bit more organization and a touch of visual
gymnastics.

Learning Objectives:

In this section, you will learn techniques for solving a system of linear equations using matrices and the Gauss-
Jordan Elimination Method and how these techniques can be used for solving real-world applications. Upon
completion you will be able to:

e Formulate a system of linear equations from a given scenario.

o Convert a system of linear equations to the corresponding augmented matrix.

o State the different row operations available when solving systems of linear equations with matrices.
o Identify whether or not an augmented matrix is in reduced row-echelon form (RREF).

e Show the row operations that would be used to transform a matrix which is not in reduced row-echelon
form into one in reduced row-echelon form.

e Solve a system of linear equations that has one real solution, using the Gauss-Jordan Elimination Method.
e Use technology to reduce a matrix representing a system of linear equations.

e Write a solution from a reduced row-echelon form matrix representing a system of linear equations.

e Solve a system of linear equations that has one real solution.

e Solve a system of linear equations that has no real solutions.

e Solve a system of linear equations that has infinitely many real solutions.
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o Apply augmented matrices to solve real-world problems.

o Justify the value(s) of the parameter where there appears to be more than one real solution, but all solutions
may not be consistent with the real-world scenario.

SETTING UP SYsTEMS OF LINEAR EQuATIONS

Solutions to problems similar to John’s inheritance problem above require a conversion from words to algebraic
notation in the form of a system of linear equations. Recall that a system of linear equations consists of two or more
linear equations made up of two or more variables, such that all equations in the system are considered
simultaneously.

Let’s first focus on the conversion of such problems into a system of linear equations, and then later in the section,
we will learn techniques to solve the system.

Consider the following:

Suppose a company produces a basic and premium version of its product. The basic version requires 20
minutes of assembly and 15 minutes of painting. The premium version requires 30 minutes of assembly
and 30 minutes of painting. The company has staffing for 65 hours of assembly and 55 hours of
painting each week. If the company wants to fully utilize all staffed hours, how many of each item
should they produce?

Let’s convert this problem into a system of linear equations. (The actual solution will be found at a later point in this
section.)

Notice first from the question posed in the problem, we are looking for “how many of each item” should be
produced. The “how many” indicates we are looking for a quantity, while the “of each item” directs you to the first
sentence which states “a basic and premium version.” Therefore, we know we are looking for two unknowns.

Our next step is to clearly define our two unknown variables. Often it is best to define your variables using letters
related to the unknown quantities. Thus, we will let

b := the number of basic products produced
and

p := the number of premium products produced.
Notice that, because we are looking for quantities, our definition includes “the number of.”

Now, we can create equations involving our variables based on the assembly and painting time constraints. We begin
with the amount of time available for assembling these products. Each basic product requires 20 minutes of
assembly, so producing b items will require 206 minutes. Each premium product requires 30 minutes of assembly,
so producing p items will require 30p minutes. Thus, 205 + 30p represents the number of minutes required to
assemble all products. We are told we have 65 hours available for assembly. In order to write an equation, all the
units must be the same throughout. Therefore, we must convert all time units to either minutes or hours, so that the
time units are consistent. For ease, we will convert 65 hours to an equivalent number of minutes. Due to the fact that
there are 60 minutes in one hour, we have 65 - 60 = 3900 minutes. Utilizing all assembly time gives us the equation:

206+ 30p = 3900

For our second equation we turn our focus to the amount of time available for painting the products. Each basic
product requires 15 minutes of painting, so producing b items will require 155 minutes. Each premium product
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requires 30 minutes of painting, so producing p items will require 30p minutes. Again, we will convert the available
55 hours to 55 - 60 = 3300 minutes. Utilizing all painting time gives us the equation:

156+ 30p = 3300
Together, these form a system of linear equations, which represent the given scenario.

206+ 30p = 3900
156+ 30p = 3300

Sometimes product names start with letters such as O or [ which can be visually confused with numbers 0 and
1, so it is a good idea not to use these letters. Also, product names might all begin with the same letter and the
same letter cannot be used for multiple unknowns. Choose your variable names wisely!

« Example 1 Set up, but do not solve, the following problem as a system of linear equations.

Julia has just retired and has $600,000 in her retirement account that she needs to reallocate to produce
income. She is looking at two investments: a very safe guaranteed annuity that will provide 3% annual
interest and a somewhat riskier bond fund that averages 7% annual interest. She would like to invest as
little as possible in the riskier bond fund, but she needs to produce $40,000 a year, in interest, to live on.
How much should she invest in each account?

Solution:
Notice there are two unknowns in this problem: the amount of money she should invest in the annuity and the
amount of money she should invest in the bond fund. We can start by clearly defining variables for the unknowns.

Let
a := the amount of money (in dollars) she invests into the annuity
and

b := the amount of money (in dollars) she invests into the bond fund.
One equation comes from noting that together she is going to invest $600,000:
a+b =600000

Another equation will come from the annual interest. We must convert all percentages to decimals when writing an
algebraic expression. She earns 3% annually on the annuity, so the interest earned in a year on the amount invested
would be 0.03a. Likewise, the interest earned on the bond fund in a year would be 0.07b. Together, these need to
total $40,000, giving the equation:

0.03a+0.07b = 40000
Together these form a system of linear equations:

a+b = 600000
0.03a+0.07b = 40000
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« Example 2 Set up, but do not solve, the following problem.

An animal shelter has a total of 340 animals comprised of cats, dogs, and rabbits. If there are 10 more
cats than dogs, and if there are twice as many cats as rabbits, how many of each animal are at the
shelter?

Solution:
Notice there are three unknowns in this problem: the number of cats, the number of dogs, and the number of rabbits.
We can start by clearly defining variables for each of the unknowns.

Let
¢ := the number of cats at the shelter,
d := the number of dogs at the shelter,
and

r := the number of rabbits at the shelter.

One equation comes from noting there are a total of 340 animals in the shelter:

c+d+r=2340
Another equation comes from the statement “there are 10 more cats than dogs:”
c=d+10
We can reformat the equation so that the variables are on the same side of the equals sign.
c—d=10

Our last equation comes from the statement “there are twice as many cats as rabbits.” Statements of this form lead to
equations often referred to as ‘ratio equations.” While statements of this form appear straight-forward, they can
oftentimes be converted into an equation incorrectly. We will reword phrases, including “there are twice as many”,
“three times as much”, and the like, to avoid some of the common errors when converting to a ‘ratio equation.” Here,
“there are twice as many cats as rabbits” can be reworded as

“The number of cats you have is twice the number of rabbits you have.”

which becomes the ratio equation,

c=2r
Again, we can reformat to get
c—2r=0
Together these form a system of linear equations:
c+d+r=340
c—d=10
c=2r=0
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Each equation is developed based on a constraint, not on a variable. Every equation does not need to contain
all of the variables. The number of constraints, not the number of variables, indicates the number of equations
in the system.

Try It #1:
Set up, but do not solve, a system of linear equations which could be used to solve John’s inheritance problem at
the beginning of this section.

In the previous examples, we produced systems of linear equations. We can use techniques discussed in in Section
2.3 to determine a solution to a system of two linear equations in two unknowns. However, if you have more than
two linear equations in two unknowns the techniques may be cumbersome or not applicable. Thus, we will now
introduce a simpler method for solving systems of linear equations, using matrices.

CONVERTING BETWEEN SYSTEMS AND AUGMENTED MATRICES

A matrix may be used to represent a system of linear equations. Matrices often make solving systems of equations
easier, because they are not encumbered with variables.

Definition

To express a system of linear equations in matrix form, we extract the coefficients of the variables and the
constants from the equations, and these become the entries of the matrix. We use a vertical line to separate the
coeflicient entries from the constants, essentially replacing the equals signs. When a linear system is written in
this form, we call it an augmented matrix. .

For example, consider the following system of linear equations.

3x+4y=7
4x-2y=5

We can write this system as the following corresponding augmented matrix.

3 4|7
4 =215
Another system of linear equations such as
3x-y-z=0
x+y=5
2x-3z=2

is represented by the corresponding augmented matrix

3 -1 -1]0
1 1 0]|5
2 0 3|2
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2.4 Setting Up and Solving Systems of Linear Equations

Any augmented matrix is written so that the variables line up in their own columns. For instance, coefficients of
x-terms go in the first column, coefficients of y-terms in the second column, coefficients of z-terms in the third
column, etc., with constants all on the right-hand side of the vertical line. Thus, it is very important that each
equation is written in the form ax+ by + cz+--- = d, so that the variables line up before placing a system into an
augmented matrix. When there is a missing variable term in an equation, the coefficient is O.

» Example 3 Write the augmented matrix corresponding to the given system of linear equations.

x+2y—-z=3
27—6=y—-2x
x+3z=4+3y

Solution:

Recall when setting up a system of linear equations, we can rewrite all equations so the variables are on the
left-hand side of the equals sign and constants are on the right. To put the system in an augmented matrix we must,
additionally, have the variables in the same order in each equation.

Our reformatted equations can be written as

x+2y—-z=3
2x—-y+2z=6
x—3y+3z=4

The corresponding augmented matrix displays the coefficients of the variables, and an additional column for the
constants, as shown below.

1 2 -1|3
2 -1 216
1 -3 3|4

The number of equations in the system tells you the number of rows your augmented matrix will have, and the
number of columns of your augmented matrix will be equal to the number of variables plus 1 (for the constants).

We can use augmented matrices to help us solve systems of linear equations because they simplify operations when
the systems are not encumbered by the variables. However, it is important to understand how to move back and forth
between formats in order to make finding solutions smoother and more intuitive. Here, we will use the information
in an augmented matrix to write the corresponding system of linear equations in standard form.

» Example 4 Write the system of linear equations which corresponds to the given augmented matrix. (Assume
variables are x,y, and z, respectively.)

1 -3 5|2
2 -5 4| 5
-3 5 4| 6
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Solution:
When the columns represent the variables x,y, and z, respectively, we have

1 -3 -5|-=2 x — 3y - 5z= -2
2 -5 -4 5 = 2x — 5y — 4z =5
-3 5 4 6 -3x + S5y + 4z = 6

Try It # 2:

Write the augmented matrix corresponding to the given system of linear equations.
4x-3y=11
3x+2y=4

Try It # 3:
Write the system of linear equations which corresponds to the given augmented matrix. (Assume variables are

x,y, and z, respectively.)
1 -1 1| 5
2 -1 3 1

0 1 1|-9

SoLving SysTems usiNG GAuss-JORDAN ELIMINATION

Two systems are said to be equivalent if they have the same set of solutions. A system can be solved by writing a

series of systems, one after the other, each equivalent to the previous system. Each of these systems has the same set
of solutions as the original one; the aim is to end up with a system that is easy to solve. Each system in the series is
obtained from the preceding system by a simple algebraic manipulation chosen so that it does not change the set of
solutions.

As an illustration, we will solve the system given below, using the Addition Method discussed in the previous
section. At each stage, the corresponding augmented matrix is displayed. The original system is

o

First, multiply the first equation by —2 and add the result to the second. The resulting system is

x+2y=-2 1 2
2x+y="1 2 1

2(x+2y=-2) — —2x-4y=4
+ Qxt+y=T7) _, =22 1 2] -2
_ —3y=11 0 -3 11
Ox-3y=11
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which is equivalent to the original. At this stage we obtain y = —% by multiplying the second equation by —%. The
result is the equivalent system.

X+2y=—211 o [1 2| =2 ]
__ 0o 1|-1
y 3 3

Finally, we multiply the second equation by —2 and add the result to the first equation to get another equivalent
system.

x+2y=-2
1 2 16 16
2ly==-=— + —2y== =7 1 o] L
Z(y— 3) - y 3 = 311 or 131
_— __2 0 1|-%

+0 16 o 3
X =—
T3
Because this final system is equivalent to the original system, it provides the solution to that system;
16 11
(x9y) - (?7 _?)

Observe that at each step, a certain operation is performed on the system (and, thus, on the augmented matrix) to
produce an equivalent system.

Gauss-Jordan (Row) Operations

There are only a few algebraic manipulations, called elementary operations, that do not change the set of solutions
to the system of linear equations in which we are trying to solve.

Definition

The following operations, called elementary operations, can routinely be performed on systems of n linear
equations, E; — E,, to produce equivalent systems.

I. Interchange (reorder) two equations. (E; < E;)
II. Multiply one equation by a nonzero constant, k. (kE; — E;)
II. Add a multiple of one equation to a different equation. (kE; + E; — E)

Elementary operations performed on a system of linear equations produce manipulations of the rows in the
corresponding augmented matrix. Thus, interchanging two equations means interchanging the entries of two rows of
a matrix. Multiplying one equation by a nonzero constant, kK, means multiplying every entry of a row in the matrix
by k. Adding a multiple of one equation to another means adding a multiple of each entry of one row to the
corresponding entry of another row.

In hand calculations (and in computer programs) it is easier to manipulate the rows of the augmented matrix rather
than the equations. For this reason we restate these elementary operations for matrices, and use them for the
purposes of this book. Again, these operations produce a series of augmented matrices corresponding to equivalent
systems of linear equations, all with the same set of solutions.
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Definition

The following, called elementary row operations, can be performed on a matrix with rows R; —R,;,.

I. Interchange (reorder) two rows. (R; < R;)
II. Multiply one row by a nonzero constant, k. (kR; — R;)
III. Add a multiple of one row to a different row. (kR; +R; — R})

@ Operations are performed on rows not columns, as rows represent equations.

« Example 5 Perform each specified row operation, and give the resulting matrix.

[ 9 —4|-11
0
a.»6 1 12:| Ri o Ry =1
(3 -7] 5 '
b. »1 4—6:| §R1—>R1:>?

1 2 3|4
c. | -5 6 7 8
9 -10 11|12

5R1+R2—>R2 =7

Solution:

a. R; < R notation means we interchange the entries of Row 1 with the corresponding entries of Row 2.
9 —4|-11 RioR, 6 1| 12
6 1| 12 9 —4]-11

b. %Rl — R| notation means every entry of Row 1 is multiplied by %; the new entries are placed in Row 1 of the
resulting matrix, while the second row remains unchanged.

%Rlzé[s 715 )= ()3 G |[B)e |=[1 1

*

¢. 5SR; + Ry — R, notation means we multiplying every entry of Row 1 by 5, and then add the results to the

corresponding entries in Row 2. The sum is then placed in Row 2 of the resulting matrix. Rows 1 and 3
remain unchanged in the resulting matrix.

SRi=51 2 -3|-4 =[5 10 -15]-20 |
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5Ry @ 5 10 -15 =20

+ R : -5 6 7 8

R, : 0 16 -8 —12
1 2 3| -4 SRy Ry 1 2 3| -4
-5 6 7 § [——| 0 16 -8 |-12
9 -10 11 12 9 -10 11 12

When using the row operation kR; + Rj — R}, the only row that is changed in the resulting matrix is Rj. Row i is
Jjust “temporarily” multiplied by k so that the result can be added to Row j.

Reduced Row-Echelon Form

In the example before row operations were formally introduced, a series of such operations led to a matrix of the

form
1 0=
0 1=

where the asterisks represent arbitrary numbers. In the case of three linear equations in three variables, the goal of
performing row operations is to produce a matrix of the following form, if possible.

1 0 0=
01 0=
0 0 1]=

This will not always happen, as we will see with later systems.

Given a system of linear equations, we will use a sequence of elementary row operations to convert the equivalent
augmented matrix to a “nice” matrix (meaning that the corresponding equations are easy to solve). The matrices
shown above are examples of “nice” matrices. The following definition states the conditions necessary for
identification of a “nice” matrix.

Definition

A matrix is said to be in reduced row-echelon form if it satisfies each of the following four conditions:

1. All zero rows (rows consisting entirely of zeros) are below all nonzero rows, if they exist.

2. The first nonzero entry from the left in each nonzero row must be a 1, called the leading 1 for that row.
3. Each leading 1 is to the right of all leading 1’s in the rows above it.

4. Each leading 1 is the only nonzero entry in its column.
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The following are examples of augmented matrices that are in reduced row-echelon form.
1 0 == 01 0= 1 0 0=
1 0=
[ 0 0l1 ] 0 1 == 0 0 1]= 01 0=
0 0 00 0 0 00 0 0 01

» Example 6 Which of the following matrices are in reduced row-echelon form? If the matrix is not in reduced
row-echelon form, state which of the four conditions is first violated, as stated in the definition.

a[12—5] " (1)(1)32 c[100—2] d[—10—3]
0 1| 7 00 0l1 0 0 1]-11 0 1] 6

Solution:

For each matrix we will check the four necessary conditions to determine whether or not the matrix is in reduced
row-echelon form. We will check the conditions in the order presented in the definition and stop checking once the
matrix does not satisfy a condition. We will only be concerned with checking the portion of the matrix to the left of
the vertical bar. While specific constants are given for each matrix to the right of the vertical bar, each of these could
be changed to a different constant and that would not change our answer.

19613

Not in reduced row-echelon form.

v #1 : No row consists of all zeros, so this condition is met.

v #2 : The first nonzero entry in each row (reading left to right) is a 1. These entries,
leading 1’s, are shown circled in the matrix.

v #3 : The leading 1’s tend to the right as you move down the matrix.

X#4 . Column 1 meets the criteria, but Column 2 does not. The entry (2) would need to
be a zero for this condition to be met.

@
0
0

0
8
1

S O W

0
@
0

In reduced row-echelon form.
v #1 : The row of all zeros is below the two nonzero rows, so this condition is met.

v #2 : The first nonzero entry in each row is a 1. These entries, leading 1’s, are shown
circled in the matrix.

v #3 : The leading 1’s tend to the right as you move down the matrix.

v#4 : Column 1 and Column 2 are the only columns containing leading 1’s, and in each
of these columns all other entries are zero.
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@ o o2
"1 o o (-1

In reduced row-echelon form.

v/ #1 : No row consists of all zeros, so this condition is met.

v #2 : The first nonzero entry in each row is a 1. These entries, leading 1’s, are shown
circled in the matrix.

v#3: The leading 1’s tend to the right as you move down the matrix.

v#4 : Column 1 and Column 3 are the only columns containing leading 1’s, and in each
of these columns all other entries are zero.
i [ D

o

Not in reduced row-echelon form.

v/ #1 : No row consists of all zeros, so this condition is met.

X#2 . The first nonzero entry in each row is circled. The entry in Row 1 should be a 1
(not —1), which means this condition is not met.

For a matrix to be in reduced row-echelon form, Condition #3 only requires that each leading 1 is to the right of
all leading 1’s in the rows above it. In other words, as you move down the matrix, the leading 1’s must ‘tend’ to
the right, but do not have to be on the main diagonal from upper left to lower right.

Try It # 4:
Which of the following matrices are in reduced row-echelon form? If the matrix is not in reduced row-echelon
form, state which of the four conditions is first violated, as stated in the definition.

1 0 0| 8 12 -1] 0
a.[?(l)_éll] b.|0 0 0| 1 c.[g(l)ol] d|{0 0 0 1
0 0 1| 3 00 0]0

Solving Systems using Gauss-Jordan Elimination by Hand

Every matrix can be brought to reduced row-echelon form by a sequence of elementary row operations. In fact, we
can give a step-by-step procedure for actually converting a matrix to a reduced row-echelon matrix. Observe that
while there are many sequences of row operations that will bring a matrix to reduced row-echelon form, the one we
use is systematic, easy to perform, and is called the Gauss-Jordan Elimination Method.
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Gauss-Jordan Elimination Method

Write the corresponding augmented matrix for the given system of linear equations.

Interchange rows, if necessary, to obtain a nonzero number in the first row, first column.

Use a row operation to make the entry in the first row, first column a ‘1°.

Use row operation(s) to make all other entries in the first column ‘0’.

Interchange rows, if necessary, to obtain a nonzero number in the second row, second column. Use a row
operation to make this entry 1. Use row operations to make all other entries in the second column zero.
Repeat Step 5 for Row 3, Column 3 and the third column. Continue moving along the main diagonal from
upper left to lower right until you reach the last row, or until the number is zero, which cannot be removed,
and the solution can easily be read.

0 g PN =

o

At the completion of this process, the final matrix will be in reduced row-echelon form.

» Example 7 Solve the following system of linear equations, by using the Gauss-Jordan Elimination Method.

2x+y+2z=10
X+2y+z=38
3x+y—z=2

Solution:
Because all of the equations are written in the correct aligned form, we can write the corresponding augmented
matrix.

1 2110
1 2 1|8
1 -1]2

We want a ‘1’ in Row 1, Column 1. This can be obtained by multiplying the first row by %, or interchanging the
second row with the first. Interchanging the rows is a better choice, because that way we avoid fractions. Performing
this operation we get,

2 1 2]10 . 1 2 1|8
1 2 1/]8 272 1201 2010
31 —-1]2 31 -11]2

We need to make all other entries in the first column ‘0’, using our new leading 1. To make the entry (2) in Row 2,
Column 1 a ‘0’, we multiply the first row by —2 and add the result to the second row. Performing this operation we
get,

12 1] 8 Rk, 1 2 1] 8
21 2(10 2Ry : -2 -4 -2 -16 0 -3 0]|-6
31 —1| 2 + R 2 1 2 10 31 1] 2

Ry, 0 -3 0 -6

To make the entry (3) in Row 3, Column 1 a ‘0’, we multiply the first row by —3 and add the result to the third row,
giving
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1 2 1] 8 T3RiRs R 1 2 1| 8
0 =3 0l -6 3R, : -3 -6 -3 -24 0 -3 0] -6
+ Ry : 3 1 -1 2
3.1 -1 2 e 0 -5 —4|-22

So far we have made a ‘1’ in the left corner and all other entries in the first column ‘0’. Now we move to the next
diagonal entry, Row 2, Column 2. We need to make this entry (—3) a ‘1’ and then make all other entries in the
second column ‘0’. To make the Row 2, Column 2 entry a ‘1°, we multiply the entire second row by —%.

1 2 1 8
0 -3 0] -6
0 -5 —4|-22

_%R2—>R2 1 2 1 8
N 0 1 0 2
R 0 1 0 2 0 -5 —4|-=-22

Next, we make all other entries in the second column ‘0’, as shown below.

12 1] 8 BN 1o 1| 4
0O 1 O 2 2R, : 0 -2 0 -4 0O 1 0 2
0 -5 -4|-22 - . 0 -5 -4|-22

R,

1 0 1| 4 SRR 2Ry 10 1] 4

0 1 0] 2 SR, 1 0 5 0 10 01 0| 2
+ Ry : 0 -5 -4 -2

0 -5 —4|-22 S 0 0 —4/|-12

We now make the last diagonal entry a ‘1°, by multiplying the third row by —}1.

1 0 1 4 —iR3—>R3 1
01 0 2 -
—zR: 1 3

00 —4[-12 0 0

[e]

—
—_
SRS
-

(e
—_ O
w

Finally, we make all other entries in the third column ‘0’, as shown below.

10 114 —R3+R| >R,
01 0|2 -R3 -1 -3
+ :

0 0 1|3

O =
—

o
[N
—

The resulting matrix is in reduced row-echelon form, and the Gauss-Jordan Elimination Method is complete. We can
now write the resulting corresponding system of linear equations.

1 0 0|1 x+0y+0z=1 X =

01 0|2 = Ox+y+0z=2 = y=2

00 1|3 Ox+0y+z=3 7=3

The solution to our given system is the solution to this system of equations, so, clearly, the solution to the given
system is (x,y,z) = (1,2,3).
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We can check our solution by substituting 1 for x, 2 for y and 3 for z into all three equations of the original system.

2x+y+2z=10 x+2y+z=38 3x+y—z=2

21)+(2)+2(3) = 10 (1)+22)+(3) = 8 3(1)+(2)=(3) =2

24246210 1+4+3=8 342-322
10=10 v g=8 v =2y

In general, to obtain a ‘1’ we multiply a row by a constant, k, and to obtain a ‘0’ in a row we multiply the row
with the leading ‘1’ by a constant and add the result to the row to be changed.

» Example 8 Use the Gauss-Jordan Elimination Method to solve the following system of linear equations.

4x-8y =17
3x-6y=9
Solution:
All variables and constants are aligned so we can write the corresponding augmented matrix, as follows.
4 -81|7
3 6|9

We want a ‘1’ in Row 1, Column 1. This can be obtained by multiplying the first row by }‘.

BT e A i

Next, we need to make the remaining entry in the first column, (3) in Row 2, Column 1, a ‘0’. We will multiply the
first row by —3, and add the result to the second row.

—3R1 +Rr—R>
_—

7
1 -2 3R, : -3 6 -2 I -21 3
3 6|9 + R 3 -6 9 0 0 %

R : 0 o0 b

The resulting matrix is in reduced row-echelon form, and the Gauss-Jordan Elimination Method is complete. We can
now write the resulting corresponding system of linear equations.

1 -2
0 O
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2.4 Setting Up and Solving Systems of Linear Equations

The solution to our given system is the solution to the system.

7

—Jy=_—

x=2y=+

15
0=— X

4

Clearly this statement is a contradiction, because 0 # %. Therefore, the given system is inconsistent and has no
solution.

It is important to know that ANY system of linear equations of any size can be solved by the Gauss-Jordan
Elimination Method.

Try It #5:
Use the Gauss-Jordan Elimination Method to solve the following system of linear equations. (Remember to
show all row operations with intermediate matrices.)

x=2y+3z=9
—x+3y=-4
2x—=5y+5z=17

Before we move on, we mention something that will be needed in the next chapter. The process of obtaining a ‘1’ in
a specific location and then making all other entries ‘0’ in that column is called pivoting.

Q@ With this terminology, the Gauss-Jordan Elimination Method can be remembered as pivoting on Row 1, Column
1, then pivoting on Row 2, Column 2, and continuing to pivot on the entries along the main diagonal from upper
left to lower right until you reach the last row or until an entry along the diagonal is zero, which cannot be
removed.

SowviNg SysTEMSs UsING GAuss-JORDAN ELIMINATION wiTH TECHNOLOGY

With systems of two linear equations in two unknowns, the Gauss-Jordan Elimination Method may require up to
four row operations. Larger systems may require even more row operations, as seen in a previous example. The
calculator can be used to complete the Gauss-Jordan Elimination Method quickly, but without showing all
intermediate row operations. The intermediate row operations and resulting matrices are taking place behind the
screen.

Gauss-Jordan Elimination on the TI-84 calculator only works for matrices where the number of rows is less
than or equal to the number of columns, using the process which follows.
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Suppose you are asked to determine the solution to the given the system of linear equations:

5x+3y+9z=-1
—2x+3y—z=-2
—x—4y+5z=1

Begin by recognizing the system is already in the correct aligned format, so we can write the corresponding

augmented matrix.

Sx+3y+9z=-1 5 3 9
2x+3y-z=-2 = -2 3 -1
—x—4y+5z=1 -1 -4 5

-1
-2

1

To reduce this matrix using the calculator, we must first enter the augmented matrix into the calculator using the
matrix operation. Choosing to use matrix [A] in the calculator, the process and resulting matrix are shown in

Figures 2.4.2, 2.4.3, and 2.4.4.

NORMAL FLOAT AUTO REAL RADIAN MP n

NAMES MATH
FHCA]

:[B1]

3:[C1]
4:[D1]
5:[E]
6:[F1]
7
8
9

N

1[G]
:[H]
JLI]

Figure 2.4.2: Calculator screenshot
showing the matrix menus, including
EDIT.

NORMAL FLOAT AUTO REAL RADIAN HP n

MATRIXLA] 3 x4
5 3 9 -1
2 3 -1 7
-1 -y 5 .

[AXC3.1= 1

Figure 2.4.3: Calculator screenshot
showing how to enter our matrix.

NORMAL FLOAT AUTO REAL RADIAN MP n

[A]
5 3 9 -1
l'2 3 -1 '2]
s1.4. 5.1

Figure 2.4.4: Calculator screenshot
showing both the letter name of the
matrix and the numerical values in the
matrix.

When entering augmented matrices into the calculator, no vertical bar will separate the coefficients from the
constants. When writing the result on paper, you will need to add the vertical bar.

Using the rref operation in the calculator on matrix [A] will result in the equivalent reduced row-echelon matrix.

(See Figures 2.4.5, 2.4.6, and 2.4.7.)

NORMAL FLOAT AUTO REAL RADIAN MP n

NAMES EDIT
8tMatrrlist(
S:Listrmatr(

B: cumSum (
R:ref(

EHrref (

C: rowSwar(

D: row+(

E:*row(
F:®row+(

NORMAL FLOAT AUTO REAL RADIAN HP n

rref(LAI)

Figure 2.4.5: Calculator screenshot showing the
matrix MATH menu, where rref is listed.

Figure 2.4.6: Calculator screenshot showing the
call of the rref operation, applied to matrix A.
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2.4 Setting Up and Solving Systems of Linear Equations

NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n

rref([A1) 1 90 8 0.3262032086
li @ 0 Q0.3262032086 l 210 -9.4919786096

210 -2.4919786096 9.0 1 -0.128342246

............ 981 °@.128342246 1 AnsbFrac T
100 &
10 -
001 -2
Figure 2.4.7: Calculator screenshot showing Figure 2.4.8: Calculator screenshot showing the
rref([A]) and the reduced matrix. exact values of the reduced matrix, using the frac-

tion operation.

Notice Figure 2.4.7 contains the non-exact values, so we must convert them to exact values using the fraction
operation, as shown in Figure 2.4.8. On paper, this calculator process can be written as follows:

61
53 9[-1 o0 1
-2 3 -1|=2| ™ 101 0/ -%
-1 4 5|1 24

00 1]|-2

To determine the solution for the given system, we must now write the final augmented matrix as its corresponding
system of linear equations.

+0y+0 6l 6l
X y 7 = _— X = [
61 187 187
D 92 92
01 0/-2| = o Or= -2 = y=__2
1 EyT= 187 MRRTY

00 e Ox+ Oy + 24 24
X = —— [

RN T 187

So, clearly, the solution to the given system is (x,y,z) =

61 92 24
187" 187" 187)

The authors assume, from this point forward, that where a zero coefficient exists in an augmented matrix the
variable will not exist in the corresponding equation.

» Example 9 Solve the following system of linear equations. If the system is dependent, write the parametric
solution.

2x+3y—4z=17
3x+4y-2z=9
Sx+T7y—6z=20
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Solution:
We enter the corresponding augmented matrix in the calculator and use the rref calculator operation to obtain the
equivalent matrix in reduced row-echelon form.

2 3 417 1 0 100
34 2|9 | ™ 101 =80
5 7 -6/20 00 01

Writing the final augmented matrix as its corresponding system of linear equations gives us

x+10z=0
y—=8z=0
0=1X

Clearly this statement is a contradiction, because 0 # 1. Therefore, the given system is inconsistent and has no
solution.

« Example 10 Solve the following system of linear equations. If the system is dependent, write the parametric
solution.

X+y+z=2
2x+y—-z=3
3x+2y=35

Solution:
We enter the corresponding augmented matrix in the calculator and use the rref calculator operation to obtain the
equivalent matrix in reduced row-echelon form.

11 12 1 0 -2/1
201 13| ™ (o1 3|1
32 015 00 00

Writing the final augmented matrix as its corresponding system of linear equations gives us

x—-2z=1
x—2z=1
y+3z=1 — 3o
+3z=
0=0 Y

Notice we have no contradiction present, and we do not have each variable equal to a specific value. This means we
have a dependent system (with infinitely many solutions), and, thus, a parametric solution to the system. An easy
way to determine how many free variables we need is to see how many, and which, columns of the final augmented
matrix do not contain a leading 1. Here, leading 1’s are present in the ‘x” and ‘y’ columns, but not in the ‘z” column.
Therefore, z will be our free variable and we will let z = 7.
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Using the substitution z = ¢, and solving for x and y gives us

x=2z=1 y+3z=1
x=2t=1 and y+3t=1
x=1+2¢ y=1-3¢

So, the solution to our system is given by (x,y,z) = (1 +2¢,1 —3¢,1), where ¢ represents any real number.

Try It # 6:
Solve each system of linear equations, using technology. If the system is dependent, write the parametric
solution.

—x-2y+z=-1 x+2y+3z=9 3x-9y+6z=-12
a. 2x+3y=2 b. 3x+4y+z=5 c. x—-3y+2z=-4
y—2z=0 2x-y+2z=11 8§—2x=-6y+4z

Solving Applications of Systems

Our discussion now returns to the beginning of the section where we posed the following situation:

Suppose a company produces a basic and premium version of its product. The basic version requires 20
minutes of assembly and 15 minutes of painting. The premium version requires 30 minutes of assembly
and 30 minutes of painting. The company has staffing for 65 hours of assembly and 55 hours of
painting each week. If the company wants to fully utilize all staffed hours, how many of each item
should they produce?

Recall we defined the variables b and p as

b := the number of basic products produced
and

p := the number of premium products produced

and found the system of linear equations as

206 +30p = 3900
15b+30p = 3300

Now, using an augmented matrix and the calculator, we can easily obtain the solution.

20 30| 3900 rref 1 01120 b=120
— =
15 30| 3300 0 1] 50 p=50

Clearly, the solution to the system is (b, p) = (120,50). Thus, the company should produce 120 basic versions and
50 premium versions of its product to fully utilize all staffed hours.
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@ If you are solving a system related to a word problem, your solution should address the question posed in the
word problem.

« Example 11 Let’s solve another problem we set up at the beginning of the section.

Julia has just retired and has $600,000 in her retirement account that she needs to reallocate to produce
income. She is looking at two investments: a very safe guaranteed annuity that will provide 3% annual
interest and a somewhat riskier bond fund that averages 7% annual interest. She would like to invest as
little as possible in the riskier bond fund, but she needs to produce $40,000 a year, in interest, to live on.
How much should she invest in each account?

Solution:
Recall we defined the variables a and b as
a := the amount (in dollars) she invests into the annuity
and

b := the amount (in dollars) she invests into the bond fund
and found the system of linear equations as

a+b = 600000
0.03a+0.07b = 40000

Using an augmented matrix and the calculator we obtain the solution.

600000] rref [1 0

50000 a = 50000
40000 | — o 1 =

550000 b = 550000

1 1
0.03 0.07

Clearly, the solution to the system is (a,b) = (50000, 550000). Thus, Julia should invest $50,000 into the guaranteed
annuity and $550,000 into the riskier bond.

« Example 12 Elise has a collection of 12 coins consisting of nickels, dimes, and quarters. If the total worth of the
coins is $1.80, how many are there of each? State all possible solutions.

Solution:
Notice there are three unknowns in this problem: the number of nickels, the number of dimes, and the number of
quarters. We can start by clearly defining variables for these unknowns.
Let
n := the number of nickels in Elise’s collection,
d := the number of dimes in Elise’s collection,
and

q := the number of quarters in Elise’s collection.
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For her total number of coins, we have

n+d+qg=12

As nickels are worth 5 cents each, dimes are worth 10 cents each, and quarters are worth 25 cents each, for the total
worth of her coins (in dollars), we then have

0.05n40.10d +0.25g = 1.80

Therefore, to determine a solution to the problem, we just need to solve the following system of linear equations:

n+d+qg=12
0.057+0.10d +0.25g = 1.80

Using an augmented matrix and the calculator we can obtain the solution.

1 1 1

12 rref 1 0 -3
0.05 0.10 0.25

-12 n—3qg=-12
180 — |01 4

24 d+4q =24

Because we did not contain a contradiction or a specific numerical value for each variable, we know we will have a
parametric solution. The free variable will be g (as g is present in both equations of the corresponding system and its
column does not contain a leading 1), so we let ¢ = # and obtain the following:

n—3qg=-12 d+4g=24
n—-3t=-12 d+4r=24
n=-12+3t d=24-4¢

This gives us (n,d,q) = (—12 + 31,24 — 4t,1), where t is a parameter, but does have some restrictions.

Considering n, d, and g all represent an amount of coins, they must all have non-negative integer values.

To ensure all variables are non-negative, we set each variable greater than or equal to zero, and solve for ¢. The
overlap of the resulting inequalities of # will produce restrictions on # which guarantee non-negative values for the
variables, n, d, and g.

qg=t d=24-4 n=-12+3t
t>0 24-4r>0 —124+3t>0
-4t > =24 3t>12
1<6 t>4

The overlapping interval of 1 >0, >4, and t < 6is 4 <t < 6.

For n, d, and g to be integers, # must be an integer which falls in the above interval, so r =4, 5, or 6.

Thus, (n,d,q) = (=12 +3¢,24 —4t,t), where t =4, 5, or 6.
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So there are three possible solutions for Elise’s coin collection and they are as follows:
When ¢ =4,
n=-12+34)=-12+12=0
d=24-44)=24-16=8
qg=4

= Elise has 0 nickels, 8 dimes, and 4 quarters.

When =5,

n=-12+3(5)=-12+15=3
d=24-4(5)=24-20=4
q=>5

= Elise has 3 nickels, 4 dimes, and 5 quarters.

When ¢t =6,

n=-12+3(6)=-12+18=6
d=24-4(6)=24-24=0
q="6

= Elise has 6 nickels, 0 dimes, and 6 quarters.

Trylt#7:

The latest reports indicate that there are altogether 20,000 American, French, and Russian troops in Bosnia. The
sum of the number of Russian troops and twice the number of American troops equals 10,000. Furthermore, the
Americans have 5,000 more troops than the French. Are these reports consistent?

Try It Answers

1. Let
m := the amount of money (in dollars) invested in the money-market fund
b := the amount of money (in dollars) invested in municipal bonds

f :=the amount of money (in dollars) invested in mutual funds
m+b+ f=12000

f-3b=0
0.03m +0.04b +0.07f = 670
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4 =311
=[5 3]

3.
X—y+z=35
2x—y+3z=1
y+z=-9

. IN Reduced row-echelon form
. IN Reduced row-echelon form

e e T

=)

-5 5| 17

Solution: (x, y, z) = (1, —1, 2)

-1 =2 1]-1
6. a. | 2 3 o 2| I

0o 1 -2 0

(1.0 9[19] 1
01 3 5‘2’“*3[0
(0 0 2| 4 0
1 0 9| 19
010 —1‘%
00 1] 2

_—

1 -2 3 9
0 1 3 5 2R>+R1—R,
-1

[ 1 -2 3 9 1
_1 3 _4 Ri+Ry—R; O
2

1 0
0
00

-2

1

-5

1 0
0 1
0 -1

3

. NOT in reduced row-echelon form; Condition #3
. NOT in reduced row-echelon form; Condition #1

9
3

-1

1

=210
00

17

“ —2R; +R3 —>R3
_—

19
5
-1

—3R3+R2—>R2
_—

i
|

Ry+R3—R3
_—

Solution: (x,y,z) = (1 —3t,2t,t), where ¢ = any real number.

1 0

2 11

Solution: (x,y,z) = (2,-1,3)
3 -9 6| —-12

1 =3 2| —4 | b
2 6 -4| -8

No Solution

7. The reports are not consistent.

1 2 3] 9
b.|3 4 1| 5] ™ |01
-1 2

00

S O =

0
0
1

W

o O

2
-1
3

S O wN

|

S = O
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 5, set up, but do not solve, a system of linear equations which could be used to solve the problem.

1. A local buffet charges $7.50 per person for the basic buffet and $9.25 for the deluxe buffet (which includes
crab legs). If 27 diners went out to eat and the total bill was $227.00 before taxes, how many chose the
basic buffet and how many chose the deluxe buffet?

2. At The Old Home Fill’er Up and Keep on a-Truckin’ Cafe, Mavis mixes two different types of coffee beans
to produce a house blend. The first type costs $3 per pound and the second costs $8 per pound. How much
of each type does Mavis use to make 50 pounds of a blend which costs $6 per pound?

3. Skippy has a total of $10,000 to split between two investments. One account offers 3% simple interest, and
the other account offers 8% simple interest. For tax reasons, he can only earn $500, in interest, the entire
year. How much money should Skippy invest in each account to earn $500 in interest for the year?

4. Three co-workers (the warehouse manager, the office manager, and a truck driver) all have different annual
salaries. The sum of the annual salaries of the warehouse manager and office manager is $82,000. The
office manager makes $4,000 more than the truck driver annually, and the annual salaries of the warehouse
manager and the truck driver total $78,000. What is the annual salary of each of the co-workers?

5. In a bag, a child has 325 coins worth $19.50. There are three types of coins: pennies, nickels, and dimes. If
the bag contains the same number of nickels as dimes, how many of each type of coin is in the bag?

For Exercises 6 - 9, write the corresponding augmented matrix for each of the following systems of linear

equations.
6 7x — 3y =5 3 x + 2y = 0
Tl 2x + 8 =1 ' y = 1
5 + 3y - 9z = 15 x -y + z = 2
7.4 2x - 4y + 3z = 10 9. x — z =1
6x — 1ly + 2z = 20 y + 2z = 0

For Exercises 10 - 13, write a system of linear equations which corresponds to the augmented matrix. Assume the
variables are x and y or x, y, and z.

[ 2 5[32 (1 -4 9]
10'_3 667] 12'_0 8|24
3 -4 10| 50 [0 3 =525
11. 1 6 -8|-20 13.11 -4 041
| -7 1 3] 66 |2 0 -6]37
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For Exercises 14 - 18, perform the indicated row operation, and write the resulting matrix.

6 | 1

w | 20 e
3 7] 8|

s [ 1 2] -6 ~5R|+R, > R>

15 4]-3]

(2 5 3| 8

16. |3 -1 6]10 Ri o Rs
1 4 -1 12
10 3] 1 |

17. o1 2|-4 oRs = Rs
00 9|10
1 -7 2| -2

18. |0 1 -4 5 TRy + Ry = Ry
0 10 =8| 9

For Exercises 19 - 24, state if the matrix is in reduced row-echelon form. If the matrix is not in reduced row-echelon
form, state which of the four conditions is first violated, as stated in the definition.

[ -1 0]3 [0 14
19. 13} 22.»000}
[ 1 413 0 1]-=3
2010 1 7 23, 1 0|20
| 0 0|1 1 0] 19
[0 0 0]0 ] (1 1 413
21'»0012_ 24'»0136]

For Exercises 25 - 30, the matrices are in reduced row-echelon form. Determine the solution of the corresponding
system of linear equations. Write all answers as ordered pairs or ordered triples, as appropriate.

1 0] -2 [ 1 2| -5
25.»017} 28.001]
1 07 (1 0 9|-3
26. 1 08 2010 1 -4120
0 119 |00 0| O
1 0 30 1 0 3| 4
27. 1 2 6|0 30,0 1 0 6|-6
0 0 01 | 0 1 0| 2
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INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 31 - 35, set up, but do not solve, a system of linear equations which could be used to solve the
problem.

31. There were 130 faculty at a conference. If there were 18 more non-tenure track faculty than tenure track
faculty attending, how many of each category of faculty attended the conference?

32. CDs cost $5.96 more than DVDs at All Bets Are Off Electronics. How much would 6 CDs and 2 DVDs
cost, if 5 CDs and 2 DVDs cost $127.73?

33. A recent college graduate took advantage of his business education and invested in three investments
immediately after graduating. He invested $80,500 into three accounts: the first paid 4% simple interest, the
second paid 3.125% simple interest, and the third paid 2.5% simple interest. He earned $2,670 in interest at
the end of one year. If the amount of the money invested in the second account was four times the amount
invested in the third account, how much was invested in each account?

34. Your roommate, Sarah, offered to buy groceries for you and your other roommate, Tara. The total spent on
all groceries was $82. Sarah forgot to save the individual receipts but remembered that your groceries were
5 cents cheaper than half of her groceries, and that Tara’s groceries were $2.10 more than your groceries.
How much money was each person’s share of the grocery bill?

35. A local band sells out for their concert. They sell all 1175 tickets for a total revenue of $28,112.50. The
tickets were priced at $20 for student tickets, $22.50 for children tickets, and $29 for adult tickets. If the
band sold twice as many adult as children tickets, how many of each type of ticket was sold?

For Exercise 36 - 39, write the corresponding augmented matrix for each of the following systems of linear

equations.
= =20 - 2 4y = -
36.{’“ 0 Y 38.{1y x o+ 6
2= 3x -y PR B A
y = 1 - x 3x - %y -z = —%
37.3 z = =y 39. 4 + z = 3
z - x = 2 —-X + %y = %

1 0|-4 1 0]9

40.015} 42. 4|24

0 0| 1 0 0|0
41’1—2 012} 1 8|11
10 5 9|14 43. 1 -6]22
00 0] 1
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2.4 Setting Up and Solving Systems of Linear Equations

For Exercises 44 - 47, determine the next row operation used in the Gauss-Jordan Elimination Method, and write
the resulting matrix.

(1 4] 5 0
44. :

|3 2] -1

(1 2] 6] 0
45. :

0 4|-12 |

46. |0 5 10| 30
5 -8 2| 20

1 2 -1 —10‘

47. |0 -3 1215
0 -1 4]-9

[ 1 2 7 8‘

For Exercises 48 - 57, solve each system of linear equations, using the techniques discussed in this section.

-5x + y = 17 4x — 6y = -18
48. { x +y = 5 33 { -2x + 3y = 9
x + y + z =3 2x - 3y + z = -1
49. 2x - y + =0 54. ¢ 4x — 4y + 4z = -13
-3x + S5y + Tz =7 6x — S5y + 7z = =25
x - y + z = -4 2x =y + z =1
50 =3x + 2y + 4z = 5 55 2x + 2y - z =1
x — S5 + 2z = -18 3x + 6y + 4z =
2x - y + z = -1 x — 3y - 47 = 3
51. ¢ 4x + 3y + 5z = 1 56. ¢ 3x + 4y - z = 13
5y + 3z = 4 2x — 19y - 19z = 2
4 - y + z = 5 X + y + z =
52. 2y + 6z = 30 57.32x — 4y - z = -1
x + z = 5 x -y =

For Exercises 58 - 62, solve using the system of linear equations created in Exercises 31 - 35, respectively.
58. There were 130 faculty at a conference. If there were 18 more non-tenure track faculty than tenure track

faculty attending, how many of each category of faculty attended the conference?

59. CDs cost $5.96 more than DVDs at All Bets Are Off Electronics. How much would 6 CDs and 2 DVDs
cost, if 5 CDs and 2 DVDs cost $127.73?
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60. A recent college graduate took advantage of his business education and invested in three investments
immediately after graduating. He invested $80,500 into three accounts: the first paid 4% simple interest, the
second paid 3.125% simple interest, and the third paid 2.5% simple interest. He earned $2,670 in interest at
the end of one year. If the amount of the money invested in the second account was four times the amount
invested in the third account, how much was invested in each account?

61. Your roommate, Sarah, offered to buy groceries for you and your other roommate, Tara. The total spent on
all groceries was $82. Sarah forgot to save the individual receipts but remembered that your groceries were
5 cents cheaper than half of her groceries, and that Tara’s groceries were $2.10 more than your groceries.
How much money was each person’s share of the grocery bill?

62. A local band sells out for their concert. They sell all 1175 tickets for a total revenue of $28,112.50. The
tickets were priced at $20 for student tickets, $22.50 for children tickets, and $29 for adult tickets. If the
band sold twice as many adult as children tickets, how many of each type of ticket was sold?

MASTERY PRACTICE (Answers)

63. Give the row operation used between each augmented matrix:

3 -18]| 9 ? 1 -6|3
-4 2|-1 -4 2| -1
? [1 -6 3

| 0 22|11

? (1 -6] 3

[0 1]-1

? (1 0| 0

[0 1]~
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64. Give the row operation used between each augmented matrix:

30 6|0 ) 1 2 0l 4
1 2 0| 4 : 30 6|0
2 0 -4110 2 0 -4110
) (1 2 0] 4]
' 0 -6 6|-12
|2 0 -4] 10
) 1 2 0] 4
: 0 -6 6|-12
0 -4 -4 2
) (1 2 0]4]
: 0 1 -1]2
|0 -4 —-4|2 |
) 1 2107
' 0 1 -112
0 -4 —4|2 |
) (10 2| 0
: 01 -1] 2
|0 0 81|10
) 10 2| 0
: 01 -1] 2
00 1]-2
(1 0 2| 0]
?
010| 2
[0 0 1]-2]
(1.0 0] 2]
?
010| 3
00 1|-2]

65. An investor who dabbles in real estate invested $1.1 million in two different land developments. The first
development, Swan Peak, returned 110% on her investment. The second investment, Riverside Community,
returned 50% on her investment. If she earned $1 million in returns, how much did she invest in each of the
land developments?

66. At The Crispy Critter’s Head Shop and Patchouli Emporium, along with their dried up weeds, sunflower
seeds, and astrological postcards, they also sell herbal tea blends. By weight, Rosy Tea is 30% peppermint,
40% rose hips and 30% chamomile, Minty Tea is 40%, 20%, and 40%, respectively, and Sleepy Tea is 35%,
30% and 35%, respectively. How much of each type of tea is needed to make 2 pounds of a new blend of
tea that is equal parts peppermint, rose hips, and chamomile?
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COMMUNICATION PRACTICE (Answers)

67. How would you approach Exercise 66 if they needed to use up a pound of Rosy Tea to make room on the

shelf for a new canister?

68. Explain why the following matrix in reduced row-echelon form represents a system of linear equations that
requires two parameters, when writing the solution to the system in parametric form.

1|7

1

S O O

0

1
0
0

-8
4
0
0

-3
0
0

2
0
0
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2.4 Setting Up and Solving Systems of Linear Equations

CHAPTER REVIEW

Directions: Read each reflection question. If you are able to answer the question, then move on to the next question.
If not, use the mathematical questions included to help you review. (Answers)

1. Given information about a line, how would you determine if the information provided was sufficient to
formulate the corresponding equation?

4
a. Write the equation of the line passing through the points (7, 5) and (2a,0) in point-slope form,
slope-intercept form, and standard form. Note a is any real number greater than 5.
b. Write the equation of the line which has undefined slope and passes through the point (4,-9).

c. Write the equation of the line with an x-intercept of (8,0) and an y-intercept of (0,—11) in point-slope
form, slope-intercept form, and standard form.

2
d. Write the equation of a horizontal line passing through the point (—g, —7).

2. Can you graph a linear equation, without the use of technology?
) 3
a. Graph the line y = —7x —2, by hand.
b. Graph a line which intersects the horizontal axis at 1 and the vertical axis at 2, by hand.

¢. Graph a vertical line passing through the point (—8,22), by hand.

d. Graph a line with a slope of zero which passes through the point (145,35), by hand.

3. What is the relationship between the change in x and the change in y for the coordinates of points on a line?

3
a. If the slope of a line is m = 3 and y increases by 7 units, what is the corresponding change in x?

b. A line passes through the points (-3,8) and (4,—6). When x decreases by 4 units, what is the
corresponding change in y?

¢. On a given line, when x increases by 6, y decreases by 11. What is the slope of this line?

4. Can you explain the mathematical relationship of cost, revenue, and profit in terms a person outside of a
mathematics class would understand, and can you illustrate the important features when all three functions are
graphed on the same coordinate plane?

a. The cost and revenue functions (in dollars) for a certain product are C(x) = 3x+27 and R(x) = 7x,
respectively, where x is the number of items produced and sold. For what values of x is the company not
making a profit (in the red)?
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b. Label the cost, revenue, and profit functions on the graph below. Explain your reasoning.

5. Can you compare and contrast the features of the supply and demand functions for a certain product in the
market?

a. True or False: Demand functions have a positive slope.

b. True or False: The vertical intercept of a supply function represents the highest price any consumer is
willing to pay for the item.

c¢. True or False: The horizontal intercept of a demand function represents the number of items consumers
will take if the item is free.

6. What approach would you use to find the equation for a linear depreciation, cost, revenue, profit, supply, or
demand function?

a. An industrial refrigerator is purchased for $12,000. The manufacturer of the refrigerator says the
product will depreciate linearly by $450 per year. State a linear model for the value of the refrigerator as
a function of time. Include a reasonable domain and range for the function.

b. A new television manufacturer has fixed costs of $225,000. If they make and sell 1500 televisions for a
total cost of $375,000, while bringing in $600,000 in revenue, what is the manufacturer’s linear cost,
revenue, and profit functions for producing and selling x televisions?

c¢. For a price of $100 each, consumers will purchase 1000 computers. If the price per computer increases
by $20, then consumers will purchase 50 less computers. If the demand is assumed to be linear, write
the demand equation, and use it to determine how many computers will be purchased at a unit price
$110. Is this more or less than when the price was $100?

d. A local farmer is willing to supply 3000 watermelons at a price of $4.50 each. If the price increases to
$5.25 each, the farmer is willing to supply 1000 more watermelons. If the supply is assumed to be linear,
write the supply equation, and use it to determine the price per watermelon when the farmer supplies
8000 watermelons.

7. How do you identify the rate of depreciation and the value of an item (including initial and scrap) from a
linear depreciation model?

a. A new moped is purchased for $600 in 2019. The dealer tells the buyer the moped will depreciate
linearly over a 5-year period with a scrap value of $100. What is the value of the moped in 2021 and in
2030?
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b. An item is purchased for $9800 and 5 years later is valued at $2800. If the item depreciates linearly over
10 years, what is the rate of depreciation for the item?

c¢. A car is purchased for $34,000 and 7 years later is valued at $20,000. The car depreciates linearly over
10 years, after which point it reaches scrap value. Compute and interpret the scrap value.
8. How would you determine the number of solutions to a system of two linear equations in two unknowns
without computing the solution(s)?

a. Determine the type of system and number of solutions for the following system of linear equations.

2x+5y=24
3x—4y=24

b. For what value of k does the following system of linear equations below have no solution?

6x—ky=24
—2x+8y =24

c¢. For what value of k does the following system of linear equations have infinitely many solutions?

—2x+5y=25
kx—4y=-20

9. Can you solve a system of two linear equations in two unknowns without the use of technology?
a. State the solution(s) as an ordered pair(s), if one exists, for the following system of linear equations.

2x+y=7
3x-y=3

b. State the solution(s) as an ordered pair(s), if one exists, for the following system of linear equations.

6x—9y =24
—10x+ 15y = -40

c. State the solution(s) as an ordered pair(s), if one exists, for the following system of linear equations.

x=17-5y
—x—5y=31
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10. Can you solve a system of two linear equations in two unknowns with the use of technology?

a. Solve the following system of linear equations, if possible. Write your answer as an ordered pair, if one

exists.
2x+y="7
3x-y=3
b. Solve the following system of linear equations, if possible. Write your answer as an ordered pair, if one
exists.
6x—9y =24
—10x+ 15y =—-40
¢. Solve the following system of linear equations, if possible. Write your answer as an ordered pair, if one
exists.
x=17-5y
-x—-5y=31

11. Can you find and explain the meaning of the break-even or equilibrium point in terms relating to the
appropriate business application?

a. State how you can use a system of equations to find the break-even point.

b. The cost and revenue functions (in dollars) for a certain product are C(x) = 95x + 4400 and R(x) = 645z,
respectively, where x is the number of items produced and sold.

i. What is the profit function?

ii. What is the break-even point? Explain each coordinate of the break-even point in terms of the
context of the application.

c. The producers of hummingbird feeders will supply 50 feeders for $6, but for every $1 increase in price,
they are willing to produce 10 additional feeders. The demand equation for the hummingbird feeders is

1
given by p(x) = —Ex+40.

i. What is the equilibrium point?

ii. Write a sentence explaining the meaning of the equilibrium point in the context of this scenario.

12. Given an application in paragraph form, would you be able to convert the problem to an equivalent system of
linear equations?

a. You invested $100,000 in three different stocks. The first stock has a 12% return on the investment,
while the second and third stocks have a 10% and 8% return, respectively. The total returns on all your
stocks is $10,400. The sum of the investments in the second and third stocks is the same as the amount
invested in the first stock. How much did you invest in each stock? Convert the application to an
equivalent system of linear equations, but do not solve.
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b. A local university is putting together some home soccer ticket packages for students to purchase:

Number of Tickets ‘ Price for Package

Package A 1 $8.00
Package B 2 $14.00
Package C 3 $20.00

A total of 240 home game tickets are available, and the total revenue from all packages sold is $1692. If
the revenue generated from the sales of Package C is $32 less than twice the revenue generated from the
sales of Package A, how many of each package were sold? Convert the application to an equivalent
system of linear equations, but do not solve.

13. How would you input a system of linear equations into a graphing calculator?

a. Write the following system of linear equations as an augmented matrix.

x=17-5y
—-x—5y=31

b. Write the following system of linear equations as an augmented matrix.

2x+7y=9-¢
x—8=5y+9z

c¢. Write the following system of linear equations as an augmented matrix.

4x1 +8x2—9x3 =0
x1+x3=17
18x1—11xp =2

14. Can you list the four conditions required for a matrix to be in reduced row-echelon form (RREF)?
a. Determine if the matrix is in reduced row-echelon form. If not, state the first condition which fails.
1 -9 0| 19
0 1 3|-23
0 01 4

b. Determine if the matrix is in reduced row-echelon form. If not, state the first condition which fails.

1 0 0| 19
01 3|-23
000 0

¢. Determine if the matrix is in reduced row-echelon form. If not, state the first condition which fails.

1 2 0|19
0 01| 4
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15. Can you list and perform the three row operations allowed in the Gauss-Jordan elimination method?

.1 . .
a. Perform the row operation 7 R{ — R on the given matrix.

4 3|16
10 -6 |18

b. Perform the row operation —3R, + R — R; on the given matrix.

1 3 -1]16
01 2|18
00 4| 2

c. State and perform the row operations necessary to pivot on Row 1, Column 1.
3 9|-18
10 -6| 24

16. Can you use the Gauss-Jordan Elimination Method to solve a system of linear equations, by hand?

a. Solve the following system of linear equations using the Gauss-Jordan Elimination Method, by hand. If
the system is dependent, write the parametric solution.

—-x—6y =30
4x—8y =128

b. Solve the following system of linear equations using the Gauss-Jordan Elimination Method, by hand. If
the system is dependent, write the parametric solution.

4x—-12y =16
—3x+2y=22

17. How do you use technology to perform all necessary Gauss-Jordan Elimination row operations in one step?
a. Solve the following system of linear equations. If the system is dependent, write the parametric solution.

3x—6y+4z=1
2x—-z=38
9x—-18y+12z=3

b. Solve the following system of linear equations. If the system is dependent, write the parametric solution.

4x=-8y+9z
x+y=17
-11y—-2=-18x
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c¢. Solve the following system of linear equations. If the system is dependent, write the parametric solution.

x+2y+4z7=26
3x—6y+z=4
4x+5z=4y

18. How would you read and determine the solution(s), if any exists, to a system of linear equations solved with
the use of matrices?

a. Use the augmented matrix in reduced row-echelon form to write the solution to the corresponding
system of linear equations, as an ordered pair, if one exists.

4
1 03
0 00
b. Use the augmented matrix in reduced row-echelon form to write the solution to the corresponding
system of linear equations, as an ordered pair, if one exists.

1 3|32
0 0|1

c¢. Use the augmented matrix in reduced row-echelon form to write the solution to the corresponding
system of linear equations, as an ordered pair, if one exists.

1 0 6
0 1|-14
00 0

19. How would you use an augmented matrix to solve a real-world application, including those with reasonable
parameters?

a. You invested $100,000 in three different stocks. The first stock has a 12% return on the investment,
while the second and third stocks have a 10% and 8% return, respectively. The total returns on all your
stocks is $10,400. The sum of the investments in the second and third stocks is the same as the amount
invested in the first stock. How much did you invest in each stock?

b. A local university is putting together some home soccer ticket packages for students to purchase:

Number of Tickets ‘ Price for Package

Package A 1 $8.00
Package B 2 $14.00
Package C 3 $20.00

A total of 240 home game tickets are available, and the total revenue from all packages sold is $1692. If
the revenue generated from the sales of Package C is $32 less than twice the revenue generated from the
sales of Package A, how many of each package were sold?
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¢. Assume your solution to a real-world application problem was (x,y,z) = (32 —4t,9 + 2t,1).
If x, y, and z represent the number of whole items produced,

i. How many solutions does the problem actually have?

ii. Is # =2 a value for the parameter? If so, state the solution when 7 = 2.
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In this chapter we are going to discuss linear programming problems.

© The authors recommend all students are comfortable with the topics below prior to beginning this
chapter. If you would like additional support on any of these topics, please refer to the Appendix.

A.1 - Properties of Real Numbers

A.1 - Systems of Time Measurement

A.2 - Evaluating an Expression

A.2 - Translating an English Phrase to an Algebraic Expression or Equation

A.2 - Solving Linear Equations with One Variable

A.2 - Using Problem-Solving Strategies

A.2 - Graphing Inequalities on the Number Line and Interval Notation

A.2 - Solving Inequalities using the Addition and Subtraction Properties of Inequality

A.2 - Solving Inequalities using the Multiplication and Division Properties of Inequality
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3.1 SetTiNng Upr LINEAR PROGRAMMING PROBLEMS

© Photo by Susan Giefer, 2020

A department store sells two sizes of televisions: 21 inch and 40 inch. A 21 inch television requires 6 cubic feet of
storage space, and a 40 inch television requires 18 cubic feet of space. A maximum of 1080 cubic feet of storage
space is available. The 21 inch and the 40 inch televisions take up, respectively, 2 and 3 sales hours of labor, and the
store has a maximum of 198 hours of labor available. If the profit earned from each of these sizes of televisions is
$60 and $80, respectively, how many of each size of television should be sold to maximize the store’s profit, and
what is the maximum profit?

Application problems in business, economics, and social and life sciences often ask us to make decisions on the
basis of certain conditions. These conditions or constraints often take the form of inequalities. In this section, we
will look at setting up such problems, which are called linear programming problems.

Learning Objectives:
In this section, you will learn to set up linear programming problems based on real-world scenarios. Upon

completion you will be able to:
o Define the variables needed to solve a linear programming problem.
e Recognize and formulate the objective function of a linear programming problem.

e Recognize and formulate the constraints of a linear programming problem.

LiNeAR PROGRAMMING PROBLEMS
Definition

A linear programming problem consists of finding an extreme value (maximum or minimum) of a linear
function, subject to certain constraints. Thus, we will classify linear programming problems as maximization or
minimization problems, both known as optimization problems.

e The function being optimized is called the objective function.

e The conditions that must be satisfied are called the constraints.
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The steps of converting a linear programming application into a usable mathematical form are given below.

Setting Up a Linear Programming Problem

1. Identify and clearly define all variables.
2. Indicate and write the objective function.
3. Indicate and write the constraints.

We will demonstrate this process through the question posed at the start of the section.
1. Identify and clearly define all variables.

Notice first from the question posed in the problem, we are looking for “how many of each size of television should
be sold to maximize the store’s profit.” As we did when setting up a system of linear equations, the “how many”
indicates we are looking for a quantity, while the “of each size of television” directs you to the first sentence which
states “two sizes of televisions: 21 inch and 40 inch.” We will start by defining our variables as follows:

t := the number of 21 inch TVs sold

and

f := the number of 40 inch TVs sold.
Unlike when setting up a system of linear equations, we also need a variable for the name of the function we are
trying to optimize.

In the question posed, we are asked “to maximize the store’s profit.” Thus, we will define profit as

P := the profit earned on the sale of TVs, in dollars.

2. Indicate and write the objective function.
When looking for the objective, we often search out the word maximize or minimize.

The function being maximized in our scenario is the profit from the sale of two sizes of TVs, and “the profit earned
on each of these sizes of televisions is $60 and $80, respectively.” Because the store profits $60 on each 21 inch TV,
if ¢ of these televisions are sold, the total profit earned on these TVs is 60z dollars. Similarly, the store profits $80 on
each 40 inch TV, so if f of these televisions are sold, the total profit earned on these TVs is 80 f dollars. Thus,
607+ 80f dollars represents the total profit earned on the sale of all 21 inch and 40 inch televisions. This gives us the
following objective:

Objective: Maximize P = 607+ 80f

Your objective function should include all of your variables, and it will never be set equal to a numerical value,
as it is a value that varies while you try to obtain its largest or smallest value.
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3. Indicate and write the constraints.

The constraints are developed through the remaining sentences of the given scenario and are often written as
inequalities. They represent the conditions all variables are ‘subject to.’

Each 21 inch TV requires 6 cubic feet of storage space, so ¢ of these TVs take up 6¢ cubic feet of storage space. A
40 inch TV requires 18 cubic feet of storage space, so f of these TVs take up 18 f cubic feet of storage space. Thus,
61+ 18 f cubic feet of storage space is used by the department store for these televisions. It is stated that the
department store has a maximum of 1080 cubic feet of storage space available. Realistically, the amount of storage
space used must be less than or equal to the amount available, so we have the following constraint:

6t+ 181 < 1080

Similarly, a total of 2¢ + 3 f hours of labor is used to sell these TVs, and the store has a maximum of 198 hours of
labor available for the sale of the televisions. Again, the number of hours of labor required must be less than or
equal to the number of hours of labor available. Thus, we have the following constraint:

2t+3f <198

Now, we have found all the stated constraints:

6t +18f < 1080
2t+3f < 198

Besides the stated constraints, we must also consider any unwritten constraints which arise from real-world factors;
these constraints are normally implied. Logically, in the given scenario, we cannot sell a negative number of
televisions; thus, it must be true that t > 0 and f > 0. These constraints are called non-negativity constraints.
When setting up a linear programming problem for a given real-world scenario, it is almost always necessary to
include non-negativity constraints.

So, all of our constraints can be written as:

Subject to: 671+ 18f < 1080
2t+3f <198
t>0, f>0

For the final setup of the linear programming problem we combine the three steps and have

t := the number of 21 inch TVs sold
f := the number of 40 inch TVs sold

P := the profit earned on the sale of TVs, in dollars

Objective: Maximize P = 60¢+80f

Subject to: 67+ 18f <1080 (Cubic Feet of Storage Space)
2t+3f <198 (Hours of Labor)
t>0, f>0

We will return to solve this problem in a later section.
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« Example 1 Set up, but do not solve, the following linear programming problem.

A catering company is to make lunch for a business meeting. It will serve double ham sandwiches, ham
sandwiches, and vegetarian sandwiches. A double ham sandwich has 1 serving of vegetables, 4 slices
of ham, 1 slice of cheese, and 2 slices of bread. A ham sandwich has 2 servings of vegetables, 2 slices
of ham, 1 slice of cheese and 2 slices of bread. A vegetarian sandwich has 3 servings of vegetables, 2
slices of cheese, and 2 slices of bread. A total of 10 bags of ham are available (each of which has 40
slices), 18 loaves of bread are available (each with 14 slices), 200 servings of vegetables are available,
and 15 bags of cheese (each with 60 slices) are available. Given the resources, how many of each
sandwich can be produced, if the goal is to maximize the number of sandwiches made by the company?

Solution:
1. We wish to maximize the number of sandwiches made, so let:

d := the number of double ham sandwiches made
h := the number of ham sandwiches made
v := the number of vegetarian sandwiches made

S := the total number of sandwiches made
2. The total number of sandwiches is given by S = d + h+v, which we are maximizing. So, the objective is given by

Objective: Maximize S =d+h+v

3. The constraints will be given by considering the total amount of each ingredient available. That is, the company
has a limited amount of ham (10 bags), bread (18 loaves), vegetables (200 servings), and cheese (15 bags).

In total, the company has 10(40) = 400 slices of ham, 18(14) = 252 slices of bread, 200 servings of vegetables, and
15(60) = 900 slices of cheese available. At most, the company can use these amounts.

There are two sandwiches that use ham: each double ham sandwich requires 4 slices of ham, while each ham
sandwich requires only 2. Because the total number of slices of ham cannot exceed 400, then

4d +2h <400

Each sandwich requires 2 slices of bread, and there are 252 slices available, so

2d+2h+2v <252

Each double ham sandwich has 1 serving of vegetables, each ham sandwich has 2 servings of vegetables, and each
vegetarian sandwich has 3 servings of vegetables. With 200 servings of vegetables available, we have

1d+2h+3v <200

Both types of ham sandwiches require 1 slice of cheese, while each vegetarian sandwich requires 2 slices of cheese.
With 900 slices of cheese available, it must be true that

1d+1h+2v <900

Realistically, it is not possible to make a negative number of sandwiches, so we additionally have non-negativity
constraints:

d>0,h>0,andv >0
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Our final setup is then:

d := the number of double ham sandwiches made
h := the number of ham sandwiches made
v := the number of vegetarian sandwiches made

S := the total number of sandwiches made
Objective: Maximize S =d+h+v

Subject to: 4d+2h <400 (Slices of Ham)
2d+2h+2v <252 (Slices of Bread)
d+2h+3v <200  (Servings of Vegetables)
d+h+2v <900 (Slices of Cheese)
d>0,h>0,v=0

« Example 2 Set up, but do not solve, the following linear programming problem.

A company is creating a meal replacement bar. They plan to incorporate peanut butter, oats, and
bananas as the primary ingredients. The nutritional content of one serving, 10 grams, of each ingredient
is listed below, along with the cost of each, in cents. Determine the amount of each ingredient the
company should use to minimize the cost of producing a bar containing a minimum of 15 grams of
each ingredient, at least 10 grams of protein, and at most 14 grams of fat.

Peanut Butter, 10g | Oats, 10g | Bananas, 10g
Protein (grams) 2.5 1.7 0.11
Fat (grams) 5 0.7 0.03
Cost (cents) 6 1 2

Table 3.1: The nutritional and cost information for each ingredient in a meal replacement bar.

Solution:
1. We start by defining the necessary variables.
p := the number of 10 gram servings of peanut butter
a := the number of 10 gram servings of oats
b := the number of 10 gram servings of bananas
C := the cost of producing a meal replacement bar, in cents

2. The total cost of producing a bar, in cents, will be C = 6p + 1a + 2b, which we are minimizing. So the objective is
given by

Objective: Minimize C = 6p+a+2b
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3. Our first constraints come from the requirement for each bar to have at least 15 g of each ingredient, which is 1.5
servings (1.5 servings at 10 g per serving = 15 g). Constructing those constraints we have:

p>15a>15b>15

Next, we look at the nutritional components. For protein, p servings of peanut butter will contain 2.5p grams of
protein. Likewise, a servings of oats will have 1.7a grams of protein, and b servings of bananas will have 0.115
grams of protein. One bar needs to have at least 10 grams of protein, giving the constraint

2.5p+1.7a+0.116 > 10

We can construct a similar constraint for fat, in this case noting we want the fat contained in one bar to be at most 14
grams:

5p+0.7a+0.03b < 14

We can now state the complete setup of the problem:

p := the number of 10 gram servings of peanut butter
a := the number of 10 gram servings of oats
b := the number of 10 gram servings of bananas

C := the cost of producing a meal replacement bar, in cents
Objective: Minimize C =6p+a+2b

Subject to: 2.5p+1.7a+0.116 > 10 (Grams of Protein)
5p+0.7a+0.03b < 14 (Grams of Fat)
p=215a>21502>15

In this example, while our variables cannot have negative values, it is not necessary to include non-negativity
constraints, as it is already required that each variable be at least 1.5 (making them non-negative).

Try lt#1:
Set up, but do not solve, the following linear programming problem.

For her classes, Dr. Reid gives three types of quizzes: knowledge, application and evaluation. To
keep her students on their toes, she has decided to give at least 20 quizzes next semester. The three
types of quizzes, knowledge, application and evaluation, require a student to spend, respectively,
10 minutes, 30 minutes, and 60 minutes for preparation, and Dr. Reid would like them to spend at
least 12 hours preparing for these quizzes. An average number of points on an evaluation quiz is 5,
on an application quiz is 6, and on a knowledge quiz is 7. Dr. Reid would like students to score at
least 130 points on all quizzes. It takes Dr. Reid one minute to grade a knowledge quiz, 2 minutes
to grade an application quiz, and 3 minutes to grade an evaluation quiz. How many of each type of
quiz should she give in order to minimize her grading time per student?
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Try It Answers

1. Let

k := the number of knowledge quizzes given next semester
a := the number of application quizzes given next semester
e := the number of evaluation quizzes given next semester

G := the amount of Dr. Reid’s grading time per student over the next semester, in minutes
Objective: Minimize G = k+2a + 3e

Subject to: k+a+e > 20
10k + 30a + 60e > 720
Tk +6a+5¢ > 130

k>0,a>0,e>0
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

1. A student holds two part time jobs, tutoring for MATH 140 and grading for HIST 105, and they never want
to work more than a total of 12 hours per week. The student has determined for every hour they tutor, they
need two hours of preparation time, and for every hour they grade, the student needs one hour of preparation
time. The student can not spend more than 16 hours each week in preparing for the two jobs. If the student
makes $30 an hour tutoring and $10 an hour grading, how many hours should they work per week at each
job to maximize their income?

a. Identify and clearly define the variables needed to solve the linear programming problem.
b. State the objective function, including whether the function is being minimized or maximized.

c. Write the constraints, including any non-negativity constraints.

2. A factory manufactures and sells two types of gadgets, regular and premium. Each gadget requires the
use of two operations, assembly and finishing, and there are at most 12 hours available each day for each
operation. A regular gadget requires 1 hour of assembly and 2 hours of finishing, while a premium gadget
needs 2 hours of assembly and 1 hour of finishing. Due to other restrictions, the company can make at most
7 gadgets a day. If a profit of $20 is realized for each regular gadget and $30 for each premium gadget, how
many of each type of gadget should be manufactured each day to maximize the factory’s profit?

a. Identify and clearly define the variables needed to solve the linear programming problem.
b. State the objective function, including whether the function is being minimized or maximized.
c. Write the constraints, including any non-negativity constraints.
3. The law office of Lifelong Decisions wishes to employ two temporary paralegals, Kit and Kat, to draft legal
documents for pending lawsuits. Kit can draft 20 documents per day and earns $150 per day, while Kat can
draft 30 documents per day and earns $300 per day. Each paralegal must be employed at least 1 day per

week to justify their employment. If the law office has at least 110 legal documents each week, how many
days per week should the office employ each paralegal to minimize its costs?

a. Identify and clearly define the variables needed to solve the linear programming problem.
b. State the objective function, including whether the function is being minimized or maximized.

c. Write the constraints, including any non-negativity constraints.
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4. Professor Hamer is on a low cholesterol diet. During lunch at the college cafeteria, he always chooses

between two meals, pasta or tofu. The table below lists the amount of protein, carbohydrates, and Vitamin
C each meal provides, along with the amount of cholesterol each meal contains — which he is trying to
minimize. Mr. Hamer needs at least 200 grams of protein, 960 grams of carbohydrates, and 40 grams of
Vitamin C from these lunches each month. If Professor Hamer eats lunch in the cafeteria no more than 25
days each month, how many days should he select the pasta meal, and how many days should he choose the
tofu meal so that he gets the adequate amount of protein, carbohydrates, and Vitamin C, while at the same
time minimizing his cholesterol intake?

Pasta | Tofu
Protein 8¢g 17¢
Carbohydrates | 60 g 40¢g
Vitamin C 2g 2¢g
Cholesterol 60 mg | 50 mg

a. Identify and clearly define the variables needed to solve the linear programming problem.
b. State the objective function, including whether the function is being minimized or maximized.

c. Write the constraints, including any non-negativity constraints.

INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 5 - 8, set up, but do not solve the given linear programming problem.

5. You have at most $24,000 to invest in bonds and stocks. You have decided that the amount of money

invested in bonds must be at least twice as much as that in stocks, but the money invested in bonds must
not be greater than $18,000. If you receive 6% profit on bonds and 8% profit on stocks, how much money
should you place in each type of investment to maximize your profit?

. A professor gives two types of quizzes, objective and recall. The professor is planning to give at least 15

quizzes this semester. The student preparation time for an objective quiz is 15 minutes and for a recall quiz
is 30 minutes. The professor would like a student to spend at least 5 hours preparing for these quizzes,
above and beyond the normal study time. The average score on an objective quiz is a 7 and on a recall
quiz is a 5, and the professor would like the students to score at least 85 points on all quizzes. It takes the
professor one minute to grade an objective quiz, and 1.5 minutes to grade a recall type quiz. How many of
each type of quiz should the professor give in order to minimize the amount of time spent grading?

. A factory manufactures two different washing machines, Model 650 and Model 800. During the manu-

facturing of each washing machine the machine requires time in three bays: electrical, mechanical, and
assembly. The time requirements (in hours) and the total hours available for each bay is listed below.

Electrical | Mechanical | Assembly
Model 650 1 2 4
Model 800 2 2 2
Total hours 70 90 160

If each Model 650 generates a profit of $600 and each Model 800 generates a profit of $500, how many of
each model should be manufactured to maximize profit? What is the maximum profit?

170
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8. A computer store sells two types of computers, desktops and laptops. The supplier demands that at least
150 computers be sold each month. In order to keep profits up, the number of desktops sold must be at least
twice the number of laptops sold. The store spends $75 a week to market each desktop and $50 a week to
market each laptop. How many of each type of computer must be sold to minimize weekly marketing costs?
What is the minimum weekly marketing cost?

MASTERY PRACTICE (Answers)

9. A small candy company makes chocolate pumpkins and chocolate ghosts. Each pumpkin requires 3 minutes
to manufacture and 1 minute to package. Each ghost requires 4 minutes to manufacture and 2 minutes to
package. There are a total of 1.5 hours available for manufacturing and 0.5 hours available for packaging.
The company stipulates that they must produce at least three times as many chocolate pumpkins as ghosts.
Determine the production amounts of each candy to maximize profit, if the company’s profit on the sale of
each pumpkin is 50 cents and the profit on the sale of each ghost is 60 cents. Set up, but do not solve.

10. A company produces three types of shoes (formal, casual, and athletic) at its South College Station and
North Bryan factories. Daily production of each factory for each type of shoe is listed below.

Formal | Casual | Athletic
South College Station 100 100 300
North Bryan 100 200 100

To fulfill a particular order, the company must produce at least 6000 pairs of formal shoes, 8000 pairs of
casual shoes, and 9000 pairs of athletic shoes. The cost of operating the South College Station factory is
$1500 per day, and the cost of operating the North Bryan factory is $2000 per day. The South College
Station factory must operate at least twice as many days as the North Bryan factory, and the North Bryan
factory must operate at least 5 days during this production time. How many days should each factory
operate to complete the order at a minimum cost, and what is the minimum cost? Set up, but do not solve.

CoMMUNICATION PRACTICE (Answers)
11. Explain, in your own words, why non-negativity constraints are necessary.

12. Explain why it is beneficial to start by reading the last sentence or two of an application problem.
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3.2 GRAPHING SysTEMS OF LINEAR INEQUALITIES IN TWO VARIABLES

© Photo by Science in HD on Unsplash

In the chapter on systems of linear equations, we looked at a company that produces a basic and premium version of
its product, and we determined how many of each version they should produce to fully utilize all staffed hours. In
some cases, though, it might not make the most sense for the company to utilize all the staffed hours; if the premium
product has high demand and a high price, it might make more sense for the company to make as many of those,
even if some staff hours go unused. In this case, the company might be most interested in what combinations of
basic and premium product production are possible. For that, we need linear inequalities.

Learning Objectives:
In this section, you will learn to graph a system of linear inequalities in two variables in order to find the solution
set. Upon completion you will be able to:

e Recognize when to graph linear inequalities with a solid or dashed line.

Graph the solution set for a given linear inequality.

Graph the solution set for a system of linear inequalities.

State whether a solution set to a system of linear inequalities is a bounded or unbounded region.

Identify and calculate the coordinates of the corner points of a solution set for a system of linear inequalities.

A linear equation in two variables is an equation like 2x+y = 1. A linear inequality in two variables is similar, but
involves an inequality:

2x+y<1 or 2x+y>1 or 2x+y<1l or 2x+y>1

The < or > indicates a strict inequality. For example, 2x+y < 1 means 2x+y must be less than 1, while 2x+y > 1
means 2x +y must be greater than 1. The < or > inequality adds that equality is allowed and is known as a
non-strict inequality. For example, 2x+y < 1 means 2x+y must be less than or equal to 1, while 2x+y > 1 means
2x+y must be greater than or equal to 1.

Because of the strong relationship between linear equations and linear inequalities, we could also write a linear
inequality in slope-intercept or point-slope form. For the ease of graphing, we recommend rewriting, if necessary,
all inequalities in the standard form, ax+by|[ | c, where any inequality may appear in the box.
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GRAPHING LINEAR INEQUALITIES

Recall the solution set to a linear equation is the set of all points, (x,y), that satisfy the equation, and the graph of the
solution set forms a line. The solution set to a linear inequality is similar to the solution set of a linear equation, but
the graph of the solution set will be a region, rather than a line.

Definition

The solution set to a linear inequality is the set of all points, (x,y), that satisfy the inequality. The graph of the
solution set for a linear inequality will be half of the coordinate plane, with the corresponding linear equation’s
graph as the boundary line. .

The general steps for graphing the solution set for a single linear inequality, by hand, are as follows:

1. Graph the boundary line, which is the corresponding equation, ax + by = c.
a. Determine the x— and y—intercepts.
b. Determine whether the boundary line is included in the solution set of the linear inequality.

1. For a strict inequality (< or >), draw a dashed line to show that the points on the boundary line
are not part of the solution.

ii. For a non-strict inequality, one that includes the equal sign (< or >), draw a solid line to show
that the points on the boundary line are part of the solution.

c. Label the boundary line with the corresponding linear equation, ax + by = c.
2. Determine which side of the boundary line contains the remaining points that form the solution set, S.
a. Choose a test point not on the boundary line.
The authors encourage the reader to use (0,0), when it is not on the boundary line.
b. Substitute the test point into the inequality and simplify.

c. If the inequality is true, write an S on the half-plane including the test point, indicating the solution
set.

d. If the inequality is false, write an S on the half-plane not including the test point, indicating the
solution set.
This process is easier seen with an example. For instance, consider the linear inequality 5x—3y > 15.

Using the above process we can determine a graphical representation of its solution set. First, we graph the
boundary line. To do so, we start by rewriting the inequality as an equality.

Sx-3y=15
The x-intercept of this line is (3,0).
5x-3(0)=15
5x=15
x=3
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The y-intercept is (0, —5).

5(0)-3y=15
~3y=15
y=-5

The original inequality, 5x — 3y > 15, is non-strict, so we will use a solid line to represent the boundary line, as it is
included in the solution set. The boundary line is shown, and labeled, below in Figure 3.2.2.

Figure 3.2.2: The coordinate plane with the line 5x— 3y = 15 labeled.

Now, we determine which side of the line contains the remaining points of the solution set. Due to the fact that (0,0)
is not on the boundary line, again refer to Figure 3.2.2, we will use (x,y) = (0,0) as our test point.

Substituting (0,0) into the original inequality we have
S5x-3y>15

5(0)—3(0)§15
0>15X

Clearly, the resulting inequality is false. Thus, our test point, (0,0), is not in the solution set. We will identify the
half plane not including (0,0) as our solution set, using an S. (See Figure 3.2.3.)

9-8-7-6-5-4-3-2-1 12 456789

=2

y S

5m3y15/

Figure 3.2.3: The coordinate plane with the solution set of 5x—3y > 15 labeled.

The standard way to highlight the solution set is through shading. At this point the reader has two options for how to
proceed in highlighting the solution set of the graphed inequality. In Figure 3.2.4, the shaded region is the solution
set; this is called true shading. In Figure 3.2.5, the shaded region is not the solution set, but instead the solution set
is the unshaded region; this is called reverse shading.
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True Shading Reverse Shading

—9-8-7-6-5-4-3-2-1 9-876-54-3-2-1|12/345¢6789

=2 =2

’ S | ¥ S

5m3y15z EEEEEN | 5w—3y=15/

Figure 3.2.4: The graph of 5x—3y > 15. The high- Figure 3.2.5: The graph of 5x—3y > 15. The high-
lighted region, below the line, is the solution set, lighted region, above the line, is not the solution
S. set, but makes the solution set, S, stand out.

When graphing one inequality the highlighting may seem unnecessary to the reader. However, when graphing a
system of linear inequalities, the highlighting can be visually helpful in determining S. The authors will leave it
to the reader to decide which shading method is preferred.

« Example 1 Graph the solution set for x —2y < 0.

Solution:
For the boundary line, we rewrite the inequality as an equality.

x—=2y=0

To graph this line, we identify its intercepts. The x-intercept is (0,0), which is also the y-intercept. Because we need
two different points to graph a line, we must locate another point on the line. To do so, you may select any value for
x or y and solve for the remaining variable, in the equality. To avoid fractions we will substitute 1 for y, and solve
for x.

x—2y=0
x—=2(1)=0
x—2=0
x=2

So, the point (2,1) is also on the boundary line.
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The original inequality, x — 2y < 0, is strict, so we will use a dashed line to represent the boundary line, as shown in
Figure 3.2.6.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

r i e e e e I
P A

12

N

Figure 3.2.6: The coordinate plane with the dashed line x—2y = 0.

Due to the fact that (0,0) is on the boundary line, we need choose a test point which is off the boundary line. We
select a point on the x-axis, but clearly not on the boundary line, such as (—5,0). Substituting (-5,0) into the
inequality we get

x—2y<0

(=5)=2(0) < 0

_5-040
-5<0v

Clearly the inequality is true. Thus, our test point is in the solution set. In Figure 3.2.7, we identify the half plane
including (-5,0) as our solution set, using an S.

Prad T
9-8-76-54-3-2-1"| 123456789

r

Figure 3.2.7: The coordinate plane with the solution set of x —2y < 0 labeled.
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For highlighting the solution set, our options are

True Shading Reverse Shading

L T

1234546789

R e e e I ISR CEE SRR EEE PR P =it ==t e s ot s o e e o s o e
5 g
4" "'
g ‘f'
.
F=5=3 =4 R R e o e RN b b b ST
=6 =6

Figure 3.2.8: The graph of x—2y < 0. The high- Figure 3.2.9: The graph of x—2y < 0. The high-
lighted region, above the line, is the solution set, lighted region, below the line, is not the solution
S. set. The solution set is labeled S.

When selecting a test point, it is advised to choose a point with “nice” coordinates, so the computations are
easy. This is why we use (0,0) when possible, or a point on an axis.

Try It #1:
Graph the solution set for =7x+ 6y < 35.

Try It # 2:
Graph the solution set for 4x+9y > 72.

GRAPHING SYSTEMS OF LINEAR INEQUALITIES

In the previous chapter, we looked for solutions to a system of linear equations (a point that would simultaneously
satisfy all the equations in the system). Likewise, we can consider a system of linear inequalities. The solution to a
system of linear inequalities is the set of points that simultaneously satisfy all the inequalities in the system.

As with a single linear inequality, we can show the solution set to a system of linear inequalities graphically. We
identify the solution set by looking for where the solution regions indicated by the individual linear inequalities
overlap.

« Example 2 Graph the solution set for the following system of linear inequalities.
—x+y<2
x+y>1
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Solution:
If we graph the solution set to each inequality individually,

-x+y<2 x+y>1
Boundary Line: —x+y =2 (solid) x+y=1(solid)
x-intercept: (-2,0) (1,0)
y-intercept: 0,2) 0,1)
Test Point: (0,0) (0,0)
? ?
-10)+0<2 0+0>1
0<2v 0>1KX

we obtain the two solution sets, Sy and S,, shown in Figures 3.2.10 and 3.2.11, below.

—xz+y=2

T
123456789

S1

Figure 3.2.10: The graph of —x+y <2, with a Figure 3.2.11: The graph of x+y > 1, with a solid
solid boundary line and the solution set labeled Sj. boundary line and the solution set labeled S,.

Graphing these solution sets on the same coordinate plane reveals the solution set, S, to the system of linear
inequalities as the region where the two overlap. To clearly see the overlap, we will utilize our highlighting
techniques. Again, we will demonstrate both true shading (Figure 3.2.12) and reverse shading (Figure 3.2.13).
Remember when using true shading the solution set is the overlap of all shadings, and when using reverse shading
the solution set remains completely unshaded.

True Shading Reverse Shading

r+y=1

—z4y=2

9 -8-7-6-5-4-3/2-1 : —9-8-7-6-5-4-3/2-1

Py

-6

Figure 3.2.12: The solution set to the system Figure 3.2.13: The solution set to the system
—x+y<2and x+y > 1, illustrated using true shad- —x+y<2and x+y > 1, illustrated using reverse
ing. shading.
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« Example 3 Graph the solution set for the following system of linear inequalities.

x+y<12
2x+y<16
x>0,y>0

Solution:
If we graph the solution set to each inequality individually,

x+y<12 2x+y <16 x>0 y=0
Boundary Line: x+y =12 (solid) 2x+y =16 (solid) x =0 (solid) y =0 (solid)
y-axis X-axis
x-intercept: (12,0) (8,0) (0,0) (0,0)
y-intercept: (0,12) 0,16) 0,0) 0,0)
Test Point: (0,0) (0,0) (5,0) 0,6)
2 ? ?2 2
0+0<12 2(00+0< 16 5>0 6>0
0<12v 0<l16 v 520V 6>0v
we obtain S1, S», S3, and S4 in Figures 3.2.14, 3.2.15, 3.2.16, and 3.2.17, respectively.
o
2x,+y =16

8
S 1

xr

-16 -12 -8 —4 0 4 8 12 16
4

Figure 3.2.14: The graph of x+y < 12, with a solid
boundary line and the solution set labeled Sy.

16

Figure 3.2.16: The graph of x > 0, with a solid
boundary line and the solution set labeled S3.

Figure 3.2.15: The graph of 2x+y < 16, with a
solid boundary line and the solution set labeled S,.

,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3.2.17: The graph of y > 0, with a solid
boundary line and the solution set labeled Sy.
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Graphing these solution sets on the same coordinate plane reveals the solution set to the system of linear inequalities
as the region where the individual solution sets overlap. See Figure 3.2.18 for the solution set illustrated using true
shading and Figure 3.2.19 for the solution set illustrated using reverse shading.

True Shading Reverse Shading

””””” otp=12 N\ oty =N

””””” 3”"””””4‘””8 8

—————————— i””””””ﬂ””z" = g - TessssaEsssssressssoess=

y=0 y=0

-16 —112 -8 -16 -12 -8 —4 0

,,,,,,,,, ‘,,,,,,,,,,,,,,,,;4, ,,,,,,,,,,,,,,,,,,,,,,,,,;4,
Figure 3.2.18: The solution set, S, of the system, Figure 3.2.19: The solution set, S, of the system,
illustrated using true shading. illustrated using reverse shading.

When discussing the graphical solution set to a system of linear inequalities, we have been graphing each individual
inequality, and then overlapping them on the same coordinate plane to identify the solution set, S, of the system. In
actuality, when graphing a system of linear inequalities, you will graph each inequality, one-by-one (including
shading), on the same coordinate plane and only indicate the final solution set of the system, S, after all inequalities
have been graphed.

Try It # 3:

Graph the solution set to the following system of linear inequalities.
2x+y<3
x=2y<-2

x>-5

DeTermiNING THE TYPES OF SoLuTioNs SETs AND CORNER POINTS
Definition

A solution set to a system of linear inequalities is bounded if the region can be completely enclosed by a circle.

A solution set to a system of linear inequalities is unbounded if the region cannot be completely enclosed by a
circle.
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Recall the reverse shaded solution sets from the two previous examples. In Figure 3.2.20 the solution set is
unbounded, because the region spreads without bound to the right and cannot be completely enclosed by a circle. In
Figure 3.2.21 the solution set is bounded, because it is an enclosed figure.

Unbounded Bounded

X |

zty=12 N\ }
2z +y =16

12 3

y=0
-16 -12 -8 4 0

Figure 3.2.20: An unbounded solution set, S. Figure 3.2.21: A bounded solution set, S.

Whether the solution set is bounded or unbounded, the solution set has edges created by the boundary lines of the
inequalities in the system. (See Figures 3.2.22 and 3.2.23.)

Unbounded Bounded

v |

—r+y=2 z+y=12 N\ ¢ }
2z +y =16

12 :

1\2 34567 89 4

y=0

zity=1

4
Figure 3.2.22: An unbounded solution set, S, with Figure 3.2.23: A bounded solution set, S, with the
the edges highlighted. edges highlighted.
Definition

The point where the edge of the solution set changes from one boundary line to the next is called a corner point.
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« Example 4 Indicate the corner point(s) for each of the previous solution sets to a system of linear inequalities in
this section, and then determine the exact coordinates of each.

Solution:

a. —x+y<2

x+y>1

“rty=2

1IN2 34567 89

x+y=1

Figure 3.2.24: The coordinate plane with the solution set, S, to
the system —x+y <2 and x+y > 1 shown. The intersection of
the lines —x+y =2 and x+y = 1 is labeled with an A.

Notice in reverse shaded Figure 3.2.24 there is only one corner point, and it is indicated by A. To determine
the exact coordinates of A, we need to identify where the two boundary lines intersect, which amounts to
solving the following system of linear equations.

—x+y=2
x+y=1

While you can use any of the previously discussed methods to solve a system of linear equations, the authors
choose to use technology and the rref operation, as discussed in Section 2.4. For this system, we have

-1 112 rref 10
111t —/ |o 1

1 3
Thus, corner point A = (—5, 5) or (—0.5,1.5).
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b. x+y<12
2x+y<16
x20,y>0

y=0

Figure 3.2.25: The coordinate plane with the solution set, S, to the system x+y < 12, 2x+y < 16,
x>0, and y > 0 shown, with corner points A-D labeled.

In Figure 3.2.25, the four corner points, A, B, C, and D, are indicated. The coordinates of each corner point
can be found by solving the system formed by the corresponding intersecting lines.

A: x=0

y=0 = Clearly, the point A = (0,0).
B: x=0

x+y=12

Because x = 0, substitute O for x into x+y = 12.
x+y=12
O+y=12
y=12 = So, corner point B = (0,12).

C: x+y=12
2x+y=16
Using technology, we find

[1 1 12] rref [1 0 4] - 7 = So, corner point C = (4,8)
—_ ’ B e
2 116 0 1|8 y=
D: 2x+y=16
y=0

Because y = 0, substitute O for y into 2x +y = 16.

2x+0=16
2x=16
x=8 = So, corner point D = (8,0).
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After calculating the coordinates of a corner point, it is always a good idea to verify it matches the position on
the corresponding graph. If it does not, then either the solution set to at least one of the linear inequalities
was graphed incorrectly or an error occurred in the calculation of the coordinates.

Try It # 4:
Consider the solution set for the given system. (This system was used in Try It # 3.)
2x+y<3
x=2y<-2
x>-5

Determine whether the solution set is bounded or unbounded, and state the exact coordinates of all corner points.

Try It Answers
1. Solution Set, S
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3. Solution Set, S

4
4. S is bounded with corner points (—5, —%), (-5,13), and (g, ;)
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 6, graph the inequality, labeling the solution set with S.

1. x> 2
¥z 0 4.y>§x—3
2. y<0
5. x+y<-4
3. y<—x+2
6. x-2y>0

For Exercises 7 - 10, write the inequality shown by the graph with the given boundary line.

For Exercises 11 - 14, graph the system of linear inequalities, labeling the solution set with S.

x > 0 4x-y < 12
1. { L s o 13. { 2x42y > -8

3x+y > 5 Tx+2y > 14
12. { 2x—y < 10 14. { S5x—y < 8
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For Exercises 15 - 18, use the graph of the system of linear inequalities to determine if the solution set is bounded

or unbounded. Then, determine the exact coordinates of all labeled corner points.

15.

16.

INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 19 - 22, graph the system of linear inequalities, labeling the solution set with S. Then, state whether

the solution set is bounded or unbounded.

19.

20.

2x+y
xX=y
x

y

x+2y
X=y

vV IV IA V

IV IV IA A

SO =N

S O N A

21.

22.

2x+2y
—x+3y
X
y

3x+y
—3x+y

IV IANIN A

IANIN N A

S O
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3.2 Graphing Systems of Linear Inequalities in Two Variables

For Exercises 23 - 26, using the graph, write the corresponding system of linear inequalities. Then, determine the
corner points of the solution set.

23.

24.

MASTERY PRACTICE (Answers)

8x-5y < 40

27 For 3x+2y =2 12
x = 0

0< y <8

a. Graph the system of linear inequalities. Identify the solution set with an S.
b. Determine if the solution set is bounded or unbounded.
c. State the exact corner points of the solution set.

x+5y > 50

x+y = 30

28. Forq 5x+2y > 100
x 2 0

y = 0

a. Graph the system of linear inequalities. Identify the solution set with an S.
Determine if the solution set is bounded or unbounded.
c. State the exact corner points of the solution set.

<

COMMUNICATION PRACTICE (Answers)

29. How is solving a system of linear equations related to finding the corner points of the solution set to a
system of linear inequalities?

30. Describe what the graph of a system of linear inequalities looks like when there is no solution set, both in
terms of true and false shading.
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3.3 GRaAPHICAL SoLuTiON OF LINEAR PROGRAMMING PROBLEMS

© Photo by Vanessa Coffelt, 2020

Wouldn’t it be nice if we could simply produce and sell infinitely many units of a product, and thus, make a
never-ending amount of money? In business (and in day-to-day living) we know that some things are just
unreasonable or impossible, but linear programming allows us to optimize quantities under realistic boundaries.

Learning Objectives:
In this section, you will learn the Method of Corners to solve a linear programming problem. Upon completion
you will be able to:

e Graph the constraints of a linear programming problem.

o Identify and calculate the coordinates of the corner points for the feasible region of a linear programming
problem.

e State whether a linear programming problem has an unbounded or bounded feasible region.
e Recognize whether a solution to a linear programming exists based on the properties of the feasible region.

o Compute the maximum and/or minimum value for a given objective function and feasible region, using the
Method of Corners.

e Using the Method of Corners, solve a linear programming problem graphically, including real-world
applications.

o Identify any leftover resources from the solution to a real-world application where the Method of Corners is
used.

Recall from the beginning of the chapter, the following scenario:

A department store sells two sizes of televisions: 21 inch and 40 inch. A 21 inch television requires 6
cubic feet of storage space, and a 40 inch television requires 18 cubic feet of space. A maximum of
1080 cubic feet of storage space is available. The 21 inch and the 40 inch televisions take up,
respectively, 2 and 3 sales hours of labor, and the store has a maximum of 198 hours of labor available.
If the profit earned from each of these sizes of televisions is $60 and $80, respectively, how many of
each size of television should be sold to maximize the store’s profit, and what is the maximum profit?
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The algebraic problem we formulated is given below:

t := the number of 21 inch TVs sold
f := the number of 40 inch TVs sold

P := the profit earned on the sale of TVs, in dollars

Objective: Maximize P = 60r+80f
Subject to:  67+18f <1080 (Cubic Feet of Storage Space)
2t+3f <198 (Hours of Labor)
t>0, f>0
In order to determine a solution to this linear programming problem, we need to compute all the points, (¢, f), which
satisfy all of the constraints and which maximizes the objective function, P. To calculate all points which satisfy the
constraints, we need to identify the solution set for the system of inequalities given by the constraints. In this section,

we will approach all problems graphically. Thus, it makes sense to change our variables while graphing the system
of inequalities: (¢, ) = (x,y).

Our set-up in (x,y) becomes

x := the number of 21 inch TVs sold
y := the number of 40 inch TVs sold

P := the profit earned on the sale of TVs, in dollars

Objective: Maximize P = 60x+ 80y

Subject to:  6x+18y <1080 (Cubic Feet of Storage Space)
2x+3y <198 (Hours of Labor)
x>0,y>0

Using the techniques discussed in the previous section, we obtain the following solution set, S, for the constraints.

True Shading Reverse Shading

-V ,%
B e e i e e e e e e et et ot

Figure 3.3.2: The solution set to the system Figure 3.3.3: The solution set to the system
6x+ 18y < 1080, 2x+3y <198, x>0,and y > 0, 6x+ 18y <1080, 2x+3y <198, x>0, and y > 0,
illustrated using true shading. The corner points illustrated using reverse shading. The corner points
A — D are labeled. A — D are labeled.
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The corner points for the solution set, determined by computing the intersections of the appropriate boundary lines,
are as follows:

A =(0,0), B=(0,60), C =(18,54), and D = (99,0).

Observe that we have determined the solution set where all constraints are satisfied. This region is called the
feasible region.

Definition

The solution set, S, where all constraints of a linear programming problem are satisfied is called the feasible
region. Each point in the feasible region is a candidate for the optimal solution to the linear programming
problem. .

We are looking for the point(s) in this region which optimize(s) the objective function.

To consider how the objective function connects, suppose we considered all the possible sales combinations, (x,y),
that gave a profit of P = $3400, so that 3400 = 60x + 80y. That set of combinations would form a line in the graph of
the feasible region. Repeating this process for a profit of $5400 and $6400 would give additional lines. If we graph
these lines on top of our feasible region, we obtain the graph shown in Figure 3.3.4, below.

P = $6400

0 20 40 60. 80 100 \;\20

P =$3400 ™, P =$5400™,

Figure 3.3.4: The feasible region for the linear programming problem, with three isoprofit lines labeled.

Notice that all the constant-profit (isoprofit) lines are parallel, and that, in general, the profit increases as we move
up and to the right in the first quadrant. Also, for positive x and y, with a profit of $5400 there are some sales levels
inside the feasible region, and some that are outside. This means we could feasibly make $5400 profit by selling, for
example, 18 of the 21 inch TVs and 54 of the 40 inch TVs, but we cannot make $5400 by selling 6 of the 21 inch
and 63 of the 40 inch televisions, because that point falls outside our feasible region. We can also notice that a profit
of $6400 is not possible under the given constraints, as the entire isoprofit line falls outside our feasible region.

The optimal solution will be the largest possible profit that is still feasible. Graphically for this problem, that means
the isoprofit line furthest to the upper-right that still touches the feasible region on at least one point. The solution is
the one given below in Figure 3.3.5.
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0 20 40 60 80 100~ 120

Figure 3.3.5: The feasible region for the linear programming problem, with the optimal profit line
shown.

This profit line touches the feasible region, at corner point D, where x = 99 and y = 0, giving a profit of
P =60(99) + 80(0) = $5940.

In Figure 3.3.5 above, the line of maximum profit touched the feasible region at a single corner point. This
observation inspires the Fundamental Theorem of Linear Programming.

Theorem 3.1 Fundamental Theorem of Linear Programming
1. If a feasible region is bounded, then a maximum and a minimum value for the objective function exists.

2. If a feasible region is unbounded, in Quadrant I, and the objective function has only positive coefficients,
then:
a. A maximum value for the objective function does not exist.
b. A minimum value for the objective function exists.

3. If there is no feasible region, as it is not possible for all constraints to be met simultaneously, then there is
no solution to the linear programming problem.

4. If a solution exists to a linear programming problem, then it will occur at a corner point of the feasible
region.

o If the objective function is optimized at a single corner point, then the linear programming problem
has an optimal solution at one unique point.

o If the objective function is optimized at two adjacent corner points, then it is optimized at those two
points and at every point along the boundary line segment connecting the two points. Thus, the linear
programming problem has an optimal solution at infinitely many points (along the boundary line
segment).

@ Two corner points are adjacent if they are connected by a single boundary line.

Previously, we solved a linear programming problem somewhat intuitively by “sliding” the profit line up. Typically,
we use a more procedural approach, called the Method of Corners.
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Method of Corners
1. Set up a linear programming problem algebraically.

2. Graph the constraints and determine the feasible region, S.
3. Identify the exact coordinates of all corner points of the feasible region, S.
4

. Decide whether or not the linear programming problem will have a solution, based upon the Fundamental
Theorem of Linear Programming.

5. If a solution will exist, evaluate the objective function at each corner point. The ‘optimal’ point is the point
that optimizes the objective function. If there is a “tie” for where the optimal objective function value
occurs, then there are infinitely many optimal solution points.

@ If a linear programming problem is being used to solve a real-world application, then if the solution is not
unique, it cannot be assumed to have infinitely many solutions. You must consider all real-world constraints.
(i.e. Whole units, ...)

Using the Method of Corners with the scenario, we begin at Step 4.

4. There is a solution to the linear programming problem, as the feasible region is bounded. Thus, an optimal
objective function value exists (and will occur at a corner point).

5. To determine the maximum value, we can set up a table of values for the objective function at each corner

point.
Corner Maximize Profit
Points P = 60x+80y $)
A: (0,0) P =60(0) + 80(0) = 0
B: (0, 60) P =60(0) + 80(60) = 4800
C: (18,54) P=60(18)+80(54) = 5400
D: (99,0) P =60(99) + 80(0) = 5940 Maximum

Table 3.2: Corner points with corresponding profit values.

From Table 3.2, we can see the maximum profit is $5940 at the point (x,y) = (99,0).

Thus, the maximum profit, $5940, is achieved when the department store sells 99 of the 21 inch TVs and 0 of
the 40 inch TVs.

Definition

When solving a linear programming problem representing a real-world scenario, sometimes not all resources are
utilized, despite reaching an optimal solution. Any unused portion of a resource is called a leftover. .

Each resource usually corresponds to an inequality, as seen when setting up constraints. So to determine any leftover
resources, we first substitute the corner point producing the optimal objective function value into the left-hand side
of each inequality to see how much of each resource was used. Then, we subtract the amount of the resource used
from the amount available; the difference is the leftover amount for each resource.

@ You cannot have a negative amount of leftovers. This would mean you used more of a resource than was
available.
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In our TV problem, let’s investigate whether or not there are any leftover resources, when the department store sells
99 of the 21 inch TVs and 0 of the 40 inch TVs for a maximum profit of $5940.

Resource ‘ Amount Used at Optimal Solution | Amount Available ‘ Leftovers?
Storage Space 6(99) + 18(0) = 594 cubic feet 1080 cubic feet 1080 — 594 = 486 cubic feet
Hours of Labor 2(99) + 3(0) = 198 hours 198 hours 198 — 198 = 0 hours

We can see we have 486 cubic feet of storage space leftover, but no extra time, when selling TVs for maximum
profit.

» Example 1 Solve the following linear programming problem, graphically.

Objective: Minimize P = 10x+ 10y
Subjectto: x+y>1
xX+2y<6
2x+y<6
x>0,y>0
Solution:

To solve this graphically, we will use the Method of Corners. The problem has been stated algebraically, so we move
to Step 2.

2. Graph the feasible region, as shown in Figure 3.3.6.

Figure 3.3.6: The feasible region for the system x+y > 1,
x+2y<6,2x+y<6,x>0,and y > 0. The corner points of the
feasible region, S, are labeled A — E.

3. Using the graph and calculating the appropriate intersection points (see Figure 3.3.6), we identify the corner
points as

A=(0,1), B=(0,3), C=(2,2), D=(3,0), and E = (1,0).
4. According to the Fundamental Theorem of Linear Programming, there is a solution exists, as the feasible

region is bounded. Thus, an optimal objective function value exists (and will occur at at least one corner
point).
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5. To determine the minimum value, we set up a table of values for the objective function at each corner point.

Corner Minimize

Points P=10x+10y

A: (0,1) 10 Minimum
B: (0,3) 30

C: (2,2 40

D: (3,0 30

E: (1,0) 10 Minimum

Table 3.3: Corner points with corresponding objective function values.

The minimum value is achieved at more than one corner point, at both A and E. The two points are adjacent;
thus, the minimum value of P is 10 and it occurs at an infinite number of points on the boundary line segment
connecting A and E. The boundary line connecting A and E is x+y = 1, so the line segment containing all
solution pointsis x+y=1for0 < x < 1.

@ This problem is not connected to a real-world scenario. Therefore we will not discuss leftovers.

« Example 2 Given the objective function L = 7x + S5y, determine the maximum and minimum values of the
objective function over the given feasible region in Figure 3.3.7, if they exist, and where they occur.

LN e s s
of] 0 20 3 4 5 6 7 8 9 I

Figure 3.3.7: An unbounded feasible region, opening up in QI, with corner points A = (0, 50),
B =(10,20), and C = (40,0).

Solution:
Using the Method of Corners, we have all the information needed to start at Step 4.

4. The feasible region is unbounded in Quadrant I and the coefficients of the objective function are positive.
Thus, the objective function will have a minimum value, but no maximum value on the given feasible region,
according to the Fundamental Theorem of Linear Programming.
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5. To determine the minimum value, we set up a table of values for the objective function at each corner point.

Corner Minimize

Points L=Tx+5y

A: (0,50) 250

B: (10,20) 170 Minimum
C: (40,0) 280

Table 3.4: Corner points with corresponding objective function values.

In conclusion, the minimum value of the objective function, L, is 170, and it occurs at corner point B, where
(x,y) = (10,20); there is no maximum value.

« Example 3 Recall the following scenario introduced in Chapter 2:

Suppose a company produces a basic and premium version of its product. The basic version requires 20
minutes of assembly and 15 minutes of painting. The premium version requires 30 minutes of assembly
and 30 minutes of painting. The company has staffing for 65 hours of assembly and 55 hours of
painting each week. If the company wants to fully utilize all staffed hours, how many of each item
should they produce?

As stated, the goal was to utilize all painting and assembly time. Suppose the company has now turned its focus to
maximizing its profits, without concern for the time utilized. If the company sells the basic product for a profit of
$30 each and the premium product for a profit of $40 each, how many of each version should be produced and sold
to maximize the company’s profits? Will any resources be leftover with this new goal in mind?

Solution:
Using the Method of Corners, we begin with Step 1, setting up the problem algebraically.

1. Let
x := the number of basic versions produced
y := the number of premium versions produced
P := the profit (in dollars) earned from the sale of the basic and premium products
Objective: Maximize P = 30x+40y
Subject to:  20x+ 30y <3900 (Minutes of Assembly Time)
15x+ 30y <3300 (Minutes of Painting Time)

x>0,y>0
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2. Graph the constraints. The feasible region, S, is labeled in Figure 3.3.8.

‘
Ly 120 + 30y = 3900

777777777777777777777777777777777777

iA : (0,0)i
N B:O110)

'C : (120,50)
D : (195,0)

Figure 3.3.8: A bounded feasible region with corner points
A =(0,0), B=(0,110), C =(120,50), and D = (195,0).

3. From Figure 3.3.8 above, the corner points have been calculated as
A=(0,0), B=(0,110), C =(120,50), and D = (195,0).

4. As the feasible region is bounded, there is a maximum value for the objective function (and it will occur at at
least one corner point).

5. To determine the maximum value, we set up a table of values for the objective function at each corner point.

Corner Maximize

Points P =30x+40y

A: (0,0) 0

B: (0,110) 4400

C: (120,50) 5600

D: (195,0) 5850 Maximum

Table 3.5: Corner points with corresponding profit values.

So, the maximum value of P = 5850, and it occurs at corner point D where (x,y) = (195,0).

Therefore, the company makes a maximum profit of $5850, when they produce and sell 195 basic and no
premium products.

Next, let’s investigate whether or not all resources are being utilized at this production level.

Resource ‘ Amount Used at Optimal Solution ‘ Amount Available ‘ Leftovers?
Assembly Time 20(195) + 30(0) = 3900 minutes 3900 minutes 3900 —3900 = 0 minutes
Painting Time 15(195) + 30(0) = 2925 minutes 3300 minutes 3300 —2925 = 375 minutes

Thus, not all resources are being utilized at this level. While all assembly time is used, there are 375 minutes of
painting time leftover.
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Try It #1:
Solve the following linear programming problem, using the Method of Corners.

Objective : Maximize P = 14x+9y

Subjectto: x+y<9
3x+y<15
x>0,y>0

Try It # 2:

A health-food business would like to create a high-potassium blend of dried fruit bars, to be sold by the box. It
decides to use dried apricots, which have 407 mg of potassium per serving, and dried dates, which have 271 mg
of potassium per serving. The company can purchase its fruit in bulk for a reasonable price. Dried apricots cost
$9.99/1b (3 servings) and dried dates cost $8.00/1b (4 servings). The company would like each box of bars to
have at least the recommended daily potassium intake of about 4700 mg and contain at least 1 serving of each
fruit. In order to minimize costs, how many servings of each dried fruit should go into producing a box of fruit
bars? Are any resources leftover when producing at minimum cost?

|
Try It Answers
1. The maximum value of P = 96, and it occurs at the point (x,y) = (3,6).

2. One serving of dried apricots and approximately 15.84 servings of dried dates should go into a box of bars,
for a minimum cost of $35.01/box. There are no leftovers when producing at a minimum cost.
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. ______________________________________________________________________________________________|
EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 2, use the given feasible region to determine the maximum and minimum values of the objective
functions P and Q over the region, if they exist, and where they occur.

1. P=10x+3y 2. 0=-4x+7Ty

For Exercises 3 - 4, use the given feasible region to determine the maximum and minimum values of the objective
functions P and Q over the region, if they exist, and where they occur.

3. P=x+2y 4. O =80x+25y

© TAMU 199



3.3 Graphical Solution of Linear Programming Problems

For Exercises 5 - 8, solve each linear programming problem, using the Method of Corners and the provided graphs
of the corresponding constraints.

5. Objective: Maximize P =8x+5y
Subject to: 2x—-5y <10
3x+4y<24
x>0,y=>20

6. Objective: Minimize P =2x+7y
Subjectto: x<4
3x+4y>8
x>0,y>0

7. Objective: Maximize P =9x+4y
Subjectto: x-y<1
x+2y<4
x>0,y=>20

8. Objective: Minimize P =7x+ 6y
Subjectto: —x+y<3
4x+4y >4
x>0,y>0
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INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 9 - 10, use the given feasible region to determine the maximum and minimum values of the objective
functions P and Q over the region, if they exist, and where they occur.

9. P=50x+30y 10. Q=24x+12y

For Exercises 11 - 12, use the given feasible region to determine the maximum and minimum values of the
objective functions P and Q over the region, if they exist, and where they occur.

11. P=120x+40y 12. Q=15x+15y

For Exercises 13 - 16, solve each linear programming problem, using the Method of Corners.

13. Objective: Maximize P=17x+11y 15. Objective: Maximize P = x+ 1.5y
Subjectto: x—y<1 Subjectto: 3x+y>-3
xX—y>-3 2x+3y<5
x>0,0<y<4 x<1l,y>-1
14. Objective: Minimize P = —30x+20y 16. Objective: Minimize P = 12x+ 18y
Subjectto: x-y<?2 Subject to: 2x—-y>4
4x-3y<4 2x+y=>12
x>-2,y<3 x>5,y20
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For Exercises 17 - 18, determine any leftover resources.

17.

18.

Pies Galore specializes in chocolate cream and tart cherry pies. Each chocolate cream pie uses 1 pie crust,
1 serving of whipped cream, and 3 servings of sugar. Each tart cherry pie uses 2 pie crusts, 1 serving of
whipped cream, and 1 serving of sugar. Pies Galore has not received a food shipment in a while and only
has 50 pie crusts, 100 servings of whipped cream, and 120 servings of sugar on hand. In order to maximize
their profit using the ingredients on hand, Pies Galore produces 38 chocolate cream pies and 6 tart cherry
pies. Does Pies Galore have any pie crusts, whipped cream, or sugar leftover after producing these pies? If
so, how much of each ingredient is leftover?

The Weather Byall company manufactures raincoats, umbrellas, and hiking backpacks. The company has
600 labor hours, 500 yards of weather resistant fabric, and 400 units of hardware available this week to
produce these products. The specifications for each product is given in the table below.

Raincoat | Backpack | Umbrella
Labor (hours) 1 1.5 2
Fabric (yards) 2 2 1
Hardware (units) 1 1 2

For a maximum profit, Weather Byall produces no raincoats, 200 backpacks, and 100 umbrellas this week.
At this production level, are any resources leftover, and if so, how much of each?

MASTERY PRACTICE (Answers)

19.

20.

A system of linear inequalities has a bounded feasible region with corner points, (3, 1), (2,5), (3,10), (6,8),
and (7,2). Use the Method of Corners to determine the maximum value of Z = 27x+ 18y over this region.

A system of linear inequalities has an unbounded feasible region in the first quadrant with corner points,
(2,8), (4,6), and (9,3). Use the Method of Corners to determine the minimum value of Z = 4x+ 5y over
this region.

For Exercises 21 - 25, solve each linear programming problem, using the Method of Corners.

21.

22.

A small candy company makes chocolate pumpkins and chocolate ghosts. Each pumpkin requires 3 minutes
to manufacture and 1 minute to package. Each ghost requires 4 minutes to manufacture and 2 minutes to
package. There are a total of 1.5 hours available for manufacturing and 0.5 hours available for packaging.
The company stipulates that they must produce at least three times as many chocolate pumpkins as ghosts.
Determine the production amounts of each candy to maximize profit, if the company’s profit on the sale of
each pumpkin is 50 cents and the profit on the sale of each ghost is 60 cents.

A computer store sells two types of computers, desktops and laptops. The supplier demands that at least
150 computers be sold each month. In order to keep profits up, the number of desktops sold must be at least
twice the number of laptops sold. The store spends $75 a week to market each desktop and $50 a week to
market each laptop. How many of each type of computer must be sold to minimize weekly marketing costs?
What is the minimum weekly marketing cost?

202
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23. A factory manufactures two different washing machines, Model 650 and Model 800. During the manu-
facturing of each washing machine, the machine requires time in three bays: electrical, mechanical, and
assembly. The time requirements (in hours) and the total hours available for each bay are listed below.

Electrical | Mechanical | Assembly
Model 650 1 2 4
Model 800 2 2 2
Total hours 70 90 160

If Model 650 generates a profit of $600 per washing machine and Model 800 generates a $500 per washing
machine, how many of each model should be manufactured to maximize profit? What is the maximum
profit? Do any of the bays have leftover time, when operating at the optimal level?

24. You have at most $24,000 to invest in bonds and stocks. You have decided that the amount of money
invested in bonds must be at least twice as much as that in stocks, but the money invested in bonds must
not be greater than $18,000. If you receive 6% profit on bonds and 8% profit on stocks, how much money
should you place in each type of investment to maximize your profit?

25. A professor gives two types of quizzes, objective and recall. The professor is planning to give at least 15
quizzes this semester. The student preparation time for an objective quiz is 15 minutes and for a recall quiz
is 30 minutes. The professor would like a student to spend at least 5 hours preparing for these quizzes,
above and beyond the normal study time. The average score on an objective quiz is a 7 and on a recall
quiz is a 5, and the professor would like the students to score at least 85 points on all quizzes. It takes the
professor one minute to grade an objective quiz, and 1.5 minutes to grade a recall type quiz. How many of
each type of quiz should the professor give in order to minimize the amount of time spent grading?

CoOMMUNICATION PRACTICE (Answers)

26. When using the Method of Corners, describe how you know whether or not an objective function has an
optimal value at infinitely many points.

27. Explain why all isoprofit lines are parallel.
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3.4 SimpLEXx METHOD

© Photo provided by Kathryn Bollinger, 1945

In the previous section, we used a graphical method to solve linear programming problems, but the graphical
approach will not work for problems that have more than two variables. In real-world situations, linear programming
problems consist of literally thousands of variables and are solved by computers. We can solve these problems
algebraically, but that will not be very efficient. Suppose we were given a problem with, say, five variables and ten
constraints, including the five non-negativity constraints. By choosing all combinations of five equations with five
unknowns, we could find all the corner points, test them for feasibility, and come up with the solution, if one exists.
The trouble with this method is that even for a problem with so few variables, we could have more than 250 corner
points, and testing each point would be very tedious. So, we need a method that has a systematic algorithm and
could be written as a computer program. The method has to be efficient enough so we wouldn’t have to evaluate the
objective function at each corner point. We have just such a method, and it is called the Simplex Method.

The Simplex Method was developed during the Second World War by Dr. George Dantzig. His linear programming
models helped the Allied forces with transportation and scheduling problems. In 1979, a Soviet scientist named
Leonid Khachian developed a method called the ellipsoid algorithm which was supposed to be revolutionary, but, as
it turned out, was not any better than the Simplex Method. In 1984, Narendra Karmarkar, a research scientist at
AT&T Bell Laboratories, developed Karmarkar’s algorithm which has been proven to be four times faster than the
Simplex Method for certain problems. However, the Simplex Method still works the best for most problems.

Learning Objectives:
In this section, you will learn the Simplex Method to solve a linear programming problem. Upon completion you
will be able to:

e Recognize whether or not a linear programming problem is a standard maximization problem.
o Convert the constraints of a linear programming problem to linear equations with slack variables.

o Construct a simplex tableau for a standard maximization linear programming problem.
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o Identify the pivot column for a given simplex tableau.

e Determine the pivot row for a given simplex tableau.

o Identify the pivot element for a given simplex tableau.

o Identify the basic and non-basic variables of a simplex tableau.

o Express the solution represented by a given simplex tableau, and then state whether or not it is the optimal
solution.

o Use technology to perform pivots on a simplex tableau to put the tableau in final form.
e Compare each tableau in the Simplex Method to the corresponding corner point in the Method of Corners.
e Solve a standard maximization linear programming problem using the Simplex Method.

o Identify any leftover resources from the solution to a real-world application where the Simplex Method is
used.

PerFormING THE SIMPLEX METHOD ON A STANDARD MAXIMIZATION PROBLEM

To handle linear programming problems that contain upwards of two variables, we will use the Simplex Method.

Definition

The Simplex Method is an algorithm that ‘toggles’ through the corner points of the feasible region of a linear
programming problem until it has efficiently located the one that optimizes the objective function. "

While the Simplex Method can be used to solve many types of linear programming problems, in this text we will use
the Simplex Method only to solve a type of linear programming problem known as a standard maximization
problem.

Identifying a Standard Maximization Problem

Conditions for a Standard Maximization Problem
A standard maximization problem will include

e An objective function which is being maximized.

e Real-world non-negativity constraints. (x >0,y >0,z >0,...)

e All other constraints of the form, a;x+a>y+...+a,z <V, where V and all g; are real numbers with V >0 .
An example of a standard maximization problem is given here:

Objective: Maximize P =7x+ 12y

Subject to: 2x+3y<6
3x+7y<12
x>0,y>0
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The constraints may include inequalities that at first glance do not appear to fit the condition of a standard
maximization problem. However, if these inequalities can be manipulated mathematically into the form,
aix+ayy+...+a,z<V,where V and all g; are real numbers with V > 0, then the rewritten inequalities satisfy the
condition.

»« Example 1 Are the following linear programming problems considered standard maximization problems? State
why or why not.

a. Objective: Maximize P = 20x+ 30y b. Objective: Maximize P = 15x+40y
Subject to: x+2y<40 Subject to: x>y
xX+y>2 y<-3x+15
x>0,y>0 x>0,y>0
Solution:

a. Objective: Maximize P = 20x+ 30y
Subject to: x+2y<40
xX+y>2

x>0,y>0

Objective: Maximize P =20x+30y v The objective function is being maximized.

e x>0,y>0v  All variables are non-negative.

x+2y <40 v  The expression involving the variables is < a non-negative number, 40.

x+y=2KX The expression involving the variables is > a non-negative number, 2, and the

inequality cannot be rearranged to satisfy the criteria.

= This is NOT a standard maximization problem.

b. Objective: Maximize P = 15x+40y
Subject to: x>y
y<-3x+15
x>0,y>0

e Objective: Maximize P = 15x+40y v The objective function is being maximized.
e x>0, y>0v All variables are non-negative.

e x>y?
All variables need to be on the same side of the inequality symbol, so we rewrite this
inequality as an equivalent inequality in such a format. x —y > 0 is the common way to rewrite
x >y, yet this format does not satisfy the criteria. However, we can multiply by —1 to change
the direction of the inequality:
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x-=y=0
(-Dx-y=0)
(-D(x—y) < (=1)(0)

—x+y<0v
The expression involving the variables is < a non-negative number, 0.

o y<-3x+157?
All variables need to be on the same side of the inequality symbol, so we rewrite as an
equivalent inequality in such a format.

3x+y<15v

The expression involving the variables is < a non-negative number, 15.

= This IS a standard maximization problem.

Constructing the Initial Tableau

Once we determine that we have a standard maximization problem, in order to use the Simplex Method, we must set
up an initial simplex tableau. This tableau is a matrix containing information about the linear programming problem
we wish to solve. However, inequalities do not translate properly into matrices. For one, a matrix does not have a
simple way of keeping track of the direction of an inequality; this alone discourages the use of inequalities in
matrices. How then do we still use matrices, while addressing the constraints of a linear programming problem?

Consider the following linear programming problem. Notice it is a standard maximization problem.

Objective: Maximize P = 7x+ 12y
Subject to: 2x+3y<6
3x+7y<12
x>0,y>0
Once we recognize we have a standard maximization problem, we ignore the real-world non-negativity constraints
(x>0, y > 0) when constructing the initial simplex tableau. Because we know that the left-hand sides of both of the
remaining inequalities will be quantities that are no larger than the corresponding values on the right, we can be sure
that adding “something” (s1, s2) to the left-hand side will balance the inequality, making the two sides exactly equal.
That is:
2x+3y+s1=6
and
3x+T7y+s,=12

For instance, suppose that x = 1 and y = 1. Then for s; = 1 and s, = 2, the equalities hold true.
X y S1
2(H)+3()+1=6
and

X y 52
3M+7 (M +2=12
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It is important to note that these two variables, s; and s,, are not necessarily the same. They each simply act on an
inequality by picking up the ‘slack’ that keeps the left-hand side from equalling the right-hand side. Hence, we call
them slack variables. With the addition of these variables, we no longer have inequalities.

@ Slack variables must always be non-negative, as they represent the unused amount (leftovers) of each constraint.

Because an augmented matrix contains all variables on the left and constants on the right, we will rewrite the
objective function to match this format:

—Tx=12y+P=0

To accommodate all of the information from the objective function and constraints, we will be required to have a
matrix that can handle x,y, s, s, and P; we will put the columns of the matrix in this order. Finally, the Simplex
Method requires that the objective function be listed as the bottom row in the matrix so that we have:

X y s s P
2 31 0 06
3 7 0 1 0]12

~7 -12.0 0 1|0

We have now constructed the initial simplex tableau. Note that the vertical line is used to separate constraint
coefficients (with included slack variable coeflicients) from constants, and the horizontal line separates constraint
coefficients from the objective function coefficients.

Try lt#1:
Set up the initial simplex tableau corresponding to the following linear programming problem.
Objective: Maximize P =2x+6y+9z
Subject to: x+y+3z<85
2x+52<120
4y+z7<20

x>0,y>0,z=>0

Try It # 2:
Write the linear programming problem which corresponds to the following initial simplex tableau.

X y S§1 852 s3 54 P

2 10 1.0 0 0 0}200
3 5 01 0 0 0]155
4 1 00 1 0 0110
1 0 0 0 01 0] 50
-8 -7 0 0 0 0 1|0
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Manipulating the Initial Tableau to Solve a Linear Programming Problem

We will now present a step-by-step algorithm for solving the problem we have just set up. Later, we will summarize
the entire process.

Identify the pivot column.

We first select a pivot column, which will be the column that contains the most negative coefficient in the bottom
row. Note that the most negative number belongs to the term that contributes the most to the objective function. This
is intentional, as we want to focus on values that make the output, P, as large as possible.

Here, our pivot column, Column 2, is the y column.

X y s s P
2 3 1 0 06
3 7 0 1 0]12

~7 =12 0 0 1]0
T

most negative

Identify the pivot row.

We choose a pivot row by computing the ratio of each constraint constant to its respective positive coefficient in the
pivot column; this is called the test ratio. Select the row with the smallest non-negative test ratio.
Calculating the test ratios we have:

X 'y s s P Ratios
2 31 0 0|6 2:2

3 7 01 012 72z 1.7 « smallest non-negative ratio
7 -12.0 0 1|0

The test ratio is smaller for the second row, so we select it as the pivot row. We select the smallest non-negative ratio
to ensure we do not increase the pivot column variable value by more than the resources available.

Determine the pivot element.

The entry in the matrix (tableau) where the pivot column and pivot row intersect is called our pivot element. As
shown circled in the tableau below, our pivot element will be the 7, in Row 2, Column 2.

x 'y s s P
2 3 100]6
3 (o1 o0|12|e
7 -12 0 0 1]0

T

Pivot on the pivot element.

Recall, from Chapter 2, that pivoting refers to the process of obtaining a ‘1’ in a specific matrix entry and then
zeroing out the rest of the column entries, using elementary row operations.
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We will pivot on the pivot element, 7, in Row 2, Column 2.

2 3 10 0]|6 e 2 1006

3 7 01 0|12 ke 1.0 5 0%

7 120 0 10 7 -12 00 1]0
5

201 -3 0f§

—3R>+R1—R; %10 %0%

]2R2+R3%R3 T 2 124

-5 00 71‘7

At this point, have we optimized the objective function? Because we still have a negative entry in the bottom row
after pivoting, this indicates that the objection function is not yet optimized. Continue to pivot, after identifying
appropriate pivot elements, until no more negative entries exist in the bottom row.

Continue pivoting, if necessary.

3 6 5
@ 01 -5 03 (8) (%)(%) =%=12 « smallest non-negative ratio

3 1 o L1 ol | (& _(12y7\_12_
! ’ T = (F)E) =54
13 12 144
L0 o0 L oaf
T
most negative
oy . 5 .
We will pivot on the pivot element, —, in Row 1, Column 1.
5 3 6 7 3 6
7 I -3 7 _ 10 35 -5 5
3 1 12 R 3 1 12
7 1O 3 7 — 7 L0 3 7
13 12 144 13 12 144
“Loo 2| Lo Logfu
1o 1-fofg
3
—'7R1+R2—>R2 3 2 6
— 01 -5 5053
TRiHR =R 3 3 114
00 35 3 1‘?

With no negatives in the bottom row, we are finished pivoting and are prepared to state the optimal solution.
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Identify the optimal solution.

Xy S1 sy P

1o 1 3o
01 -3 30|
o0 &

Reading columns from left to right, highlight each column which has a single 1 and all other entry values of 0. The
corresponding variable in each of these columns is called a basic variable. All other variables are called non-basic
variables.

Xy S1 sy P

10 % 30|
01 -4 Fos
00 B 3a|w

For this example, our basic variables are x, y, and P, while our non-basic variables are s; and s;. As in the previous
chapter, we can convert the tableau to a corresponding system of equations.

LT3, .6
X 5S1 5S2—5
YTSNTERTS
1 114
$S1+§S2+P:?

We will always set all non-basic variables equal to 0, and solve the subsequent equations for the basic variables.

7 3 6 32 6 13 3 114
— — — = — — — — = — —_— — P=—
X+5(0) 5(0) 5 y 5(0)+5(0) 5 5(0)+5(0)+ 5
6 6 114
x+0-0=— y=-0+0=— 0+0+P=—

5 5
6 6 114
= — = — P:_
75 =3 5

1 6 6
Thus, the maximum value for P is < and it occurs when (x,y) = (g, 5) At this optimal solution, s; = s, = 0.

In the above linear programming problem, s1 and s> (the slack variables) were our non-basic variables, while
all original variables (x, y, and P) were the basic variables. The reader must not make the assumption that
this will always be the case. When determining the basic and non-basic variables, the reader should always
refer to the column entries of the corresponding simplex tableau.

As illustrated in the previous problem, we will now summarize the algorithmic process for solving a standard
maximization linear programming problem.
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The Simplex Method for a Standard Maximization Problem

1. Set up the problem, algebraically.

That is, write the objective function to be maximized and the constraints in standard maximiza-
tion form.

2. Convert the linear constraint inequalities into linear equations.

This is done by adding a different slack variable to each inequality, not including non-negativity
constraints.

3. Construct the initial simplex tableau.

Align variables from each ‘equality’ and objective function; place the coefficients into a matrix,
with the objective function as the bottom row, below a horizontal line.

4. Identify the pivot column.
The most negative entry in the bottom row identifies the pivot column.
5. Identify the pivot row.

Calculate the test ratios for all rows except the bottom row. The ratios are computed by dividing
the far right (‘constant’) column by the corresponding value in the identified column from
Step 4. A ratio that has a zero or negative number in the denominator is ignored. The smallest
non-negative ratio computed identifies the pivot row.

6. Identify the pivot element.
The entry in the intersection of the pivot column and the pivot row is the pivot element.
7. Pivot on the pivot element.

Pivoting can be done using elementary row operations, as previously discussed. However, there
are calculator and computer programs which will perform these calculations for you. Often
the programs only require the user to input the initial tableau and indicate subsequent pivot
elements.

8. When there are no negative entries in the bottom row after pivoting, we are finished pivoting and
can identify the optimal solution; otherwise, we start again from Step 4.
9. Identify the optimal solution.

Determine basic and non-basic variables. Columns which contain a single 1, with all other
entries 0, represent basic variables, and all other columns represent non-basic variables. Set
all non-basic variables equal to zero and solve for the basic variables.

@ The authors of this text will use technology to perform any necessary pivots. While the determination of each
pivot element may be discussed, no elementary row operations will be shown.

« Example 2 Use the Simplex Method to solve the following linear programming problem.

Objective: Maximize P =5x+7y+9z
Subject to: x+4y+27<8
3x+5y+z<6

x20,y>0,z>0
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Solution:
Upon inspection, it is clear the given problem is a standard maximization problem.

To set up the initial tableau, first add a slack variable to each constraint, not including the non-negativity constraints,
and rewrite the objective function. Then, align the variables and convert to a corresponding matrix as follows:

x 'y z s s P

x + 4y + 2z + 5 = 8 1 4 210 08
3x + 5y + z + 5 = 6 — 3 5 1 01 06
5x - Ty — 9 + P =0 =5 =7 =9 0 0 1]0

We identify the first pivot element by finding the intersection of the first pivot column and pivot row.
Ratios
1 4 @ 1 0 0/8] 8=4 « smallest non-negative ratio
3 5 1 01 0|6 % =6
-5 -7 -9 0 0 1|0
T

most negative

After pivoting on the entry (2) in Row 1, Column 3, we have

X oy z 81 s P
I 2 1 L o004
2 3 0 -3 102
L0 %0 136

most negative

5
After pivoting on the entry (5) in Row 2, Column 1, we have

X y z s1 s P
7 31 18
0 5 1 5 5 5
BEEELE
58 22 1 182
0 5 0 F 3 1‘?
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As we no longer have a negative entry in the bottom row, we can identify the optimal solution.

XyZS1S2P
0 31 3 4oy
EEERLE
050 % La|%

The basic variables are x, z, and P, while the non-basic variables are y, s1, and s;.

The corresponding system to our tableau is

7.3 1 _18
= —S|— =S =—
YTITSNTER T
L6 12 4
TSI

8,22 1 18

sV T TRTEES

We set the non-basic variables (y, 51, and s7) equal to 0, and solve for the basic variables (x, z, and P).

1 4 182
0+z+0—0:—8 x+0-0+0=— 0+0+0+P:i
5 5 5

18 4 182

= — = — P:—

T T 5

182 4 18
Thus, the maximum value of P is = when (x,y,2) = ( 0, —) Here, s; = 50 = 0.

575

» Example 3 Is the following simplex tableau in final form? If so, read the optimal solution. If not, state the next

pivot element.
s1 s P

51 028
30 016

8 0 148

O =<

N[ W =
O | -

Solution:
We can see there are no negative entries in the bottom row; therefore, the simplex tableau IS in final form.

The basic variables are y, sp, and P, while x and s, are non-basic variables. By setting the non-basic variables equal
to zero, y = 16, s, =28, and P = 48.

Thus, the maximum value of P is 48 when (x,y) = (0, 16). Here, s; = 0 and s, = 28.
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Try It # 3:

Solve the following linear programming problem, using the Simplex Method.

Objective: Maximize P = x| +2x, + 3x3

Subject to: X{+xp+x3<12
2x1+x+3x3 <18

x120, x>0, x3>0

ComPARING THE SiIMPLEX MEeTHoD AND THE METHOD oF CORNERS

The Simplex Method uses an approach that is very efficient. It does not compute the value of the objective function
at every corner point; instead, it begins with a corner point of the feasible region where all the main variables are
zero, and then, systematically moves from corner point to adjacent corner point, while improving the value of the
objective function at each stage. The process continues until the optimal solution is found.

In this subsection, we will focus on the relationship between the simplex tableaus and the corresponding corner

points of a feasible region.

Consider the following standard maximization linear programming problem:

Objective: Maximize P = 4x+ 3y

Subject to: 2x+y <10
2x+3y <18
x>0,y>0

The bounded feasible region for the problem is shown in Figure 3.4.2 below, with corner points

A :(0,0), B:(0,6), C:(3,4), and D: (5,0).

2z +y =110

=0

' D :
4 8
| \ 2m+3‘y:18\\

Figure 3.4.2: The graph of the feasible region for 2x+y < 10, 2x+ 3y < 18, x > 0, and y > 0 with

corner points, A — D, labeled.
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The initial simplex tableau for this problem is given by

xy51S2P
2 1 1 0 0f10

2x + 0y + 5 = 10
2x + 3y + 5 = 18 = 2 301 0]18
~4x - 3y + P = 0 4 =300 1]0

At this point the tableau has basic variables s1, 57, and P, while the non-basic variables are x and y.

x=0
y=0
and
51 = 10 = P =0 when (x,y) = (0,0).
S2=18
P=0

This indicates we are starting at corner point A, with an objective function value of 0.

This is a solution, but not an optimal solution, as we still have negative entries in the bottom row of our tableau.
After pivoting on the appropriate pivot element, the result is

x y s s P

1 1 L ools
0 2 -1 1 038
0 -1 2 0 1|20

At this point the tableau has basic variables of x, s,, and P, while the non-basic variables are y and s.

y=0
S]ZO
and
x=5
S2=8
P=20

= P =20 when (x,y) = (5,0).

This indicates we are now at corner point D, with an objective function value of 20.
Pivoting has moved us from A to the location of the next best solution, D, based on our criteria — contributing the
most to the objective function and without using more resources than we have available.

While this is a better solution than the first, is it the optimal solution? We know it is not, because there is still a
negative entry in the bottom row of our last tableau.
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After pivoting on the appropriate pivot element, we obtain

xy s s P
10 2 -1 0|3
01 -3 1 0|4
00 3 1 1|24

= P =24 when (x,y) = (3,4).

This indicates we are now at corner point C, with an objective function value of 24.

Because the Simplex Method systematically moves from one corner point to a better adjacent corner point, it
should make sense that we are now at corner point C.

At this point in the process, there are no negative entries in the bottom row of our tableau, so P = 24 when
(x,y) = (3,4) is the optimal solution. Here s; = s, = 0.

Unlike with the Method of Corners where all four corner points were necessary for determining the optimal solution,
the Simplex Method only required us to examine three corner points.

<> When performing the Simplex Method, if you seem to end up in an infinite loop and you never attain a tableau
with the bottom row having no negative values, that is equivalent to choosing the wrong pivot element and

landing at a point outside of the feasible region. If this occurs, double check your initial tableau and all
subsequent pivot element calculations.

APPLYING THE SiMPLEX METHOD TOo REAL-WORLD SCENARIOS
Let’s revisit the department store selling televisions.

A department store sells two sizes of televisions: 21 inch and 40 inch. A 21 inch television requires 6
cubic feet of storage space, and a 40 inch television requires 18 cubic feet of space. A maximum of
1080 cubic feet of storage space is available. The 21 inch and the 40 inch televisions take up,
respectively, 2 and 3 sales hours of labor, and the store has a maximum of 198 hours of labor available.
If the profit earned from each of these sizes of televisions is $60 and $80, respectively, how many of
each size of television should be sold to maximize the store’s profit, and what is the maximum profit?
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Recall the formulated algebraic problem:

t := the number of 21 inch TVs sold
f := the number of 40 inch TVs sold

P := the profit earned on the sale of TVs, in dollars

Objective: Maximize P = 60r+80f

Subject to:  67+18f <1080 (Cubic Feet of Storage Space)
2t+3f <198 (Hours of Labor)
t>0, f>0

Previously we solved this problem using the Method of Corners, by substituting variables such that (¢, f) — (x,y).
We can now verify our answer, using the Simplex Method, without needing to make such a variable substitution.

The initial tableau will be

t f s1 s P
6 18 1 0 01080
2 3 01 0 198

60 -80 0 0 1] 0

Once all pivots have been performed, we are left with the following final tableau. (We leave it to the reader to
determine each pivot element, to pivot as needed, and verify our result).

f s1 s P

0 9 1 -3 0] 486
3 1
5 0 7 0] 99

0 10 0 30 15940
The basic variables are ¢, 51, and P, while the non-basic variables are f and s,.

=0
Sy = 0
and
S1 = 486
t=99
P =5940

= P =5940 when (t, f) = (99,0) and s; =486 and s, = 0.

In the context of our problem, this means a maximum profit of $5940 is made when selling 99 of the 21 inch TVs
and O of the 40 inch TVs.
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Remember that slack variables represent leftover resources. The first constraint, 6¢+ 18 f < 1080, was an indication
of storage space (in cubic feet), so s; = 486 means the department store will have 486 cubic feet of unused storage
space. The second constraint, 2x + 3y < 198, was an indication of available sales hours of labor, so s, = 0 means the
department store used all available labor hours, with none left over.

Notice, this solution does indeed match the solution found when using the Method of Corners.

Try It # 4:
Revisit the following problem, and use the Simplex Method to find the optimal solution.

Suppose a company produces a basic and premium version of its product. The basic version requires
20 minutes of assembly and 15 minutes of painting. The premium version requires 30 minutes of
assembly and 30 minutes of painting. The company has staffing for 65 hours of assembly and 55
hours of painting each week. If the company sells the basic product for a profit of $30 each and the
premium product for a profit of $40 each, how many of each version should be produced and sold
to maximize the company’s profits? Will any resources be leftover?

Compare your optimal solution with the solution found in Section 3.3, when the Method of Corners was used.

Try It Answers

X 'y z s 8 s3 P
1 1 3100 0|85
2 0 501 0 0120
L1 0o 4 1001 0|20
2 -6 -9 000 1| 0

2. Objective: Maximize P = 8x+ 7y
Subject to: 2x+ 10y <200
3x+5y< 155
4x+y <110
x<50
x>0,y>0

3. The maximum value of P is 27 when (x1, x3, x3) =(0,9,3) and s1 = 5o = 0.

4. A maximum profit of $5850 is made when selling 195 basic products and no premium products. At this
optimal level, all assembly time is used, but there are 375 minutes of painting time leftover. (This is the
same solution as was found using the Method of Corners.)
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EXERCISES

Basic SKILLS PRACTICE (Answers)

For Exercises 1 - 4, determine if the linear programming problem is a standard maximization problem. If not, state

why not.
1. Objective: Minimize P =2x+ 3y 3. Objective: Maximize P =20x+45y
Subjectto: x—y<2 Subjectto: y>x—8
Sx+8y <25 6y >4x
x>20,y>0 x20,y>20
2. Objective: Maximize P =4x+7y 4. Objective: Maximize P =9x+ 24y
Subject to: x+3y<0 Subject to: 5x+2 <6y
6x+2y<12 y—x<11
x<0,y<0 x>0,y>0

For Exercises 5 - 8, set up the initial simplex tableau corresponding to the given linear programming problem.

5. Objective: Maximize P =2.5x+3.75y 7. Objective: Maximize P =3x+4y+5z
Subject to: 2x+y <35 Subject to: 6x+7y<8
x+4y <100 Sy+z<10
x>20,y>20 x>20,y>0,z>0
6. Objective: Maximize P =20x+40y+90z 8. Objective: Maximize P = 10x+ 15y
Subject to: 3x+0.5y+z<40 Subjectto: 7x+11y <24
0.65x+0.35y+0.852 <250 2x+4y<6
30x+20y+45z < 3200 x<8
x>0,y20,2=0 x>0,y>0

For Exercises 9 - 11, state the following for the given simplex tableau.

a. Pivot column
b. Pivot row

c. Pivot element
X y s s» P constant
3 2 1 0 0 60
91 4 10 0 1 0 100
-19 -12 0 0 1

‘ 0
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X y z §1 S P constant
14 21 30 1 0 O 630
10.{025 0125 05 0 1 0 250
-1 -9 0O 0 0 1

‘ 0

X y z St S s3 P constant
6 0 2 1 0 0 0 120
11. 0 1 4 0 1 0 O 84
7 8 0O 0 o0 1 o0 100
-6 -10 -13 0 O O 1 0

For Exercises 12 - 14, state the value of each variable and whether the variable is basic or non-basic, using the
provided final simplex tableau.

Xy st Ss» P constant
2 1
1 5 3 0 0 20
22 4
1210 5 -3 1 0 20
2 19
0 3 5 0 1 380
Xy z s1  s2» P constant
2 10 1
5 = 57 00 30
1 9 1 985
135 0 5 - 1 0 e
90 3
5 0 = 2 0 1 270
Xy S1 S s3 P constant
16 8 1 1348
100 % -5 1 O T03
7 24 3 2136
i 0 0 1 5% 15 —135 O o3
. 14 7 12 108
0 1 0 —y53 103 5 O 103
3 334 87 36936
0 0 0 206 103 103 1 103
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INTERMEDIATE SKILLS PRACTICE (Answers)

For Exercises 15 - 18, set up the initial simplex tableau corresponding to the given linear programming problem.

15. Objective: Maximize P =4x+ 8y 17. Objective: Maximize P =75x+52y
Subjectto: 11y <8x+5 Subject to: 8x+ 14y <91
4y > x 25x+10y <522
x>0,y>0 0<x<10,y>0

16. Objective: Maximize P =x+1.75y+1.25z 18. Objective: Maximize P =17x+ 15y

3 1 2 1 3
Subject to: Zx+§y+§zs60 Subject to: §x+§y§42
1 >-3x+6
xX+=-y<16-z2 92 —3x+06y
2 x—y <283
4x+5z<10
x20,y20,z20 x20,y>0

For Exercises 19 - 21, state the following for the given simplex tableau.

a. Pivot column
. Pivot row
Pivot element

o=

X y s s P constant

2 0 1 - 2

2

375
)

o= e
o O

9.0 4 1 0

-13 0 0 3 1| 1125

X y z S§1 $ s3 P constant
2 1 3
% 3 7 1 0 0 O 630
1 1 1
0 1 3 > 01 0 O 250
1 -1 2 0 0 1 0 480
-1 -9 -4 0 0 0 1 0
X y zZ 8 A% s3 sS4 P constant
(6 05 0 1 -05 0 0 O 78
0 025 1 0 025 O O O 21
21. 7 8 0 O 0 1 0 O 100
9 -075 0 O 025 0 1 O 21
-6 -675 0 0 325 0 0 1 273
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For Exercises 22 - 24,

a. State the value of each variable, and whether the variable is basic or non-basic.
b. Determine if the given simplex tableau is a final tableau.

X st S P constant
1 255
2 1 -3 0 2
2 3 1 0 g 0o P
-13 0 0 3 1] 1125
Xy zZ §1 5 s3 P constant
0 0 -5 1 -8 L o] 230
3|0 1 4 0 8 2 0] 2000
' 0 6 0 8 3 0| 2480
0 0 22 0 72 17 1| 18000
Xy Y s3 sS4 P constant
103 1 1 337
Boo 1 -3 &£ 00 37
7 1 1 143
-% 01 0 4 -5 0 0 1
2| 2 1.0 0 0 & 0 0 2
309 1 3 243
200 0 3 5 1 0 2
3 13 27 2859
-5 00 0 B Z o0 1 89

For Exercises 25 - 27, use the given constraints and optimal solution to state the value of each slack variable.

25. Subject to:

6x+5y <500

20x + 30y < 900

x>0,y>0

Optimal Solution: (x,y) = (0,30)

26. Subject to:

Optimal Solution: (x,y,z) = (

0.5x+0.75y+z<40

2x+ 10y +4z <200
x+2y+3z7<600
x>0,y20,z>0

77

500 40
00
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3.4 Simplex Method

27. Subjectto: 7x+3y <21
x+0.5y <300
2x+5y <100
x>0,y=>20

Optimal Solution: (x,y) = (0,7)

For Exercises 28 - 31, solve each linear programming problem, using the Simplex Method, if possible. If the
Simplex Method cannot be used to solve the linear programming problem, state why not.

28. Objective: Maximize P =17x+ 11y 30. Objective: Maximize P =15x+y
Subject to: x—-y<1 Subject to: 3x+y <300
x+2y<3 2x+3y <45
x>0,y=>20 x>0,y=>20
29. Objective: Maximize P =30x+20y 31. Objective: Maximize P = 12x+ 18y
Subject to: x+y<18 Subject to: 2x-y >4
4x-3y<4 2x+y =12
x>0,y>0 x>5,y20

MASTERY PRACTICE (Answers)

32. Write the linear programming problem which corresponds to the following initial simplex tableau.

X y s $» s3 P constant

1 2 1 0 0 0 100

4 3 0 1 0 O 75

0 1 0 0 1 O 23
-8 -11 0 0 0 1 0

33. If the given simplex tableau is the final tableau, state the optimal solution. If the given simplex tableau is
not the final tableau, explain why not.

X y z 8§ s P constant
0 0 1 05 1 O 850

1 025 0 4 3 0 125
0 15 0 2 6 1

‘ 38000

34. Write a final simplex tableau that satisfies the following conditions:
e The linear programming problem has two main variables, x and y, and an objective function variable,
P.
e The linear programming problem has 3 constraints, not including the non-negativity constraints.
o The basic variables are y, 51, 52, and P, with values of 78, 136, 20, and 15000, respectively. All other
variables are non-basic.
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35. A linear programming problem was solved using the Simplex Method. All tableaus are given, in order,
below. If the Method of Corners had been used, state the corner point corresponding to each tableau.

X y 51 52
2 6 1 0
1 025 0 1
3 05 0 0
2 3 0 0
Xy S1 52
[ 1 1
s 1 g O
11 1
7 0 -5 1
17 1
s 0 -1 0
1
-1 0 1 o0
X y ST 8
O T
11 1
o -4 -1
17 3
o -Z -3 9
0 31 0

s3 P constant
0 O 12
0 0 25
1 0 60
0 1 0
s3 P constant
0 O 2
49
0 O =
1 0 59
0 1 6
s3 P constant
0 O 6
0 O 19
1 0 42
0 1 12

For Exercises 36 - 39, use the Simplex Method to solve the linear programming problem.

36. A factory manufactures two different washing machines, Model 650 and Model 800. During the manu-
facturing of each washing machine the machine requires time in three bays: electrical, mechanical, and
assembly. The time requirements (in hours) and the total hours available for each bay are listed below.

Electrical | Mechanical | Assembly
Model 650 1 2 4
Model 800 2 2 2
Total hours 70 90 160

If Model 650 generates a profit of $600 per washing machine and Model 800 generates a $500 per washing
machine, how many of each model should be manufactured to maximize profit? What is the maximum
profit? Do any of the bays have leftover time, when operating at the optimal level?

© TAMU

225



3.4 Simplex Method

37.

38.

39.

Pies Galore specializes in chocolate cream, lemon meringue, and tart cherry pies. Each chocolate cream pie
uses 1 pie crust, 1 serving of whipped cream, and 3 servings of sugar. Each lemon meringue pie uses 1 pie
crust, 2 servings of whipped cream, and 3 servings of sugar. Each tart cherry pie uses 2 pie crusts, 1 serving
of whipped cream, and 1 serving of sugar. Pies Galore has not received a food shipment in a while and
only has 50 pie crusts, 100 servings of whipped cream, and 120 servings of sugar on hand. They sell each
chocolate cream pie for $15, each lemon meringue pie for $14, and each tart cherry pie for $20. How many
of each type of pie should Pies Galore make and sell in order to maximize their revenue, given their current
inventory? Does Pies Galore have any ingredients leftover, when maximizing their revenue?

You have at most $24,000 to invest in bonds and stocks. You have decided that the amount of money
invested in bonds must be at least twice as much as that in stocks, but the money invested in bonds must
not be greater than $18,000. If you receive 6% profit on bonds and 8% profit on stocks, how much money
should you place in each type of investment to maximize your profit?

A small candy company makes chocolate pumpkins, chocolate cats, and chocolate ghosts. Each pumpkin
requires 3 minutes to manufacture and 1 minute to package. Each cat requires 5 minutes to manufacture
and 1.5 minutes to package. Each ghost requires 4 minutes to manufacture and 2 minutes to package. There
are a total of 1.5 hours available for manufacturing and 0.5 hours available for packaging. The company
stipulates that they must produce at least three times as many chocolate pumpkins as ghosts. Determine the
production amount of each candy to maximize profit, if the profit on the sale of each pumpkin, cat, and
ghost is 50 cents, 75 cents, and 60 cents, respectively. What is the company’s maximum profit, and at this
production level, is there any manufacturing or packaging time left over?

CoMMUNICATION PRACTICE (Answers)

40. Explain why the pivot column is chosen from the most negative entry in the bottom row when using the
Simplex Method to solve a standard maximization linear programming problem.

41. Explain why the pivot row is chosen from the smallest non-negative ratio when using the Simplex Method
to solve a standard maximization linear programming problem.

42. Explain why slack variables must be non-negative.

43. What determines the number of slack variables needed when using the Simplex Method to solve a standard
maximization linear programming problem?

44. Explain what a negative entry in the last column of a simplex tableau means.
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CHAPTER REVIEW

Directions: Read each reflection question. If you are able to answer the question, then move on to the next question.
If not, use the mathematical questions included to help you review. (Answers)

1. Can you set up a linear programming problem to be used to solve a real-world optimization problem under a
set of constraints? Set up each, but do not solve.
a. A natural shampoo maker produces two types of shampoo for a locally owned specialty shop. One

bottle of gentle shampoo will have 14 oz of water and 4 oz of surfactant, while one bottle of regular
shampoo will have 12 oz of water and 6 oz of surfactant. The maker estimates they will generate a profit
of $3 on each bottle of gentle shampoo and $4 on each bottle of regular shampoo. How many bottles of
each shampoo should be made in order to maximize the shampoo maker’s profit, if only 840 oz of water
and 348 oz of surfactant are available?

Over the last three years, market prices have indicated that Kansas farmers make a profit of $9000 per
acre of wheat planted and $8000 per acre of sorghum planted. One Kansas farmer manages 500 acres of
land, in which he can plant wheat or sorghum. Due to market demands, the farmer needs to harvest at
least twice as many acres of wheat as he does acres of sorghum. It takes the farmer 10 hours to harvest
an acre of wheat and 15 hours to harvest an acre of sorghum. The window to harvest both the wheat and
sorghum is at most 1500 hours. How many acres of wheat and sorghum should be planted to maximize
the farmer’s profits?

A university football team has made it to a bowl game. The team needs to drive at least 75 people and
carry at least 3890 lbs of gear from College Station, Texas to New Orleans, Louisiana. The university
has 9-passenger vans which can each carry 550 Ibs of gear, while they have 12-passenger vans which
can each carry 10 additional pounds of gear. The gas and maintenance costs on a 9-passenger van are
$250 for the trip, and on a 12-passenger van they are $270. How many of each type of van should the
team use to minimize the gas and maintenance costs for the trip?

2. How would you graph the solution set for a linear inequality or a system of linear inequalities, without the use
of technology?
a. Graph the system of linear inequalities, by hand. Identify the solution set.

x—=2y< -7
2x+y>>5
x>0,y>0

b. Graph the system of linear inequalities, by hand. Identify the solution set.

< =
y<ox

—6x+4y>-12
x<0,y>0

c. Graph the system of linear inequalities, by hand. Identify the solution set.

8x+5y <40
2x+3y <18
1<y<5
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3.4 Simplex Method

3. Can you describe the process for finding the solution set for a system of linear inequalities?
a. Write the steps for finding the solution set for a system of linear inequalities.
b. Is (4,6) a solution to the following system of linear inequalities?

8x+7y>56

3
— —y>-3
X+4y_

4. What is a corner point and how do you find the coordinates of one?
a. Explain what a corner point is, in the context of a solution set to a system of linear inequalities.
b. Determine the corner points of the solution set to the given system of linear inequalities. (The graph of

the boundary lines is provided below.)
Yy
6
4
2

/ y:(] T

473 2 -1 1 2 45 6 7 8 9
2

4y x =0 wty=6

c¢. Determine the corner points of the solution set to the given system of linear inequalities. (The graph of
the boundary lines is provided below.)

x—y>-3
2x+y<6
x>0,y=>0

y
2
2x-5y>0 10
4x+6y > 48 RN
14x+7y =70 j
x>0,y>0 2
< e
2
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5. How would you explain the differences between a bounded and unbounded solution set for a system of linear
inequalities?
a. Determine if the solution set for the following system of linear inequalities is bounded or unbounded.

3x+4y<12
-x+y<1
x>0,y>0

b. Determine if the solution set for the following system of linear inequalities is bounded or unbounded.

—x+y<0
x+y<3

¢. Determine if the solution set for the following system of linear inequalities is bounded or unbounded.

4x+4y>12
y<5
y2x+1

6. How is the solution set to a system of linear inequalities related to a linear programming problem?
a. Use the graph provided to solve the linear programming problem.

Objective: Maximize R = 9x + 3y
Subject to: x—-y>-3
2x+y<6

x>0,y>0

Y
8 r—y=-—3

2
y=0 x
473 2 -1 1 2 4 5 6 7 8 9
2
4y @ =0 2c+y==6

b. True/False: In order for a linear programming problem to have a solution, the feasible region must be

bounded.
c. True/False: A linear programming problem may have infinitely many solutions represented by the
ordered pairs on the line segment connecting two corner points.
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7. How would you recognize whether a maximum or a minimum value exists for a given objective function and

a particular feasible region? If it exists, could you find the value?
a. Determine the maximum value, if possible, of the objective function P = 8x + 5y, over the bounded

feasible region with corner points of (0,0), (0,8.5), (7,0), and (5, 3).

b. Determine the maximum value, if possible, of the objective function P = 8x + 5y, over the unbounded

feasible region with corner points of (0,0), (0,8.5), and (5,3).

c¢. Determine the minimum value of the objective function P = 4x + 3y, over the bounded feasible region

with corner points of (1, 1), (0,10), (7,0), and (8,6).

d. Determine the minimum value of the objective function P = 4x + 3y, over the unbounded feasible region

with corner points of (5,0), (0,8.5), and (2,4).

8. Can you solve a linear programming problem, graphically?

Use the Method of Corners to solve each of the following.
a. A natural shampoo maker produces two types of shampoo for a locally owned specialty shop. One

bottle of gentle shampoo will have 14 oz of water and 4 oz of surfactant, while one bottle of regular
shampoo will have 12 oz of water and 6 oz of surfactant. The maker estimates they will generate a profit
of $3 on each bottle of gentle shampoo and $4 on each bottle of regular shampoo. How many bottles of
each shampoo should be made in order to maximize the shampoo maker’s profit, if only 840 oz of water
and 348 oz of surfactant are available?

. Over the last three years, market prices have indicated that Kansas farmers make a profit of $9000 per

acre of wheat planted and $8000 per acre of sorghum planted. One Kansas farmer manages 500 acres of
land in which he can plant wheat or sorghum. Due to market demands, the farmer needs to harvest at
least twice as many acres of wheat as he does acres of sorghum. It takes the farmer 10 hours to harvest
an acre of wheat, and 15 hours to harvest an acre of sorghum. The window to harvest both the wheat and
sorghum is at most 1500 hours. How many acres of wheat and sorghum should be planted to maximize
the farmer’s profits?

. A university football team has made it to a bowl game. The team needs to drive at least 75 people and

carry at least 3890 lbs of gear from College Station, Texas to New Orleans, Louisiana. The university
has 9-passenger vans which can each carry 550 Ibs of gear, while they have 12-passenger vans which
can each carry 10 additional pounds of gear. The gas and maintenance costs on a 9-passenger van are
$250 for the trip, and on a 12-passenger van they are $270. How many of each type of van should the
team use to minimize the gas and maintenance costs for the trip?

9. After finding the optimal solution of a linear programming problem, using the Method of Corners, how would

you determine if any leftover resources exist?
a. A salsa company produces and sells two different salsas, mild and hot. Each jar of salsa is sold in a 50

ounce jar. A jar of mild salsa contains 20 ounces of onion and 30 ounces of tomatoes. A jar of hot salsa
contains 10 ounces of onion, 20 ounces of tomatoes, and the rest is a pepper mix. The profit on each jar
of mild salsa is $1.20, and the profit on each jar of hot salsa is $0.90. How many jars of each salsa
should the salsa company make to maximize its profits, if 2750 ounces of onion and 4500 ounces of
tomatoes are currently available? If it has already been determined the optimal solution is to make 225
jars of hot salsa and no jars of mild salsa, are there any onions or tomatoes leftover?

230
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10. Can you construct the initial simplex tableau for a standard maximization linear programming problem or
explain why the problem is not a standard maximization linear programming problem?

a. Write the initial simplex tableau, if possible, for the linear programming problem. If not possible,
explain why not.

Objective: Maximize P = 15x+22y + 8z

Subject to: Sx+2y+z<24
4x+3y+2z<29
6x+y+52<26

x>0,y>20,z>0

b. Write the initial simplex tableau, if possible, for the linear programming problem. If not possible,
explain why not.

Objective:Maximize P = 3.6x+ 4.8y
Subject to: 3x<-24+2y
6x<y
x>0,y>20

c. Write the initial simplex tableau, if possible, for the linear programming problem. If not possible,
explain why not.

Objective:Maximize P = 15x+ 12y
Subject to: 5>2x+y
3x+6y<25
3x >4y
x>0,y>0

11. Can you read off the solution of any simplex tableau, and explain how to determine whether or not it
represents the optimal solution to the corresponding linear programming problem?
a. Read the solution from the simplex tableau, and determine if the solution is the optimal solution.

X y s s P constant

01 1 -2 0 18
10 3 -3 0 22
00 2

141‘ 9

b. Read the solution from the simplex tableau, and determine if the solution is the optimal solution.

x y s s P constant

-1 1 O 1 0 2
4 0 1 -2 0 3
-1 0 0 2 1

‘ 4
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c. Read the solution from the simplex tableau, and determine if the solution is the optimal solution.

Xy zZ 8] kY s3 P constant
0 0 0 1 0 10 O 120
1 0 15 0 5 20 0 210
0 1 3 0 -1 -10 O 102
0 0 -60 0 40 40 1 380

12. Can you describe the process for finding each pivot element in the Simplex Method?
a. State the pivot column, row, and element for the initial tableau below.

X y s s» P constant
2 4 1 0 O 20
3 5 0 1 0 35
-10 -12 0 O 1

‘ 0

b. State the pivot column, row, and element for the initial tableau below.

X 'y st s s3 P constant

1 3 1 0 00 18

4 2 0 1 00 24

3.0 0 0 1 0 60
-6 -9 0 0 0 1 0

c. State the pivot column, row, and element for the initial tableau below.

X y zZ S§1 S s3 P constant

2 4 2 1 0 0 0 40

4 3 -10 0 1 0 0 60

01 9 0 0 1 0 90
-5 3 -6 0 0 0 1 0

13. Can you pivot through the Simplex Method, using provided technology?
a. Solve the following linear programming problem, using the Simplex Method. Include the initial and
final tableau as part of your work.

Objective: Maximize P = 15x+42y

Subject to: 28x+34y <210
14x+22y <110
x>0,y=>0

b. Solve the following linear programming problem, using the Simplex Method. Include the initial and
final tableau as part of your work.

Objective: Maximize P =0.8x+y+0.7z

Subject to: x+3y+2z<10
x<8-5y-z
x>0,y>20,z>20
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¢. Solve the following linear programming problem, using the Simplex Method. Include the initial and
final tableau as part of your work.

Objective: Maximize P =3x+y+8z

Subject to: 6x+8y+27<118
220> 5x+10y+z
x>0,y>20,z>0

14. Can you explain each tableau of the Simplex Method in terms of its corresponding corner point in the Method
of Corners?

a. Compute the corner points of the system below. Then, use the Simplex Method to show that at each pivot one
of the corner points is represented.

Objective: Maximize P = 6x+4y

Subject to: Sx+y<25
-3x+4y<12
x>0,y=>0

15. Can you solve a linear programming problem, algebraically?
Use the Simplex Method to solve each of the following.

a. Over the last three years, market prices have indicated that Kansas farmers make a profit of $9000 per
acre of wheat planted and $8000 per acre of sorghum planted. One Kansas farmer manages 500 acres of
land in which he can plant wheat or sorghum. Due to market demands, the farmer needs to harvest at
least twice as many acres of wheat as he does acres of sorghum. It takes the farmer 10 hours to harvest
an acre of wheat, and 15 hours to harvest an acre of sorghum. The window to harvest both the wheat and
sorghum is at most 1500 hours. How many acres of wheat and sorghum should be planted to maximize
the farmer’s profits?

b. A meal prep service creates pre-made meals for single people on the go. The “College Student” meal
includes 2 protein sources and 1 vegetable. The “Retire” meal includes 2 protein sources, 1 vegetable,
and 1 carbohydrate. The “Single on the Go” meal includes 3 protein sources, 1 vegetable, and 1
carbohydrate. The service profits $3 on the “College Student” meal, $4 on the “Retiree,” and $6 on the
“Single on the Go.” The service ha<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>