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ABSTRACT

Cavity Quantum Electrodynamics with Landau Quantized Graphene

Maxwell Throm!
Departments of Physics and Astronomy and Mathematics'
Texas A&M University

Research Faculty Advisor: Alexey Belyanin
Department of Physics and Astronomy
Texas A&M University

We attempt to see if strong coupling between a quantum electromagnetic field and Landau
quantized (LQ) graphene is achievable. LQ graphene acts as a collection of two-level quantum bits
(qubits). This coupling between field and qubits gives rise to Rabi oscillations between the two
energy levels of the qubits. The cavity we are using to confine the optical field is a photonic crystal
cavity with a 2D sheet of graphene sitting between two layers of hexagonal boron nitride (hBN)
with distributed Bragg reflectors (DBRs) on the outside acting as mirrors.

A better understanding would make it possible for devices to be constructed that implement
new principles of telecommunications and computing. For example, quantum computers utilize
qubits constructed of the superposition of quantum states instead of classical bits based on electric
charge. Quantum computing promises drastic increase in memory density and computation speed.
Communications based on the exchange of quantum states of light are inherently secure, because

any eavesdropping attempt will destroy the quantum state.
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NOMENCLATURE

|W) The state vector representing a quantum system

H The Hamiltonian operator, the generator of time translations

E The electric field vector

E The quantized electric field operator

c,cl The annihilation and creation operators for the quantized electric field,
respectively

0j, AJT The dipole operators, respectively

Di = —iha%i The canonical momentum operator

f[i =p; + ﬁAi The mechanical momentum operator

ih%—f — H|D) The time-dependent Schrodinger equation

H|U) = E|U) The time-independent Schrodinger equation



1. INTRODUCTION

We want to mathematically describe light’s interaction with graphene in a photonic crystal
cavity within the rigorous quantum formalism. For every model with increasing complexity, we
must write down a Schrodinger equation and solve it for the time evolution of the system. This
is well-known but will become more difficult when we include coupling of a quantum system to
an external world and associated dissipation and noise, as in our model in [1]. Several ways of
doing this are explained in [2], such as Heisenberg-Langevin approach to adding damping and
noise to your equations. Noise and damping are difficult barriers to overcome physically because
these reduce the effectiveness of the coupling, hence the need for strong coupling between the
electromagnetic field of the light and the atoms in the material as is described in the [3].

Many of the applications of strongly coupled nanophotonic systems are discussed in [4].
For example, better waveguides for light can be created that are highly tunable. The photons of
incident light and the plasma of electrons in the material (such as a metal) become coupled and
can be guided through nanowires like current in the form of plasmon-polaritons. This gives rise
to applications in integrated photonics for optical computing and interconnects between computer
parts. Quantum light leads to quantum entanglement between individual plasmons and electron
states. Even though the energy of the electrons themselves can be difficult to change, the energy of
the coupled states is easy to change by varying the frequency of the incident light or the geometry
of the optical cavity [4].

In this paper we will use the standard convention that bolded characters such as E and p
stand for vector valued quantities and characters with a carrot or “hat" on top such as E and 6 are

linear operators unless otherwise stated.



2. GRAPHENE

We begin with an examination of the properties of graphene. Graphene is a two-dimensional

hexagonal lattice of carbon atoms.

Figure 2.1: The red and blue atoms demonstrate the two triangular sublattices that compose the
graphene sheet [5].

Carbon atoms have four valence electrons. Three of these form o bonds (not to be confused
with the dipole operators that will be introduced later which, regretably, are also denoted &) with
the neighboring carbon atoms to form the hexagonal lattice like in Fig. 2.1. The fourth valence

electron is the conduction electron that can move through the graphene.
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Figure 2.2: (a) shows the lattice stucture of graphene and (b) shows the stucture of the lattice in
inverse space [6].

One can define nearest neighbor vectors d; 23 as well as the inverse lattice vectors for
graphene b, » given in [6]:

810 = 3(1, +V/3), 83 = a(—1,0) (Eq. 1)

and

2
b, = 3—2(1, +V/3). (Eq. 2)

One can think of the inverse lattice as taking place in momentum space (up to units of %), the
Fourier transform of real space. The inverse space has points of high symmetry that we call K and

K’ given in [6] by

K’zi—Z(l,%),Kzi—Z(l,%). (Eq. 3)

Fig. 2.2 shows the real space lattice, inverse lattice, and K and K’ points. The points K and K’

are called Dirac points.
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Figure 2.3: This figure shows the band structure of graphene. The band crossing at K comes from
the these “free" electrons. The three electrons that take place in the ¢ bonds form the bands that
do not have these self-intersections [6].

In this paper, we focus on the band structure around these Dirac points. Around these points
the energy as a function of momentum is approximately linear. This can be seen at the intersections
of the bands at K in Fig. 2.3. The approximate Hamiltonian for the electrons around the K point
is given in [7] and is

Aevpepove| P (Eq. 4)
betipy 0

where v = 10° m/s is the Fermi velocity, p; = —ihai is the momentum operator, and & =

0,2 + 0,y is the vector composed of the three Pauli matrices (again not to be confused with
the dipole moment operators). Eq. 4 and & don’t include a z—component because the electrons
are constrained to move on the two dimensional surface and we choose coordinates such that the

z—axis is perpendicular to the sheet of graphene.



3. LANDAU QUANTIZED GRAPHENE

We now apply a constant magnetic field B = BZ along the z—axis perpendicular to the
sheet of graphene. To change our equations of motion, we make the replacement in the Hamiltonian
in Eq. 4

p—II=p+ -A, (Eq. 1)

where A is the magnetic vector potential, implicitly defined by the equation V x A = B [7].
We further follow the convention of [7] and choose the gauge such that A = (0, Bz, 0). Then
M, = po = —ihg: and I, = p, + Bz = —ihZ + <Bu.

One can solve for the energy eigenvalues F and eigenspinors ¢ = (1,, 1;)T of this system
by using the time-independent Schrodinger equation H v = E, or

0 ﬁm_lﬁ +§Bx wa wa
by + 2 52) —E . (Eq. 2)

Pz +i(py + £Bx) 0 (e Vs

The solution to this system of equations gives F = +hw.+/|n| for n € Z, where w. = @ is the

cyclotron frequency and [, = 4/ % is the magnetic length [7].
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Figure 3.1: The cone represents the dispersion of the electrons in graphene near a Dirac point of
the graphene. The horizontal Landau levels represent the possible energy levels for the electrons
once the magnetic field B is applied [8].

We will place the Fermi-level of our system Er between the n = 0 and n = 1 states of
our system, see Fig. 3.1. This means that all of the energy levels less than E'r (that is, n = 0 and
below) are fully occupied and the states n = 1 and above are unoccupied.

When we introduce an optical electromagnetic field with photons that have an energy of
approximately hw,, the interaction will excite some of the n = 0 states to n = 1 states. These
transitions between n = 0 and n = 1 are our qubits. The number of qubits is given by the
degeneracy of the Oth Landau level. For n > 0 the degeneracy is given by the equation N =
gA/(2ml?), where g = 2 -2 = 4 is the spin-valley degeneracy and A is the area of the sheet of

graphene [9]. For n = 0, the degeneracy is half this number [10]. Thus, the number of qubits is

A _AeB

w2 wch’

(Eq. 3)

Note that the number of qubits is proportional to the magnetic field.

10



4. QUBITS IN AN OPTICAL FIELD

We will move on to an abstract discussion of a single qubit in an electromagnetic field. In
this section, we will often refer to our qubit as a two-state atom, but it is ultimately the qubits in

the Landau quantized graphene.

We are working with a quantized optical field so that the vector E is promoted to a vector
operator E = E¢+E*¢l. The operators ¢ and ¢ are the respective annihilation and creation opera-
tors for modes of the electric field, i.e., photons. In general, you would have separate creation and
annihilation operators for each mode (or operators that are functions of the frequency depending on
how you like to think about it) but as we have one mode, we just have the one set of operators. In
this case these operators create modes of frequency w since we have just one field. These operators

act on the Fock space of photons in the following manner:

cln) = vnln — 1), c¢'ln) = vVn + 1jn + 1). (Eq. 1)

This normalization is often chosen so that the operator c'c acts on the state |n) to give n|n). For
this reason, c¢'c is often called the number operator. Since photons are bosons, the creation and

annihilation operators obey the commutation relation
[c,c]:==cc’ = cle=1, (Eq. 2)

where 1 is the identity operator on the Fock space.

The state vector for the system |¥) can be expanded in basis states

N N

B) = Cool0) JT105) + Crolt) TT105) + - Cosl0d115) T 10m)- (Eq. 3)

i=1 i=1 i= mj

Here the leftmost ket in each term represents the Fock states of the optical field. We only consider

states of zero or one photons. The product vazl |0;) is the state of all NV qubits being in the

11



unexcited state and |1;) [T 2;10,,) is the state where the jth qubit is excited and the rest are
unexcited.
Since the field is a quantized object, we must include a term in the (quantum) Hamiltonian

for the electric field. As shown in [2] this can be written,
T 1
H,p, = hiw <c ¢+ 5). (Eq. 4)

This makes sense intuitively because cc represents the number of photons making up the field and
each photon has an energy of hiw.

We need a term in the Hamiltonian for the qubit itself. That is, the valence electron can
either be in a ground state |0) or an excited state |1). Since the zero of the energy is arbitrary, we
might as well set the ground state to be the zero energy state of the electron and let the excited
state have energy W. This W is the energy difference fiw,. in the case of our Landau qunatized

graphene. The "free" Hamiltonian for the qubits without the field interaction is then simply
N
H, = ZW|1j><1j|7 (Eq. 5)
j=1

where the subscript a is for "atom" and the sum on j is for the N qubits [11].
We must also write the interaction Hamiltonian in terms of the field operator. We have the
dipole moment operator d = Zjvzl d|1,)(0,| +d*|0;)(1;|. If we define the operator 6; := |0;)(1;|

then the dipole moment operator can be written
N
d=>) dol+ds; (Eq. 6)
=1

It is worthwhile for calculations to note some properties of the operators & and 6. We list them

below:

* 5310;) = 1), 6}11;) = 0

12



Note that 6; and &]T. obey an anti-commutation relation instead of a commutation relation like the

photon field operators. This allows us to write the atomic Hamiltonian in the form
N
=> Wels;. (Eq. 7)
j=1

Then the interaction Hamiltonian is simply H 1= —d - E so that as in [11] the total Hamil-

tonian for the system is

N
H = oyt Ho + Hy = ool + ) +>° [weols; - @5+ d'6y) - (Be+ E'eh)|. (Ba.®)
7=1
We will now also employ the rotating wave approximation. That is, we assume the Rabi
frequency (g := d - E/h as well as the difference |W — hw| are both << hw, W. This allows us
to ignore the terms that will show up in the equations as e +W/M! because they rotate with such
a high frequency that they average to zero over any significant amount of time. In practice, this

amounts to throwing away the terms in the Hamiltonian that include d* - E and d - E* so we have

N
A = hw(ce+ ) + > [Wole; - nndle — syl |. (Eq. 9)

J=1

We substitute |¥) from Eq. 3 into the Schrodinger equation ih% —H | W) using the Hamiltonian

13



Eq. 9 to obtain the equations

. lw

Coo = 25000 (Eq. 10)

. 1,3 al

CIO = ; (EwC'lo - Z QEC@) (Eq 11)
j=1

. 1/w w

Cos = = (5 C0s = Cro + T-Cy), (Eq. 12)

where the dot over a letter such as C' indicates a time derivative. The solution for Cpy is simply
Coo(t) = Coo(0)e~™/2, Following the convention in [11], we define F' := Z;VZI Co; so that we

can obtain the equations

. 1,3 .
ClO = ;(5(&)010 — QRF> (Eq 13)
F= —z(%F — NQRpCho + %F) (Eq. 14)

We now have coupled equations for Cy and F' that are more straightforward to solve. One further
simplification we can make is by factoring out a phase e~*3**/2 by defining Cy = G1pe~"**/2 and
F = Gpe ™2 [11]. After defining A := % — & and doing some slight rearranging we arrive at
the equation

GlO + iAGlo + N|QR|2Glo =0 (Eq 15)

which has solution

Glo(t) = Alerlt + A2€F2t, (Eq 16)

2
Ty, = —z(% + \/% + N]QRP). (Eq. 17)

Finally, this gives for Cy; [11]

where

t
Coj(t) = iQpe "5 +AN / TG (T)dr (Eq. 18)
0

14



5. THE PHOTONIC CRYSTAL CAVITY AND PUTTING IT ALL

TOGETHER

5.1 The cavity

The cavity we study to confine our electromagnetic field is a photonic crystal cavity con-

taining our Landau quantized graphene.

. ‘““.‘““ -

DBR I DBR

Graphene sheet

Figure 5.1: The photonic crystal cavity is designed using two DBR (distributed Bragg reflector)
mirrors to confine the electric field to the hexagonal Boron Nitride (hBN) cavity. In the middle of
the cavity is a 2D Landau quantized graphene sheet which contains the qubits we are studying.

The mirrors used to contain the optical field are distributed Bragg reflectors (DBRs). DBRs
are stacks of a M pairs of alternating dielectrics with dielectric constant n; and ny (Fig. 5.1). These
alternating stacks lead to constructive interference so that the stacks act as a mirror, confining the

electric field to the cavity. The reflectivity of a DBR with M pairs is given by the well known

2M
R_<1”_;("_;> )27 (Eq. 1)

relation [12]
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where ny = 1 is the index of refraction of air, n, is the index of refraction of the hBN, and n; and

no are the indices of refraction for the alternating dielectrics that make up the DBR.
5.2 Doing some calculations

Now let us attempt to do some rough calculations for our system. Since we are working
in the rotating wave approximation, for the purpose of obtaining numbers for calculations we will
take the frequency of the optical field to be w = w,... Furthermore, we take the field to be normalized
tobe I/ =~ 2’”“’ . The length, width, and height of the cavity are - where A = <Z€ is the vacuum
wavelength of the optical field.

The relative permittivity ¢ for the hBN is approximately 10. Then n, = /¢ ~ 3.16. The
magnitude of the dipole moment is |d| = G”TF [7]. Recall that the Fermi-velocity is vy = 10°
m/s. Take the magnetic field to be B = 8 tesla, a magnetic field that can be easily produced in
a lab. Then (in SI units) [, = \/g ~ 9.07-10° m and w, = ‘f”F ~ 1.56 - 10" s7'. The

2mc

vacuum wavelength is then A = ~ 1.21 - 107> m. This gives a cavity area and volume of

2 3
A= (%) ~3.65-1072 m?and V = (in) ~ 6.99 - 10~'® m?. The number of qubits can now

be calculated to be N = 2 ~ 1.41 - 10*. The Rabi frequncy in SI units is

2mhw evp 2
Q ~ = =/ \/ ~1.26-10" s, Eq. 1
R Veeg h - eur Vhweeq 5 (Eq. 1)

We now plot the eigenenergies from Chapter 4,

_ A A2
weigen = _ZF1>2 = —5 + I —+ N‘QRP (Eq 2)

with A = w. — w as a function of the optical frequency w and using our values for N and (g. In
this case SI units are slightly unwieldy so we will use meV. In these units {2z = 0.0829 meV and

w, = 103. meV.

16



Eigenenergies(meV)

Optical Frequency(meV)

60 80 100 120 140

Figure 5.2: A plot of the anti-crossing signaling strong coupling between the optical field and the
Landau quantized graphene.

For simplicity, let us take the case where A = 0. That is, w = w, exactly. In Fig. 5.2 this
corresponds to the point where the there is the smallest gap between the bands. Moreover, take the
intial state to be |1) vazl |0;) - the state with one photon excitation of the electromagnetic field

and no excited qubits. With state vector

N

[T(0)) = Coo(0)[0) [ 10;) + C10(0)[1) H|0 +ZOOJ )[0)]1;) H|0 (Eq. 3)

j=1 m#j

we can see that Cpo(0) = 050 Coo(t) = Cop(0)e~2 = 0 for all time, C5(0) = 1, and Cp;(0) = 0

for all qubits j. As a function of time, we obtain
—13w 1 —13w
Cuo(t) = € 1/2Giig(t) = S 3172 (et 4 eIt (Eq. 4)
With A = 0, note that we have simply I'; » = +ivV/N |Q2g|. Then

ClO(t) _ 56713wt/2 (ez\/ﬁmmt + e*l\/]vm}:glt) _ e*ZBwt/Z COS(\/N|QR’t) (Eq 5)

17



The probability a photon is excited as a function of time is Pyo(t) = |C1o(t)|?> = cos*(v/N|Qg|t).

We similarly have as a function of time

Qg

= j———e % 26in(VN|Qg[t).  (Eq. 6)
VN|Qx| "

t
Cog(£) = i34/ / cos(v/N|Qu|7)dr
0

It follows that the probability as a function of time that the jth qubit is excited is Fp;(t) =
|Co;(t)]? = L sin?(VN|Qg|t). This makes physical sense because we can think of the proba-
bility that the jth qubit is excited as the probability that any qubit is excited, divided evenly N

ways, which is what we have. It is worth noting that the probabilities sum to unity
Pyt +ZPOJ = cos> (VN|Qg|t) + sin®>(VN|Qg|t) = (Eq. 7)

as they should.

A
Sy

0.0

Figure 5.3: The orange plot shows Pj,(t), which has peaks at 1. The blue plot shows Fy;(t), which
only has peaks of just above 0.008 for any particular j. Time is in units of meV 1.

Fig. 5.3 shows the probabilities as a function of time. Recall that this is a highly idealized

18



situation so no damping from outside noise has been considered which would cause the populations
to all accumulate around the ground state after some amount of time. That is, Pyo(t — o0) — 0

and Py;(t — oco) — 0.
5.3 Including noise

To see if strong coupling is a possibility, we must include relaxation rates of the system. The
relaxation constants we denote 7,9 and 7, for the states with n photons and zero qubit excitations
and n photons and 1 qubit excitation, respectively. If we take the system to be at zero temperature,

these constants are given in [13] and are

_H _
Tno = SN, Ynl =

J
2 2

+ gn (Eq. 1)
where v and p are the partial relaxation rates atomic and photon field, respectively. These equa-
tions are a simplified version of the ones in [13] because we did not include phonons, quantized
oscillations of the (in this case) graphene lattice, in this treatment.

To achieve strong coupling we must have that [Qz| > 10901 where

QR = \/N|QR|2 — (Y01 — 710)?/4
by [13]. Squaring both sides of the inequality and rearranging gives the condition

2 2 2 A2
+ +
N|Qgf? > J10 . Jor _ H - v (Eq. 2)

That is, with enough qubits depending on the partial relaxation rates ;. and -y, strong coupling can
be achieved.

To put some numbers to this, suppose our decoherence is v = 0.5 meV. The left hand side
of Eq. 2 is N|Qg|?> = 96.9 meV2. In this case, the term v?/8 works out to be .031 meV?2. This
allows for a relatively high p. Substituting in and neglecting the small + term, we can see that

the maximum g to allow for strong coupling is approximately 27 meV. Defining the quality of the

19



cavity to be () = w/p, this gives a minimum allowable cavity quality of () ~ 3.8, a very achievable
number given that the quality of the cavity will increase as the reflectivity R increases, which we

can do by increasing the number of pairs of alternating dielectrics M.

20



6. CONCLUSION

One way to create qubits is to apply a magnetic field perpendicular to a sheet of graphene.
This creates Landau quantized graphene with a number of qubits that is proportional to the strength
of the magnetic field. We can put this Landau quantized graphene in a plasmonic cavity and apply
an optical electromagnetic field to it. These qubits will become entangled to the optical field. In
some sense, /N qubits couple to an optical field as if they are on qubit whose dipole moment and
hence coupling strength is v/N times larger.

The probability of the system being in a state with an excited optical mode and the prob-
ability of the system being in a state with one of the /V qubits excited oscillate back and forth at
a frequency v N || with the system decaying into the ground state over a characteristic amount
of time. If the coupling is stronger than this characteristic decay time, strong coupling can be
achieved.

In the future, it would be interesting to obtain more exact numbers for the the partial re-
laxation rates to be able to calculate the system parameters, such as the reflectivity of the DBR,
needed to ensure strong coupling in an experiment. Moreover, it would be interesting to include

phonons, or lattice oscillations, coupling to the field-cavity system.
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